
GAZETA DE MATEMÁTICA  16528

Primos em  
Tempo Polinomial

MANUEL SILVA E PEDRO J. FREITAS 
mnas@fct.unl.pt, pedro@ptmat.fc.ul.pt



29PRIMOS EM TEMPO POLINOMIAL

 !"#$%&'()*"+("+,-.,/01,$"/2)($%-"#$,)%-" 
+("3%)#%-.%-4"("+("+(3%)#%$"/2)($%-"
3%)#%-.%-"/%-"-(1-"5*.%$(-"#$,)%-4" 
6"1)"+%-")*,-",)#%$.*/.(-"("2.(,-"+(".%+*" 
*"*$,.)6.,3*7"87779":"+,0/,+*+("+*"3,;/3,*"#*$(3("
#(+,$"<1("/(/=1)"(-5%$>%"-(?*"#%1#*+%" 
/*"&1-3*"+("1)*"-%'1>@%"#*$*"1)"#$%&'()*" 
.@%"5*)%-%"("('(0*/.(7A

B7"C7"D*1--4" !"#$!"!%!&'()*+,!%-)%!.()4"*$.7"EFG"8HIGJ9

*#$(/+()%-" /*" (-3%'*" #$,)K$,*7" L%" (/.*/.%4" -(" )(" +($()"

'*/*(012"(1".($(,"()"0($*'"&*-.*/.("+,M31'+*+("()"+(-3%&$,$"%-"

5*3.%$(-" ,/,3,*,-"a e b4"(--(/3,*,-"#*$*"+(-3%+,M3*$"*")(/-*-

0()"("%-"<1*,-")("5%$*)"%31'.*+%-7

!"(--(/3,*'"+%-")6.%+%-"+("3$,#.%0$*M*"3%)"1)*"3=*N("

#2&',3*"6"*"(O,-.;/3,*"+("%#($*>P(-"+,5Q3(,-"+(",/N($.($7"R1'.,-

#',3*$"+%,-"/2)($%-"3),"$""5*3.%$,S*$"/%"3*-%"+(-3$,.%7"
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3%)#'(.*$"1)*"+*+*".*$(5*"()"51/>@%"+%".*)*/=%"+%-"+*+%-"

,/,3,*,-7

U)"*'0%$,.)%"-,)#'(-4"<1(".%+%-"*#$(/+()%-4"#*$*"N($,-

M3*$"-("1)"/2)($%",/.(,$%"6"#$,)%"%1"3%)#%-.%"6"+,N,+,V'%"
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.*3,%/*,-4"(-.("*'0%$,.)%"/@%"6"(M3,(/.(7"

B%/-,+($*/+%"3%)%"+*+%",/,3,*'"%"/2)($%"/4"%"-(1".*)*-

/=%"6")(+,+%"#('%"-(1"/2)($%"+("+Q0,.%-"H4"%1"-(?*4"  
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1. A IMPORTÂNCIA DOS PRIMOS

L@%"-*&()%-"<1()".($K" ,/N(/.*+%A"%-"/2)($%-"#$,)%-4")*-"

%-"0$(0%-4" ?K"=K"3($3*"+("FEYY"*/%-4"#$%N*$*)"#%$"(O()#'%"

<1("%-"/2)($%-"#$,)%-"/1/3*"-("(-0%.*N*)7"U)*"#$%#$,(+*-

+("3(/.$*'"+(-.(-"/2)($%-"<1("5*S"+('(-"%&?(3.%-"3(/.$*,-"+*"

*$,.)6.,3*"6"%"5*3.%"+(".%+%"%"/2)($%"/*.1$*'"-("#%+($"(-3$(-

N($"+(")%+%"2/,3%"3%)%"#$%+1.%"+("#$,)%-4"  

#%$"(O()#'%7

U)*"3*$*3.($Q-.,3*"+%-"/2)($%-"#$,)%-"<1("-()#$("5*-3,-

/%1"%-")*.()K.,3%-"("<1("%-".%$/*"+,5Q3(,-"+("(-.1+*$"6"*"*#*-

$(/.(" ,)#$(N,-,&,',+*+("/*" 5%$)*"3%)%"-("+,-.$,&1()"(/.$("

%-"/2)($%-"/*.1$*,-7"Z%$"N(S(-"#*$(3("<1("5%$*)"'K"3%'%3*+%-"

+(")%+%"*'(*.[$,%7
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%"(-.1+%"+%-"#$,)%-".()"*'01)*"1.,',+*+("#$K.,3*^"Z*$*"+(-

-(-#($%"+%")*.()K.,3%",/0';-"_*$+ 4̀"<1("#$(5($,*"-($"(-#(-

3,*',-.*"/1)*"K$(*"-()"<1*'<1($"*#',3*>@%4"%-"/2)($%-"#$,-

)%-" $(N('*)V-(" 51/+*)(/.*,-" ()" 3$,#.%0$*M*" 83%+,M3*>@%"

+(")(/-*0(/-97":"1.,',+*+("+%-"#$,)%-"()"3$,#.%0$*M*"(-.K"
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<1("('*"/@%"(O,-.(9"/@%"6"%")(-)%"<1("+(3,+,$"-("1)"/2)($%"

6"#$,)%7"!"<1("6"<1("#%+()%-"5*S($"(/.@%^
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/%--%"3*$.@%"+("3$6+,.%"/*"W/.($/(."6"#%$<1("*,/+*"/,/02()"
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)%+%"1)"#%13%"()&*$*>%-%"#%+()%-"+,S($"<1("/@%"-*&()%-"

-(" (O,-.()" #$%&'()*-" N($+*+(,$*)(/.(" +,5Q3(,-4" ()" .($)%-"
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 !-")*.()K.,3%-".(/.*$*)"()"N@%"+(-3%&$,$"1)*"%$+()"
-1&?*3(/.(" a" -(<1;/3,*" +%-" #$,)%-4")*-" =K" $*SP(-" #*$*"
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:<1,"#$(3,-*$()%-"+*"/%>@%"+("3%/0$1;/3,*7"\%,-",/.(,$%-"
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1Em questões computacionais é mais habitual usar a base 2 em vez da base 
10 que costumamos usar na escrita de números.

:--,)4"#*$*"0*$*/.,$"<1("1)"/2)($%"n"6"3%)#%-.%"&*-.*"

(/3%/.$*$"1)",/.(,$%"a"8.(-.()1/=*9".*'"<1(" ""/@%"-(?*"

)2'.,#'%"+("/7"T-.(")6.%+%",/5(',S)(/.("/@%"51/3,%/*"-()-

#$("#%$<1("(O,-.()"/2)($%-"<1("-(" +,-5*$>*)A"+("#$,)%-4"

%-"+(/%),/*+%-"/2)($%-"+("B*$),3=('j"/2)($%-"3%)#%-.%-"

.*,-"<1("#*$*"<1*'<1($",/.(,$%"*4" ""6"-()#$(")2'.,#'%"+("

n7"T-.(-"/2)($%-"#*--*$,*)"()".%+%-"%-".(-.(-"$('*3,%/*+%-"

3%)"%"#(<1(/%".(%$()*"+("C($)*.")(-)%"/@%"-(/+%"#$,)%-7

U)*" #$%#$,(+*+(" -,)#'(-" <1(4" *%" 3%/.$K$,%" +%" #(<1(-

/%" .(%$()*" +(" C($)*.4" 3*$*3.($,S*" %-" #$,)%-" +(" )%+%"

3%)#'(.%" 6" +*+*" #('%" .(%$()*" +(" l,'-%/j" 1)" ,/.(,$%" n 

6" #$,)%" -(" (" -[" " 6" 1)")2'.,#'%" +(" n" m" ,-.%" 64"

7" :" +,M31'+*+(" /(-.(" 3*-%" 6" /@%"

(O,-.,$"1)")%+%"-,)#'(-"+("3*'31'*$"  
27

U)*"%1.$*")*/(,$*"+("+(3,+,$" -("1)"/2)($%"n" 6"#$,)%" 

6"%'=*$"#*$*"*"',/=*"3%$$(-#%/+(/.("+%"n$,o/01'%"+("Z*-3*'" 

("N($,M3*$"-(".%+%-"%-"('()(/.%-"(O3(#.1*/+%"%-"Hp-"+*-"#%/-

.*-"-@%")2'.,#'%-"+("n7"Z%+()%-".*)&6)"(-3$(N($j"n 6"#$,)%"

-("("-["-(" "6")2'.,#'%"+("n"#*$*"  

T-.(" $(-1'.*+%" /@%" 6" )1,.%" +,5Q3,'" +(" +()%/-.$*$7"

Z*$*" N($,M3*$" #%$" (O()#'%" <1(" %" 3%(M3,(/.(" &,/%),*'"

"3%)" "6")2'.,#'%"+("n4"&*--

.*"%&-($N*$"<1("/*"5$*3>@%"*/.($,%$"%"5*3.%$"n"*#*$(3("1)*"N(S"

/%"+(/%),/*+%$"("/1/3*"*#*$(3("/%"+(/%),/*+%$"#%$<1("n 

/@%" .()" 5*3.%$(-" #$[#$,%-7"!" *$01)(/.%"#*$*" *" ,)#',3*>@%"

3%/.$K$,*"6"*#(/*-"1)"#%13%")*,-"(/N%'N(/.(4"M3*/+%"*%"31,-

+*+%"+%" '(,.%$"+(+,3*+%7":"+,M31'+*+("/(-.*"3*$*3.($,S*>@%"

3%/-,-.("/*"/(3(--,+*+("+("N($,M3*$"'*4*H"3%(M3,(/.(-"&,/%-

),*,-4"%"<1("6"/*.1$*')(/.("#%13%"(M3*S7

L%"(/.*/.%4"(-.*"3*$*3.($,S*>@%".()"1)*"5%$)1'*>@%"#%-

',/%),*'"*/K'%0*"<1(",$K"$(N('*$V-("3$13,*'7"k()&$*/+%"<1(

se n"5%$"#$,)%4".()%-" "()"<1("p 

6"1)"#%',/[),%4" %1" -(?*4" 4" 3%/-,-

+($*/+%"*0%$*"3%/0$1;/3,*-"()"#%',/[),%-7"!"*$.,0%"eqf"3=*-

)*"*"(-.("$(-1'.*+%"%*%)&,)-(*1!'&-!(5*6("*.,!('7("7

Z%+(" )(-)%" #$%N*$V-(" <1(" n" 6" #$,)%" -(" (" -[" -(

"("*"+()%/-.$*>@%"/@%"6"#*$.,31-

'*$)(/.("+,5Q3,'7

Z%+()%-" *#$(-(/.*$" /(-.*" *'.1$*" 1)*" +()%/-.$*>@%"

+%" #(<1(/%" .(%$()*" +(" C($)*.4" <1(" *M$)*" <1(" #*$*" .%+%"

%" ,/.(,$%" a" (" .%+%" %" #$,)%"'2 ":"+()%/-.$*-

>@%"#%+("-($" 5(,.*"#%$" ,/+1>@%j"*"#$%#$,(+*+("6"3'*$*)(/.("

NK',+*"#*$*" " (" -1#%/+%"<1(" 6" NK',+*"#*$*" a4" 1-*)%-"

%" .(%$()*" &,/%),*'" +*-" 3$,*/>*-" #*$*" (-3$(N($"  

7"

U-*/+%"%"#(<1(/%".(%$()*"+("C($)*.4"N()%-"<1("-("n"6"

#$,)%4"(/.@%"  "T-.*"6"1)*"+*-"3%/-

+,>P(-"<1("*#*$(3()"/%".(%$()*4"("<1("*3*&K)%-"+("#$%N*$"

-($"/(3(--K$,*"#*$*"n"-($"#$,)%7"

3. CARACTERIZAÇÃO DOS PRIMOS DE AGRAWAL, 

KAYAL E SAXENA

!"$(-1'.*+%"+(":0$*b*'4"c*`*'"("X*O(/*"8:cX9"&*-(,*V-("(/-

.@%" /1)*" 3*$*3.($,S*>@%" (/0(/=%-*" +%-" /2)($%-" #$,)%-4"

<1("#($),.("+(3,+,$4"()".()#%"#%',/%),*'4"-("1)"/2)($%"6"

#$,)%7"B%)(>*)%-"#%$"*#$(-(/.*$"*"3*$*3.($,S*>@%4"#*--*/-

+%"+(#%,-"*"(-3'*$(3($"*'01/-"3%/3(,.%-7

Teorema Seja *$-*!'%)!,&2* *$-*!'%)!,&*8&"!%!3&*%(5*

#$)*'* %)-2*-96$5&* ,2* &,6)-*-(!&,*6&* #$)* *:'%;&*'* <*

primo se e só se

=*'*';&*<*$-(*8&%>'.!(*8),?)!%(2

=*'*';&*%)-*')'@$-*?(.%&,*8,!-&*-)'&,*&$*!A$(5*(*,*)

=*8(,(*.(6(*!'%)!,&*(2* 2*%)-&"*  

T-3'*$(3()%-" *0%$*" *'01/-" 3%/3(,.%-j" *" ordem" +(" 1)" 

,/.(,$%" 2" #*$*"m e r" 3%#$,)%-4" 6"%")(/%$"/2)($%"

k" .*'" <1(" " L*" .($3(,$*" 3%/+,>@%4" *" /%.*>@%"

",/+,3*"3%/0$1;/3,*")[+1'%"n"(")[+1'%"  

-,)1'.*/(*)(/.(7" T/3%/.$*V-(" 1)*" 3*$*3.($,S*>@%" (<1,N*-

'(/.("()"eEf4"*#$(-(/.*+*",/,3,*')(/.("#%$"\*/"r($/-.(,/"()"

eFf7

\(-.*-"3%/+,>P(-4" ?K"N($,M3K)%-"<1("*'01)*-"-@%"/(3(--

-K$,*-"#*$*"*"#$,)*',+*+("+( n7":"+()%/-.$*>@%"3%)#'(.*"+*"

3*$*3.($,S*>@%4"()&%$*"31$.*4"/@%"6"+%"o)&,.%"+(-.("*$.,0%4" 

("#%+("(/3%/.$*$V-("()"eHf4"eqf"("eEf7

L@%"N*)%-",01*')(/.("+()%/-.$*$"<1("%".()#%"3%)#1-

.*3,%/*'"+(",)#'()(/.*>@%"+(-.*"3*$*3.($,S*>@%"6"#%',/%),*'"

2É talvez surpreendente que não se conheça uma forma simples de multi-
plicar os primeiros n naturais análoga à que conhecemos para os somar.

TeoremaTT Seja *$-*!'%)!,&2* *$-*!'%)!,&*8&"!%!3&*%(5*

#$)*'* %)-2*-96$5&* ,2* &,6)-*-(!&,*6&* #$)* *:'%;&*'* <*

primo se e só se

=*'*';&*<*$-(*8&%>'.!(*8),?)!%(2

=*'*';&*%)-*')'@$-*?(.%&,*8,!-&*-)'&,*&$*!A$(5*(*,*)

=*8(,(*.(6(*!'%)!,&*(2* 2*%)-&"*2*%)-&"*
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8)*,-"1)*"N(S4"$()(.()%-"%"'(,.%$",/.($(--*+%"#*$*"%-"*$.,-

0%-"*3,)*97"Z*$*"+*$"1)*",+(,*"+*"-,)#',3,+*+("+("*'01/-"+%-"

3K'31'%-"/(3(--K$,%-4"3%)%"%"3K'31'%"+*"#%.;/3,*"+(" 4" 

/%.(V-(" <1(" a" )(+,+*" <1(" N*)%-" 5*S(/+%" )1'.,#',3*>P(-4"

3%)%"(-.*)%-"*"5*S;V'*-"/%")[+1'%" "%"0$*1"+%-"#%',-

/[),%-"<1("*#*$(3()"/1/3*"6")*,%$"+%"<1(" r7"!"$(-1'.*+%"

,/,3,*'"+(":cX"*M$)*"<1("%"*'0%$,.)%".($),/*"*%"M)"+("1)"

.()#%"/*"%$+()"+(" "()"<1(" "3%$$(-#%/+("*%"
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