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1. la [1], p. 21, B. H. NEUMANN formu-
lated the following problem : «Is there a 
single identity involving a binary relation p 
on S to S and = , ° , U , H > > 11 6 t > 
such that p is an equivalence if and only 
if it satisfies the identity?». 

The purpose of this note is to solve this 
problem. 

2. Let us recall that a binary relation a 
on S to S is a subset of the cartesian pro-
duct SxS . Instead of (x)y)ea, we shall 
write xay (read: «a: stands in the rela-
tion a to y»). 

The empty relation is denoted by e , i. e. , 
one has xey for no element (x ,y) e S x S . 
The universal relation is denoted by to, i . e . , 
one has artoy for every element (x,y)eSx S. 
The identity relation is denoted by t, i. e . , 
one has xiy if and only if x =- y. 

The converse a - 1 of the binary relation a 
is the binary relation defined by 

x a - 1 y if and only if y a x . 

It is immediate that 

(1) («-l)rl = a . 

Let a and fî be binary relations on S 
to S. Since a and (3 are subsets of SxS, 
on has 

a = p , if and only if x ay is equivalent to 

if and only if xay implies x f i y , 

xa\J fiy, if and only if xay or a: (33/; 

fl , if and only if xay and x$y. 

It is easy to see that 

(2) « £ P implies a-' c . 

The product stop of tt by p is defined 
by the condition x a o Q y , if and only if 
there is some element « in S such that 
x a z and z$y. 

This product is associative. Instead of 
a a a , we shall write aa . 

One sees easily that 

(3) (ao|3)-i = (3-1 o a - i , 

(4) implies a o ^ C o j S o y 
and 70 o t C y o p , 

(5) K ° (a U P) = (T o «) ;ll (y ° P) , 

(6) (a U P) ° T ™ (« ° T> U (P » T). 

for all binary relations a , (3, y on S to 8 
(see, for instance, [2], pp. 9-11). 

3. As it is well known, the binary rela-
tion p is said to be 

(1) reflexive, if t c p , 
(ii) symmetric, if p -1 p , 

(iii) transitive, if p2 JE. P • 
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From (1) and (2) it follows that, if p is 
symmetric, then one has p = p_i . If p is 
reflexive, then from t ç p and i o p = p, it 
follows p Ç p 2 bjr (4) and, consequently, if 
p is reflexive and transitive, then one has 

Now, we are going to state the following 

THEOREM 1 : Let p be a binary relation 
on S to S . Then p is an equivalence rela-
tion, if and only if one has 

(7 ) P = (t U p - 1 } 2 -

PROOF: Indeed, let ns suppose that con-
dition (7) holds. Then, since i ç i (j p - ' , 
one has by (4) 

i ( J P"1 - i ° ( i U p - ' ) £ ( i U p" 1) o ( i U r ! ) -

= ( ' U P ' 1 ) 3 = P 

a n d h e n c e 

i C p and Ĉ  p , 

that is to say, p is reflexive and symme-
tric. 

Since p -1 = p, one has by (7) 

(8 ) (t U p)2 = P • 

From p C t i J p , it follows by (4) and (8) 

P 3 £ Í ) U p) o p Ç ( i U p ) " { i U p ) - 0 U p) s = p , 

proving that p is also transitive and, conse-
quently, p is an equivalence relation. 

Conversely, let us suppose that p is an 
equivalence relation. 

By (5) and (6), one has 

( t . U p - ' ) J = ( t U p - V { ' U p - ' ) = 
= t U p"1 U p " 1 u (p" ' ) 2 -

Since p -1 = p , it results 

(t U P"5)2 = I U P U P2 

and since i £ p and p3^_p, it follows 

as wanted. 
Another characterization of the equiva-

lence relations by a single identity is given 
by the following 

THEOREM 2 : Let p be a binary relation 
on S to S . Then p is an equivalence rela-
tion, if and only if 

( 9 ) P = ' U p"1 U P 2 -

PROOF: In fact, let p be an equivalence 
relation. Then, from (t), (it) and {Hi), one 
concludes that 

l U p - ' U p 2 £ p . 

On the other hand, since p is reflexive 
and transitive, one has p2 = p and hence 

p e t U P"1 U P2 

and consequently (9) holds. 
Conversely, if (9) holds, then one has 

1 £ P j P " ' £ P a n d p ! £ p 

proving that p is an equivalence relation. 
By a similar way, one states that p is an 

equivalence relation, if and only if one of 
the following conditions holds : 

(10) p-i - (t u p)a 

( 1 1 ) p-i = i u p U P2 
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