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] . I t is w e l l k n o w n that, if C is a finite 
group (mult ipl icat ively writ ten) , then each 
e l e m e n t of G has a square r o o t , i f and only 
if the order of G is odd ([1], T h e o r e m 1, 
and [2]). 

R e c e n t l y , w e have obtained a characteri -
zat ion of the groups which admit a JACORI 
automorphi sm. W e have stated that a group 
G has at m o s t o n e JACOBI automorphi sm, 
and that such an automorphism e x i s t s , if and 
only if G is an abel ian group h a v i n g the 
unique square root proper ty (i. e . } for each 
e l e m e n t x e G , there is exac t ly one e l ement 
^ e i ? sat i s fy ing the condi t ion yi = x ) . 

In this note w e obtain s o m e resul ts about 
the abel ian g r o u p s h a v i n g the unique square 
r o o t property . 

If ordy is o d d , say 2m— 1, then one 
has ( 2 m — 1) 12 ( 2 « — 1 ) , hence 

(2 m — 1 ) | ( 2 « — 1 ) . 

On the other hand, one has 

j.2»-! = y2(2*-\) _ J 

and s o ( 2 n - l ) j ( 2 m — 1 ) . 
Consequent ly , ordy = ordx. 
If ordy is e v e n , s a y 2m, then from 

y 3 =• x , it f o l l o w s 

y2(2n-l) _ ^.En-I— J = y'Zt* x«i ^ 

meaning that 2 w i | 2 ( 2 n — 1) and ( 2 n — I ) | m , 

b e n c e ordy = 2 . ovdx, as wanted . 

2 . L e t us s tate the fo l lowing 

LEMMA 1. If x is an element of odd order 
of a group G and y is a square root of x , 
then one has either ord y = ord x or ord v = 
= 2 . ord x . 

PROOF. I n d e e d , l e t ordx=2n — 1 . S ince 
y* = x , one has 

y2(3n-t) „ 3.2.1-1 _ J 

and s o y is an e l ement of finite order . 

LEMMA 2 . If x is an element of odd order 
of a group G, then there is exactly one 
element yeG such that 

y 2 = x and ord y = ord x 

and this element y belongs to the cyclic sub-
group generated by x. 

PKOOK. L e t ordx = 2n— 1 . T h e n , s ince 

(as")3 = x2n~x .x — x 

one s e e s that a;" is a square root of x and 
o b v i o u s l y ;cu b e l o n g s to the cyc l ic subgroup 
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generated bv x . Moreover , if y3 = x and 
ordy = ordx, then 

y = + i = _ xn t 

prov ing the i emma. 

TOE ORE 111. If T is the set af all elements 
of odd order of an abelian group G , then T 
it a subgroup of G having the unique square 
root property. 

PROOF. T h e set T is c l ear ly noil void, 
s ince 1 e T. Moreover , s ince oi'dfii"1) — orda 
and ord (a b) = ord a • ord b for all a , b in 
T , on sees that T is a subgroup of G . By 
L e m m a 2 , for each a e T there is e x a c t l y 
one e l e m e n t x such that x1 = a and ordx= 
= orda and this e l ement b o l o o g s to the cyc l ic 
subgroup generated by a, hence x e T . 

If ordx =f= orda, then, by L e m m a 1, one 
has ordx = 2 • ord a and so x does not 
belong to T . 

3 . If G is a torsion f r e e abel ian group 
such that for e a c h e l ement aeG there is 
s o m e x sa t i s fy ing the condit ion a:2 = a , then 
G has the unique square root property . In 
fact , if = yl — a with y ^ x , then 
( x y ~ l y > = x 2 ( i r ')2 = a • a ! = l , contradic t ing 
the hypothes i s that G is torsion free . 

L e t G bo a group with the unique square 
root property . Then , there his no e l e m e n t x in 
G with e v e n order . I n fact , f rom ordx^2m 
it f o l l o w s (a;"1)2 = 1 and so 1 and 
w o u l d be square roo t s of 1 , against the 
hypothes i s . T h u s , the set T f o r m e d by all 
e l ement s in G hav ing odd order is the ma-
ximal torsion s u b g r o u p of G and, therefore , 
the quotient g r o u p GjT is torsion free . If 
a Te G/T and x3 = a, then it is immediate 
that ( a n T ) 2 = a T . 

Consequent ly , the fo l lowing holds : 

THEOREM 2 : If G is an abelian group 
with the unique square root property and T 

is the set of all elements in G having odd 
order, then G / T is a torsion free abelian 
group with the unique square root property. 

4 N o w , let II be a tors ion free abel ian 
g r o u p hav ing the unique square r o o t pro-
perty. W e shal l d e n o t e by a>1''2 the (unique) 
square root of x . M o r e g e n e r a l l y , w e shal l 
denote by x7"!2" ,m and n in tegers , the 
square root of . 

Th i s notat ion is cons i s tent , s ince 

X™ '**. x"'i-"' = x/"2" + , 

L e t ae H. It is immediate that the l eas t 
subgroup of II conta in ing a and hav ing the 
unique square r o o t property is the set of al l 
e l ement s aT, w h e r e r is e i ther 0 or a ra-
tional number of the form — .V , w h e r e 

2" 
in and n are in tegers . 

L e t us denote this group by - S ( o ) . I t is 
immediate that this g r o u p is i somorphic to 
the addit ive g r o u p w h o s e e l ement s are 0 

2 m + l and the rat ional numbers of the form 

with m and 71 in tegers . 
2" 

THEOREM II, For each a e H , the lattice 
of all subgroups of the group S (a) i s distri-
butive. 

PROOF. I n d e e d , as it was stated by 
ORE [4], the latt ice of al l s u b g r o u p s of a 
g r o u p is distributive, if and o n l y if the g r o u p 
is loca l ly cyc l i c . 

L e t us s e e that the g r o u p *S(a) is l oca l ly 
cyc l i c , that is to s a y , if x,yeS(a), say 

x =• a&m * U'2" and y = a ® r + 1)12' 

then there is s o m e zeS(a) such that x and 
y b e l o o g to the cyc l ic subgroup generated 
by z . It is suff icient to s e t z = a 1 ' i P , w h e r e 
p is the greates t of the in tegers n and s . 
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THEOREM 4. For each a e H , the lattice 
of all subgroups of S ( a ) having the unique 
square root property, is isomorphic to the lat-
tice constituted by the set of all positive odd 
integers partially ordered by the relation m£u 
if and only if ra is divisible by n , 

PROOF. L e t A be a s u b g r o u p of S(a) 
having t h e unique square root property . If 
1 o 0 « + l H 3 " e ^ t then a?m+* and «-« '» + !> be-
l o n g t o A , L e t 2 p + 1 be the l eas t pos i -
t ive in teger such that a^f + ^ e A . T h e n , if 
xg A , o n e haB x = a<3P + iM29 + i)f2" for some 
integers q and n. 

T h i s means that A = S ( a 2 * 4 " 1 ) . 
T h u s , o n e s e e s that there is a one-one cor-

r e s p o n d e n c e be tween the set of al l s u b g r o u p s 
of S(a) h a v i n g the unique square root pro-
perty and the se t of al l pos i t ive odd in tegers . 

Moreover , one has c lear ly 

if and only if 

( 2 j j + 1 ) | ( 2 m + 1 ) , 

c o m p l e t i n g the proof . 

T h e g r o u p II m a y b e cons idered as a 

m o d u l e over the r ing R formed by al l ra-

tional n u m b e r s 0 , ^ , m and n inte-
2 " 

g e r s , re la t ive ly to the ordinary addit ion and 
mult ipl icat ion. T h e set S ( a ) the cyc l ic sub-
m o d u l e g e n e r a t e d by a. 

T h e theorem 4 a b o v e says that the lattice 
of all submodules of S ( a ) is isomorphic to the 
lattice of all positive odd integers, m g i 
meaning that n divides m . 

5 . F o r each aeH, let us denote by C(a) 
the cyc l ic subgroup g e n e r a t e d by a. 

L e t us cons ider the quot ient g r o u p S(a)/ 
/ C(a) and let ai2""* D'2" be a n y e l e m e n t of 
£ ( a ) . I f » ^ 1 , by the divis ion a lgor i thm, 
one has 

2 wi + 1 = 2 n • £ + ( 2 r - ) - 1 ) , with 0 < 2 r + l < 2 " 

q and r in tegers . 
F r o m this it f o l l o w s 

2" 2" 
with 0 < 2 r + 1 < 2 n 

and hence 

0<2a. + i)/an
 = a t • e a(2r + 'Hs" C(a) 

If n < l , then is an integer and 
2« 

so ^+i)/a"e 0(a). 
T h u s , the e l ement s of the group <S(a)/C(a) 

are C(a) and the c o s e t s of the form 

a(2r+l)/2» C(a) 

w h e r e n is a pos i t ive integer and r is an 
in teger such that 0 < 2 r + l < 2 n . 

L e t us cons ider t h e g r o u p Z(2°°) ([5], p . 4) . 
T h e e l e m e n t s of the g r o u p Z(2") are 

1 1 3 1 3 ^ 
4 ' 8 ' 8 

0 ± ± _ 
' 2 ' 4 ' 

2 r + 1 
2 " 

with 0 < 2 r - f - l < 2 " , the g r o u p operat ion 
be ing the addit ion m o d u l o o n e . 

S ince the integers q and r in (1) are uni-
quely determined, one conc ludes the fol-
l o w i n g 

THEOREM 5. For each a e I I , the quotient 
group S ( a ) / C ( a ) is isomorphic to the group 
Z (2°°) . 
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