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1. It is well known that a group G satis-
fying the condition 

(1) for all x,y in G 

is necessarily commutative. 
It is also well known that if Q is a group 

such that 

(2) (xy)' = xiyi for three consecutive inte-
gers £ and for all x , y in G , 

then G is necessarily commutative ([1], p. 31, 
exercise 4). 

However, the ring-theoretic analogues of 
these group-theoretic results do not hold. 

Thus, M C C O Y ([2], p. 15, example 6 and 
p. 31, exercise 7) gives an example of a non-
commutative ring satisfying the condition (1) 
a n d E . C . J O H N S E N , D . L , O U T C A L T a n d A . 

Y A Q O B [ 3 ] give an example of a noncommu-
tative ring satisfying the condition (2), 

In [3], the authors prove that if R is any 
nonassociative (i. o., not necessarily associa-
tive) ring with identity satisfying the condition 
(1), then R is commutative. 

The purpose of this note is to generalize 
this result. 

2- Let us recall that an element a of a 
multiplicative groupoid G is said to be an 
associative element, if one has 

and 
ax • y = a • xy , x a • y = x • a y 

x y • a = x • y a 

for all x ,y in G. The element a is said 
to be cancellable, if for all x,y in G each 
of the equations ax = ay and x a — y a 
implies x — y. 

We are going to state the following „ 

T H E O R E M : Let R be any nonassociative 
ring satisfying the condition 

(s y)a = x2 ya for all s , y in R . 

If for every (x , y) e R x R there is in R 
some element e which is associative and can-
cellable in the multiplicative subgroupoid of 
R generated by the set | x , y , e j , then R 
is commutative. 

PBOOF: Indeed, one has obvionsly 
(x(y + z)f = (xy + xzf = xy -xy + 

-\-xy-xz~\-xz-xy-\-xz • xz 

for all x,y,s in it. goCIEOftDP P<nir,"r'"~ 
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On the other hand, by taking into account 
the hypothesis of the theorem, one sees that 

+ - * ( » + « ) > -

~x2(y2+yz-hzy + z2)-
— a;2 y2 -f- a? • y z + x2 • z y + x2 z2. 

Consequently, one has 

(3) x2 • y z + at2 • zy = JS y • x z \ x z • x y 

for all x ,y ,z in R . 
If one starts with ({x-\- z)y]2, one obtains, 

by a similar way, 

(4) xy • zy + zy • x y = x z • y2 -}- z x • y2 

for all x ,y ,z in R. 

By changing x to x z in (3), one gets 

x2-yz-}-xz-yz + zx-yz-{-z2-yz-\-
-±-x2-zy~\-zx~zy = xy-xz + x y • z2 + 

-\-zy-xz + zy-z2 + xz-xy~\~z2-xy 

and, hence, it results by (3), 

(5) x z - y z + z x ' y z + z 2 - y z + z x - z y = 
*=xy-z2-\-zy-xz-\-zy-z2-\-z2-xy 

for all x , y , z in R . 
Now, we are going to show that the ele-

ment e satisfying the conditions required in 
the theorem, commutes with x and y. 

In fact, by putting x = z = e in (3), it 
results 

e2 • ye + e2 • ey = e y • e2 -f-12 • e y 

and so 

(6) e2 • ye =•= ey • e2. 

Since e is associative in the multiplicative 
subgroupoid generated by \x , y , e\ , the 
equality (6) implies 

e2y • e = (ey • e)e 

a n d , s i n c e e is c a n c e l l a b l e in t h a t g r o u p o i d , 
it f o l l o w s 

t2y T ey • ei 

By repeating the argument, one obtains 

ey — ye, 
as wanted. 

Analogously, by putting y — z = e in (4), 
one gets ex = xe. 

If in (5) one puts z = e , it results by (6), 

(7) xe-yc-\-ex-ye-\-ex-ey = 
xy • e2 -j- ey • x e a2 • xy . 

Or, one has 

x e • y e = (a; e • y) e = (ac • e y) e = (x • y e) e = 
— (xy • e)e =xy • e2, 

by the associativity of e and commutativity 
of e with y. 

Similarly, one sees that 

e x > ey — e2 • xy 

and, consequently, from (7) it follows 

ex • ye = ey •xe 

and, hence, 

(tf*. y)e = [ey • x)e . 

Since e is cancellable, one conclude* 

ex - y — ey•x, 
hence, 

e • x y •= e • y x , 

that is to say, 

xy — yx, 

as it was to be proved. 
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