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EDITORIAL

QXDQGR�WHQWDPRV�UHVSRQGHU�D�HVWD�SHUJXQWD�ÀFDPRV�WmR�
SHUSOH[RV�FRPR�TXDQGR�QRV�SHUJXQWDP��´6HPSUH�RXYL�

GL]HU�TXH�D�PDWHPiWLFD�HVWi�HP�WRGR�R�ODGR��DÀQDO�RQGH�p�TXH�
HOD�HVWi�FRQFUHWDPHQWH"µ�$�YHUGDGH�p�TXH�D�WHPiWLFD�GR�SOD-
QHWD�7HUUD�p�WmR�DEUDQJHQWH�H�D�PDWHPiWLFD��WmR�RPQLSUHVHQWH��
TXH�D�DEXQGkQFLD�GH�H[HPSORV�p�GH� WDO�RUGHP�TXH�p�GLItFLO�
HVFROKHU�SRU�RQGH�FRPHoDU����'H� IDFWR��QmR� IDOWDP�H[HPSORV�
GH�iUHDV�QDV�TXDLV�D�PDWHPiWLFD�WHP�XP�SDSHO�GHWHUPLQDQ-
WH�H�TXH�HVWmR�GLUHWDPHQWH�OLJDGDV�DR�SODQHWD��PHWHRURORJLD��
HFRORJLD��HSLGHPLRORJLD��DOWHUDo}HV�FOLPiWLFDV��HQHUJLD��DVWUR-
QRPLD��JHRORJLD��VRFLRORJLD����H�DVVLP�SRU�GLDQWH�

3RU� RXWUR� ODGR�� TXDQGR� DIXQLODPRV�PDLV� H� WHQWDPRV� YHU�
TXH�PDWHPiWLFD�Ki�DÀQDO�HP�FDGD�XPD�GHVWDV�iUHDV��SHUFHEH-
PRV�TXH�D�PDWHPiWLFD�WHP�XP�SDSHO�TXH�DFDED�SRU�VHU�GLV-
FUHWR��HPERUD�GHWHUPLQDQWH��$V�FRQTXLVWDV�PDWHPiWLFDV�VmR�
IHQyPHQRV�UDURV�PDV�FRP�FRQVHTXrQFLDV�WUHPHQGDV��GDGD�D�
IRUPD�FRPR��TXDQGR�~WHLV��VH�JHQHUDOL]D�R�VHX�XVR�SRU�WRGR�R�
PXQGR�H�SHUPDQHFHP�DWXDLV�DR�ORQJR�GR�WHPSR��$OpP�GLVVR��
PXLWDV�GHVWDV�IHUUDPHQWDV�PDWHPiWLFDV�DFDEDP�SRU�VHU�XVD-
GDV�GH�IRUPD�QmR�H[SOtFLWD��HVFRQGLGDV�SRU�GHWUiV�GH�PXLWRV�
softwares��DXWrQWLFDV�FDL[DV�QHJUDV��SURJUDPDGDV�SRU�XPD�PL-
QRULD�H�XVDGDV�SRU�PXLWD�JHQWH�

3HQVHPRV� QXP� H[HPSOR� FRQFUHWR�� DV� &XUYDV� GH� %p]LHU��
(VWDV�FXUYDV�IRUDP�FULDGDV�SRU�3LHUUH�%p]LHU��XP�PDWHPiWLFR�
IUDQFrV�TXH�WUDEDOKDYD�SDUD�D�5HQDXOW��1HVWH�PRPHQWR�PLOKD-

UHV�GH�SHVVRDV�XVDP�HVWDV�FXUYDV�HP�softwares�JUiÀFRV��HPER-
UD�D�PDLRU�SDUWH�GHODV�QmR�FRQKHoD�D�PDWHPiWLFD�SRU�GHWUiV�
GHVWD�IHUUDPHQWD��$�GHVFREHUWD�IRL�XP�IHQyPHQR�VHJXUDPHQ-
WH�GLVFUHWR�H�EHP�ORFDOL]DGR�QR�WHPSR��������SRU�RXWUR�ODGR��
D� DSOLFDomR� GHVWD� GHVFREHUWD� HVWi� DPSODPHQWH� JHQHUDOL]DGD�
em softwares�JUiÀFRV�H�VHUi�XVDGD�SURYDYHOPHQWH�SRU�PXLWRV�
DQRV�� WDOYH]�DWp�SDUD�VHPSUH��e� LQFDOFXOiYHO�D�YDQWDJHP�HP�
WHUPRV�SUiWLFRV�GHVWD�FULDomR�PDWHPiWLFD��'H�FHUWD� IRUPD��D�
GLQkPLFD�GD�PDWHPiWLFD�H�VXDV�DSOLFDo}HV�p�VHQVtYHO�jV�FRQ-
GLo}HV�LQLFLDLV�

&ODUR� TXH� QHVWH� PRPHQWR� SRGH� DOJXpP� HVWDU� D� SHQVDU��
´6LP�� p� YHUGDGH�� PDV� SRU� FDGD� %p]LHU� Ki� XPD� TXDQWLGDGH�
HQRUPH� GH� PDWHPiWLFRV� TXH� IRUDP� SDJRV� SHOR� HUiULR� SX-
EOLFR� H� TXH� QmR� SURGX]LUDP� QDGD�PDUFDQWH� SDUD� R� SODQHWD� 
7HUUD�µ�%HP����D�UHVSRVWD�TXH�WHPRV�SDUD�HVVH�DUJXPHQWR�p�D�GH�
TXH�QmR�p�FODUR�DWp�TXH�SRQWR�R�WUDEDOKR�GH�XP�PDWHPiWLFR��
PHVPR�QmR�SURGX]LQGR�QDGD�VXÀFLHQWHPHQWH�UHOHYDQWH�SDUD�
TXH�R�VHX�QRPH�OKH�ÀTXH�DVVRFLDGR��QmR�FRQWULEXD�FRP�XP�
SHTXHQR�pSVLORQ�SDUD�R�FRQKHFLPHQWR�PDWHPiWLFR��3RU�RXWUR�
ODGR��PHVPR�TXH�QmR�DFUHGLWHPRV�QHVWD�WHRULD�GRV�SHTXHQRV�
pSVLORQHV��GHIHQGHU�TXH�Vy�GHYHPRV�ÀQDQFLDU�D�SULPHLUD�OLQKD�
GH�PDWHPiWLFRV�p�XPD�LGHLD�WmR�DEVXUGD�FRPR�GL]HU�TXH�EDVWD�
HQVLQDU� D� MRJDU� IXWHERO� D� �� HP� FDGD� ��������SHVVRDV� �HVVHQ-
FLDOPHQWH�R�Q~PHUR�GH� MRJDGRUHV�GD�SULPHLUD�GLYLVmR��SDUD�
WHUPRV�D�TXDOLGDGH�GH�IXWHERO�TXH�WHPRV�

(VWH�DQR�p�GHGLFDGR�j�0DWHPiWLFD�GR�3ODQHWD�7HUUD��$�Gazeta de Matemática de-
FLGLX�MXQWDU�VH�D�HVWD�LQLFLDWLYD��GHGLFD�HVWH�Q~PHUR�DR�SODQHWD�7HUUD�H�SXEOLFD�
XPD�VpULH�GH�DUWLJRV�VREUH�HVWH�WHPD��0DV��DÀQDO��R�TXH�p�TXH�WHP�D�PDWHPiWLFD�
D�GL]HU�VREUH�R�QRVVR�SODQHWD"�

A MATEMÁTICA PODE  
MUDAR O MUNDO
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ATRACTOR Jogos isomorfos

JOGOS ISOMORFOS
1HVWH�DUWLJR��SURSRPRV�DR�OHLWRU�XPD�YHUVmR�OXPLQRVD�GR�MRJR�GDV�
WRUUHV�GH�+DQyL��� � �����

IPDJLQHPRV�XP�MRJR�IRUPDGR�SRU�XPD�ÀOD�GH�OkPSDGDV��HP�
TXH�FDGD� OkPSDGD�SRGH�HVWDU�QXP�GH�GRLV�HVWDGRV��DFHVD�

RX�DSDJDGD��

&OLFDQGR�QXPD�GHODV��RX�Vy�HVVD�PXGD�GH�HVWDGR��RX�ÀFDP�
WRGDV�QR�HVWDGR�HP�TXH�HVWDYDP��4XDO�GDV�GXDV�RFRUUrQFLDV-
WHP�OXJDU��GHSHQGHUi�� VHJXQGR�XPD�UHJUD�SUHFLVD��GR�HVWDGR�
GDV�OkPSDGDV�GD�ÀOD��$FRQVHOKDPRV�R�OHLWRU�D�TXH�WHQWH�GHVFR-
EULU�HVVD�UHJUD�SRU�VL�PHVPR��H[SHULPHQWDQGR�FRP�XP�PRGH-
OR�YLUWXDO�GR�MRJR��GLVSRQtYHO�HP�>�@��3DUD�XVDU�HVVH�PRGHOR��R�
browser�GHYHUi�WHU�R�plugin�0DWKHPDWLFD�3OD\HU��TXH�SRGHUi�VHU�
LPSRUWDGR�GH� >�@��6H�R� OHLWRU�QmR�GHVHMDU� ID]HU�HVVH�H[HUFtFLR��
GHYH�OHU�DJRUD��QR�ÀQDO1�GR�WH[WR��R�HQXQFLDGR�GD�UHJUD��&RQKH-
FLGD�HVVD�UHJUD��FRQVLGHUH�VH�R�VHJXLQWH�SUREOHPD2��SDUD�XPD�
ÀOD�FRP�n�OkPSDGDV�WRGDV�DSDJDGDV��VHUi�SRVVtYHO��XWLOL]DQGR�
FOLTXHV�DGHTXDGRV��FRQVHJXLU�TXH�DSHQDV�D�~OWLPD�OkPSDGD�À-
TXH�DFHVD"�6H�IRU��TXDO�R�Q~PHUR�PtQLPR�GH�FOLTXHV�D�XVDU"�(�
KDYHUi�DSHQDV�XPD��RX�PDLV�GR�TXH�XPD��VXFHVVmR�GH�FOLTXHV�
FRP�R�Q~PHUR�PtQLPR��TXH�FXPSUD�HVVH�REMHWLYR"�2�OHLWRU�SR-
GHUi�XWLOL]DU�R�MRJR�YLUWXDO�SDUD�YiULRV�YDORUHV�GH�n��SURFXUDQGR�
JDVWDU�R�Q~PHUR�PtQLPR�GH�FOLTXHV�

'HFRUUH�GD�UHJUD�JHUDO�TXH��VH�DV�SULPHLUDV�Qй–й�� OkPSDGDV�
HVWLYHUHP�DSDJDGDV��RV�PHVPRV�FOLTXHV�TXH�DFHQGHP�D�OkPSD-
da n��VH�HVWDYD�DSDJDGD���WDPEpP�D�DSDJDP��VH�HVWDYD�DFHVD���

'HVLJQH�F(n)��SDUD�FDGD�n��XPD�VXFHVVmR�GH�FOLTXHV�GH�FRP-
SULPHQWR�PtQLPR�TXH��DSOLFDGD�D�XPD�ÀOD�GH�n�OkPSDGDV�GDV�
TXDLV�DV�SULPHLUDV�Qй–й��HVWmR�DSDJDGDV��Vy�PXGD�R�HVWDGR�GD�
OkPSDGD�n��(�GHVLJQH�f(n)�R�Q~PHUR�GH�FOLTXHV�GH�F(n)��3DUWLQ-
GR�GH�XPD�ÀOD�GH�n�OkPSDGDV�DSDJDGDV��Vy�VH�FRQVHJXLUi�DFHQ-
GHU�D�OkPSDGD�n�TXDQGR��HQWUH�DV�DQWHULRUHV��DSHQDV�HVWHMD�DFH-
sa a de ordem Qй–й���H��FRQVHJXH�VH�FKHJDU�D�HVVH�HVWDGR��XVDQGR�
SUHFLVDPHQWH�RV�FOLTXHV�GH�)�Qй²й����HP�Q~PHUR�GH�I�Qй²й����&OL-
FDQGR�GHSRLV�QD�OkPSDGD�n��ÀFDUmR�DSHQDV�DFHVDV�DV�OkPSDGDV�
Qй–й� e n�� H� FRP�)�Qй²й���DSDJDU�VH�i�D� OkPSDGD�Qй²й���3RUWDQWR��

 e  . 

Figura 1

Figura 2

Figura 3

1RWDQGR� TXH� )��� ^�`�
�XP�FOLTXH�QD����OkPSDGD�
DFHQGH�D��H�Iй���й й���WHPRV�
)й�Q� e Iй�Q�� GHÀQLGRV� SRU�
UHFRUUrQFLD��H�D�XQLFLGDGH�
de F�ÀFD� WDPEpP�HVWDEH-
OHFLGD��(��FRPR�D�IXQomR�g 
GHÀQLGD�SRU�J�Q�� � �Qй²й���
VDWLVID]� WDPEpP�D�Jй��� � 
e a Jй�Q� �йJ�Qй²й��й�й��� VHUi�
I� �J�
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$R� MRJDU�HVWH� MRJR��RFRUUH� LPHGLDWDPHQWH�SHQVDU�QXP�RX-
WUR��FXMD�HVWUXWXUD�GH�UHVROXomR�p�PXLWR�VHPHOKDQWH�²�R�SRSXODU�
MRJR�GDV�7RUUHV�GH�+DQyL��/HPEUHPRV�UDSLGDPHQWH�DV�UHJUDV��
QXP�WDEXOHLUR�FRP�WUrV�KDVWHV�H�GLVFRV�GH�UDLRV�WRGRV�GLIHUHQWHV��
SRGH�VH��GH�FDGD�YH]��PXGDU�R�GLVFR�GH�FLPD�GH�XPD�KDVWH�SDUD�
RXWUD�KDVWH��GHVGH�TXH�QXQFD� VH� FRORTXH�XP�GLVFR�TXDOTXHU�
VREUH�RXWUR�PDLV�SHTXHQR��3DUWLQGR�GH�XPD�SLOKD�GH�GLVFRV��GH�
GLkPHWURV�GHFUHVFHQWHV��QXPD�GDV�KDVWHV�H�QHQKXP�GLVFR�QDV�
RXWUDV�GXDV��TXHU�VH�WUDQVSRUWDU�DTXHOD�SLOKD�SDUD�RXWUD�KDV-
WH�SUHYLDPHQWH�À[DGD��&RPR�R�ID]HU�QXP�Q~PHUR�PtQLPR�GH�
MRJDGDV"�2�MRJR�p�WULYLDO�TXDQGR�D�SLOKD�Vy�WHP�XP�GLVFR��(��
VH�Mi�R�VRXEHUPRV�UHVROYHU�SDUD�XPD�SLOKD�GH�Qй–й��H�WLYHUPRV�
uma de n��SRGHUHPRV�WUDQVIHULU�RV�Qй–й��GLVFRV�GH�FLPD�SDUD�D�
KDVWH�GLIHUHQWH�GD�LQLFLDO�H�GD�ÀQDO��GHSRLV�PXGDU�R�GLVFR�PDLRU�
SDUD�D�ÀQDO�H�QRYDPHQWH�WUDQVSRUWDU�D�SLOKD�GRV�DQWHULRUHV�Qй–й��
SDUD�FLPD�GR�GLVFR�PDLRU��'H�QRWDU�DSHQDV�TXH��FRPR�RV�Qй–й��
GLVFRV�VmR�WRGRV�PDLV�SHTXHQRV�GR�TXH�R�PDLRU�GH�WRGRV��RV�
PRYLPHQWRV�´SHUPLWLGRVµ�VmR�RV�PHVPRV��TXHU�XPD�KDVWH�HV-
WHMD�YD]LD��TXHU�Mi�Oi�WHQKD�R�PDLRU��YHU�ÀJXUD����HP�TXH�n� ����D�
FROXQD�LQLFLDO�p�D�GH�EDL[R�H�D�ÀQDO�p�D�GD�GLUHLWD���2�SURFHVVR�H�
D�FRQFOXVmR�VmR�DQiORJRV�DRV�GR�MRJR�DQWHULRU��

&RQVWDWDGD� HVWD� VHPHOKDQoD� HQWUH� DV� UHVROXo}HV� GRV� GRLV�
SUREOHPDV�� p� QDWXUDO�SURFXUDU� OHYi�OD�XP�SRXFR�PDLV� ORQJH��
6HUi� TXH� SRGHPRV� HVWDEHOHFHU� XPD� FRUUHVSRQGrQFLD� QDWXUDO�
HQWUH�RV�GRLV�MRJRV�H�RV�UHVSHWLYRV�SDVVRV�GH�UHVROXomR"�,VWR�p��
TXHUHUtDPRV�HVWDEHOHFHU�XPD�FRUUHVSRQGrQFLD�ELXQtYRFD�QDWX-
UDO�HQWUH�R�FRQMXQWR�GDV�GLIHUHQWHV�GLVWULEXLo}HV�SRVVtYHLV�GRV�
n�GLVFRV�GDV�WRUUHV�GH�+DQyL�SHODV�WUrV�KDVWHV�H�DV�GLYHUVDV�GLV-
WULEXLo}HV�GH�´acesas e apagadasµ�QXPD�ÀOD�GH�n�OkPSDGDV��GH�
PRGR�TXH�

1. 2V�GLVFRV�HVWLYHVVHP�WRGRV�QD�KDVWH�LQLFLDO�VH�H�Vy�VH�DV�
OkPSDGDV�HVWLYHVVHP�WRGDV�DSDJDGDV�

2��2V�GLVFRV�HVWLYHVVHP�WRGRV�QD�KDVWH�ÀQDO�VH�H�Vy�VH�DSHQDV�
D�~OWLPD�OkPSDGD�HVWLYHVVH�DFHVD�

3��$�XP�PRYLPHQWR�SHUPLWLGR�GH�XPD�KDVWH�SDUD�RXWUD�FRU-
UHVSRQGHVVH�R�PHVPR�HIHLWR�TXH�WHULD�XP�FOLTXH�QD�ÀOD�GH�
OkPSDGDV��TXH�SURYRFDVVH�PXGDQoD�GH�HVWDGR�GH�XPD�OkP-
SDGD��H�YLFH�YHUVD�

6RE�HVWD�IRUPD��p�IiFLO�FRQFOXLU�TXH�R�SUREOHPD�QmR�WHP�VROX-
omR��QmR�H[LVWH�XPD�WDO�FRUUHVSRQGrQFLD�ELXQtYRFD��%DVWD�QRWDU�

Figura 4

Figura 5

TXH��HP�FDGD� MRJDGD��R�Q~PHUR�GH�SRVVLELOLGDGHV�GH�PXGDU�
GH�FRQÀJXUDomR�QmR�p�R�PHVPR�QRV�GRLV� MRJRV��1R�FDVR�GDV�
WRUUHV�GH�+DQyL��TXDQGR�WRGRV�RV�GLVFRV�HVWmR�QXPD�PHVPD�
KDVWH��WUrV�FDVRV�SRVVtYHLV���Ki�GXDV�MRJDGDV�SRVVtYHLV��R�GLVFR�
PDLV�SHTXHQR�SRGH�LU�SDUD�TXDOTXHU�GDV�GXDV�KDVWHV�YD]LDV��(�
HP�WRGRV�RV�RXWURV�FDVRV��DOpP�GDV�GXDV�MRJDGDV�FRP�R�GLVFR�
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PDLV�SHTXHQR�ï�TXH�HVWi�VHPSUH�HP�FLPD�QXPD�KDVWH�ï�Ki�RX-
WUD��GH�RXWUR�GLVFR��VH�KRXYHU�XPD�KDVWH�YD]LD��p�R�PRYLPHQWR�
SDUD�HOD�GR�GLVFR�HP�FLPD�GD�KDVWH�TXH�QmR�FRQWpP�R�GLVFR�
PDLV�SHTXHQR��VH�QmR�KRXYHU��p�R�PRYLPHQWR�HQWUH�DV�KDVWHV�
TXH�QmR� WrP�R�GLVFR�PDLV�SHTXHQR��TXH� HQYLD�R�PHQRU�GRV�
GRLV�GLVFRV�SDUD�FLPD�GR�PDLRU��1R�MRJR�GDV�OkPSDGDV��Ki�GRLV�
FDVRV��VH�WRGDV�DV�OkPSDGDV�HVWLYHUHP�DSDJDGDV�RX�DSHQDV�D�
~OWLPD�HVWLYHU�DFHVD��Vy�Ki�XP�FOLTXH�FRP�HIHLWR�YLVtYHO��QD�SUL-
PHLUD�OkPSDGD��HP�WRGRV�RV�RXWURV�FDVRV��DOpP�GR�FOLTXH�QD�
SULPHLUD�OkPSDGD��Ki�R�FOLTXH�QD�OkPSDGD�D�VHJXLU�j�SULPHLUD�
TXH�HVWLYHU�DFHVD��ÀJXUD�����3RUWDQWR��QHVWH�MRJR�GXDV�MRJDGDV�
VmR�SRVVtYHLV�� H[FHWXDQGR�GXDV� VLWXDo}HV� HP�TXH�Ki� DSHQDV�
XPD��HQTXDQWR�QR�RXWUR�MRJR�Ki�WUrV�MRJDGDV�SRVVtYHLV��H[FH-
WXDQGR�WUrV�VLWXDo}HV��HP�TXH�Ki�DSHQDV�GXDV��5HODWLYDPHQWH�
DR�MRJR�GDV�OkPSDGDV��QRWHPRV�TXH��QR�FDVR�JHUDO��GRV�GRLV�FOL-
TXHV�SRVVtYHLV��XP�GHOHV�p�R�PHVPR�TXH�R�DQWHULRU�H��SRUWDQWR��
UHS}H�R�HVWDGR�DQWHULRU��2UD��QXPD�SURFXUD�GH�FRPR�UHVROYHU�
R� MRJR�QR�PHQRU�Q~PHUR�GH�FOLTXHV�SRVVtYHO��D� UHSHWLomR�GR�
FOLTXH�DQWHULRU�QXQFD�GHYH�VHU� IHLWD��0DV��H[FOXLQGR�HVVD� UH-
SHWLomR��RV�FOLTXHV�ÀFDP�GHWHUPLQDGRV�GH�PDQHLUD�~QLFD��LVWR�
p��D�ERD�HVWUDWpJLD�SDUD�UHVROYHU�R�MRJR�QR�PHQRU�Q~PHUR�GH�
FOLTXHV�FRQVLVWH�DSHQDV�HP�HVFROKHU��GHVGH�R�LQtFLR��R�~QLFR�FOL-
TXH�GLVSRQtYHO��TXH��D�SDUWLU�GD�VHJXQGD�MRJDGD��QmR�GHVIDoD�
D�MRJDGD�DQWHULRU��

3DUD�H[SULPLU�GH�XP�PRGR�VLPSOHV�XPD�HVWUDWpJLD�FRP�R�
PtQLPR�Q~PHUR�GH�PRYLPHQWRV�QR�FDVR�GR�MRJR�GDV�WRUUHV�GH�
+DQyL��p�FyPRGR�WHU�GLVFRV�DOWHUQDGDPHQWH�GH�XPD�FRU�FODUD�
H�RXWUD�HVFXUD��'HL[D�VH�DR�OHLWRU�D�YHULÀFDomR�GH�TXH�D�PDQHL-
UD�PDLV�UiSLGD�GH�FRQFOXLU�D�WUDQVIHUrQFLD�GH�XPD�KDVWH�SDUD�
RXWUD�FRQVLVWH�HP�QXQFD�S{U�XP�GLVFR�GLUHWDPHQWH�VREUH�RXWUR�
GH� WRQDOLGDGH� LGrQWLFD�� ,VWR� GHWHUPLQD� R�PRYLPHQWR� D� ID]HU�
TXDQGR�QmR�Ki�KDVWHV�YD]LDV��3DUD�LQFOXLU�RV�FDVRV�GH�KDVWHV�
YD]LDV�QD�UHJUD� LQGLFDGD��EDVWDUi� LPDJLQDU�QR� WDEXOHLUR�EDVH�
WUrV�GLVFRV�YLUWXDLV��ÀJXUD�����RV�GDV�KDVWHV�GH�SDUWLGD�H�GH�FKH-
JDGD�FRP�WRQDOLGDGH�GLIHUHQWH�GD�GR�GLVFR�PDLRU�H�R�GD�KDVWH�
UHVWDQWH�FRP�D�PHVPD�WRQDOLGDGH�GR�GLVFR�PDLRU��(QWUH�DV�SR-
VLo}HV�LQGLFDGDV�QD�ÀJXUD����IRUDP�RPLWLGDV��UHVSHWLYDPHQWH����
��������H���SRVLo}HV�LQWHUPpGLDV��QR�WRWDO�GH�GH]��RX�VHMD��HVWmR�
PRVWUDGDV�VHLV�GDV�GH]DVVHLV�

&RP�HVWDV�FRQYHQo}HV�TXDQWR�jV�MRJDGDV��p�PXLWR�IiFLO�HQ-
FRQWUDU�D�HVWUDWpJLD�yWLPD��EDVWD�QXQFD�GHVID]HU�D�MRJDGD�DQWH-

Figura 6

Figura 7

ULRU��(�LVVR�HTXLYDOH�D�TXH�DV�MRJDGDV�VHMDP�DOWHUQDGDPHQWH�GR�
GLVFR�PDLV�SHTXHQR�H�GH�RXWUR��4XHU�GL]HU��HVWH�MRJR�GDV�WRUUHV�
GH�+DQyL�GH�UHJUDV�PDLV�H[LJHQWHV�DFDED�SRU�VHU�PDLV�IiFLO�GR�
TXH�R�GH�UHJUDV�PDLV�SHUPLVVLYDV��2�SDUDGR[R�p�DSDUHQWH��DV�
QRYDV�UHJUDV� LPSHGHP�TXH�R� MRJDGRU�VH�SHUFD�HP�FDPLQKRV�
PDLV�ORQJRV����(VWDPRV��SRLV��FRP�HVWD�YHUVmR��QXPD�VLWXDomR�
LGrQWLFD�j�GR�MRJR�GDV�OkPSDGDV��R�TXH�QRV�GHL[D�HVSHUDQoD�GH�
FRQVHJXLUPRV� HQFRQWUDU� D� HTXLYDOrQFLD� HQWUH� HVWD�YHUVmR�GR�
MRJR�GDV�WRUUHV�GH�+DQyL�H�R�GDV�OkPSDGDV��3DUD�GHÀQLUPRV�
D� FRUUHVSRQGrQFLD�� FRPHFHPRV�SRU� LPDJLQDU� RV�n� GLVFRV�GD�
SLOKD�QXPHUDGRV�SRU�RUGHP�FUHVFHQWH�GRV�UHVSHWLYRV�UDLRV�GH�
��D�n��R�FtUFXOR�YLUWXDO�QD�EDVH�GD�KDVWH�GH�SDUWLGD�FRP�XP�
UDLR�XP�SRXFR�PDLRU�GR�TXH�R�GLVFR�n��R�PDLRU�GD�SLOKD��VHUi�
YLVWR�FRPR�R�GLVFR�Qй+й���4XDQWR�DRV�RXWURV�GRLV�GLVFRV�YLUWXDLV�
GR�WDEXOHLUR��VHUmR�DLQGD�PDLRUHV��FKDPHPRV�OKHV�Qй+й��H�Qй+й���
&RP�HVWD�FRQYHQomR��SRGHUtDPRV�WHQWDU�GHÀQLU�D�FRUUHVSRQ-
GrQFLD�TXH�SURFXUDPRV��SHOD�VHJXLQWH�UHJUD�PXLWR�VLPSOHV��a 
lâmpada k está apagada se e só se o disco k estiver pousado direta-
mente sobre o disco Nй�й�.

9HULÀTXHPRV�DV� WUrV�SURSULHGDGHV�HQXQFLDGDV�DFLPD��&R-
PHFHPRV�SHOD�SULPHLUD��RV�GLVFRV�HVWmR�WRGRV�QD�KDVWH�LQLFLDO���
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VH�H�Vy�VH�FDGD�GLVFR��LQFOXLQGR�R�n��HVWLYHU�VREUH�R�GLVFR�GH�Q~-
PHUR�LPHGLDWDPHQWH�VHJXLQWH��SRUWDQWR�VH�H�Vy�VH�DV�OkPSDGDV�
HVWLYHUHP�WRGDV�DSDJDGDV��4XDQWR�j�VHJXQGD��WRGRV�RV�GLVFRV�
HVWDUHP�QXPD�KDVWH�GLIHUHQWH�GD�LQLFLDO�HTXLYDOH�D�Vy�R�GLVFR�
n�QmR�HVWDU�VREUH�R�VHJXLQWH�PDLRU��R�TXH�SRU�VXD�YH]�HTXLYDOH�
D�Vy�HVWDU�D�OkPSDGD�n�DFHVD��0DV�Vy�Ki�XPD�SRVVLELOLGDGH�GH�
REWHU�HVWD�FRQÀJXUDomR��WRGRV�RV�GLVFRV�HVWDUHP�QD�KDVWH�ÀQDO�
²�DTXHOD�TXH�WHP�XP�GLVFR�GH�WRQDOLGDGH�RSRVWD�j�GR�PDLRU�H�
QmR�p�R�GH�RUGHP�Qй+й��

2EVHUYH�VH�DLQGD�TXH�DR�ORQJR�GR�MRJR�VH�PDQWpP�D�UHSDU-
WLomR�LQLFLDO�GDV�FRUHV�GRV�GLVFRV�GH�FLPD��D�FRU�GR�GLVFR�PDLV�
SHTXHQR�H��HP�FDGD�XPD�GDV�RXWUDV�GXDV�KDVWHV��XP�GH�FDGD�
FRU��$�UD]mR�p�TXH�XP�PRYLPHQWR�SHUPLWLGR�PXGD�SDUD�D�FRU�
RSRVWD�j�GHOH�D�FRU�GR�GLVFR�QR�WRSR�GD�KDVWH�GH�RQGH�VDLX�H�
PXGD�SDUD�D� FRU�GHOH�D� FRU�GR�GLVFR�QR� WRSR�GD�KDVWH�SDUD�
RQGH�IRL�

9HMDPRV�DJRUD�D�WHUFHLUD�FRQGLomR��2�~QLFR�GLVFR�TXH�SRGH�
HYHQWXDOPHQWH�HVWDU�HP�FLPD�GR�VHJXQGR�p�R�PDLV�SHTXHQR��
RX�VHMD��R�SULPHLUR��H��VH�QmR�HVWLYHU�QHQKXP��R�VHJXQGR�VHUi�
R�~QLFR�GLVFR�GH�FRU�GLIHUHQWH�GR�SULPHLUR�TXH�HVWi�QR�FLPR�GH�
XPD�KDVWH��3RUWDQWR��TXDQGR�R�GLVFR�PDLV�SHTXHQR�VH�PRYH��
RX�YDL�SDUD�FLPD�GR�VHJXQGR�RX�VDL�GH�FLPD�GR�VHJXQGR��1R�
SULPHLUR� FDVR�� D� SULPHLUD� OkPSDGD� DSDJD�VH�� QR� VHJXQGR��
DFHQGH�VH��,VWR�p��TXDOTXHU�PRYLPHQWR�GR�GLVFR���FRUUHVSRQ-

GH�D�FOLFDU�QD�OkPSDGD����H�YLFH�YHUVD���(VWH�WLSR�GH�UDFLRFtQLR�
HVWHQGH�VH�DRV�UHVWDQWHV�GLVFRV��6XSRQKDPRV�TXH�QmR�p�R�GLVFR�
��TXH�VH�PRYH��VHUi�R�GLVFR�j�HP�FLPD�GDV�RXWUDV�KDVWHV�TXH�IRU�
PDLV�SHTXHQR��HOHV�WrP�FRUHV�GLIHUHQWHV���1mR�KDYHUi�QHVVDV�
GXDV�KDVWHV�QHQKXP�GLVFR�PDLV�SHTXHQR�GR�TXH�R�GLVFR j��SRU-
WDQWR�WRGRV�HOHV�HVWDUmR�QD�KDVWH�GR�SULPHLUR�GLVFR��LVWR�p��VH�
Mйй!й��DV�OkPSDGDV�GH���D�Mйй–й��HVWDUmR�WRGDV�DSDJDGDV��HP�TXDO-
TXHU�FDVR��D�OkPSDGD� Mйй–й��HVWDUi�DFHVD��4XDQWR�DR�GLVFR� Mй+й���
RX�HVWi��LPHGLDWDPHQWH��SRU�EDL[R�GR�GLVFR�j�RX�p�R�GR�WRSR�GD�
RXWUD�KDVWH��1R�SULPHLUR�FDVR��DR�PRYHU�R�GLVFR�j��D�OkPSDGD�
j�SDVVD�GH�DSDJDGD�D�DFHVD��QR�VHJXQGR�FDVR��SDVVD�GH�DFHVD�D�
DSDJDGD��(P�DPERV�RV�FDVRV��HVVD�DomR�FRUUHVSRQGH�D�XP�FOL-
TXH�QD�OkPSDGD�j��HVWDQGR�Mйй–й��DFHVD�H�WRGDV�DV�DQWHULRUHV�DSD-
JDGDV��(VWD� DUJXPHQWDomR�SRGH� VHU� DSUHVHQWDGD� HP� VHQWLGR�
LQYHUVR�SDUD�TXDOTXHU�FOLTXH�QXPD�OkPSDGD��QR�FDVR�GH�KDYHU�
PXGDQoD�GH�HVWDGR��1D�ÀJXUD����p�Mй й��H�R�~OWLPR�PRYLPHQWR�
IRL�GR�GLVFR�PDLV�SHTXHQR�� FRUUHVSRQGHQGR�D�XP�FOLTXH�QD�
SULPHLUD�OkPSDGD��TXH�D�DFHQGHX��SRUWDQWR��R�GLVFR�j�YDL�SDUD�
FLPD�GR�GLVFR�Mй+й��H�D�OkPSDGD�j�DSDJD�VH��2V�RXWURV�FDVRV�GH�
FOLTXH�QmR�PXGDP�R�HVWDGR�GDV�OkPSDGDV��FRUUHVSRQGHP�DR�
GLVFR�Mй+й��RX�D�GLVFRV�TXH�QmR�HVWmR�QR�WRSR�GDV�KDVWHV�H�QmR�
SRGHP��SRLV��VHU�PRYLGRV��3RUWDQWR��ÀFD�HVWDEHOHFLGD�D�HTXL-
YDOrQFLD��R�LVRPRUÀVPR��HQWUH�RV�GRLV�MRJRV��R�GDV�OkPSDGDV�
H�R�GDV�WRUUHV�GH�+DQyL�PDLV�UHVWULWLYR��(P�>�@�p�SRVVtYHO�MRJDU�
RV�GRLV�MRJRV�H�REVHUYDU�R�LVRPRUÀVPR�GHVFULWR��

REFERÊNCIAS

>�@�http://www.atractor.pt/mat/JogosIsomorfos/regras.cdf
>�@�http://www.wolfram.com/cdf-player
>�@ http://www.spm.pt/olimpiadas
>�@�http://www.atractor.pt/mat/JogosIsomorfos 

1  Um clique numa lâmpada fá-la mudar de estado se e só se ela for a primei-
ra da !la, ou então se a única lâmpada acesa à sua esquerda for a contígua.  
O estado das lâmpadas à direita da lâmpada clicada é, pois, irrelevante. Nas 
!las de ambas as !guras seguintes, a 4ª lâmpada muda o seu estado por um 
clique e qualquer das duas !las muda de uma das !guras indicadas para a outra:

2 Este problema foi proposto na Final Nacional das XXIX Olimpíadas de 
Matemática de 2011 (categoria B −2º dia). Ver [3]. 

Figura 8
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VIAGENS NA NOSSA TERRA

2�WHPD�GDV�YLDJHQV�VHUYH�GH�SDQR�GH�IXQGR�D�PXLWRV�SUREOHPDV�LQWHUHVVDQWHV��
+RMH�YDPRV�SURSRU�WUrV��HP�FRQWH[WRV�JHRJUiÀFD�H�WHPSRUDOPHQWH�GLVWLQWRV��
2�PDLV�DQWLJR�FKHJD�QRV�GR�VpFXOR�;,,,��GR�JUDQGH�)LERQDFFL��PDLV�FRQKHFLGR�
SHOR�VHX�SUREOHPD�GRV�FRHOKRV��)UD�/XFD�3DFLROL�SURS}H�QRV�XPD�GHVORFDomR�
HQWUH�%RUJR�H�3HUXJLD��FRP�DOJXPD�IUXWD�SHOR�PHLR��)LQDOPHQWH��/HZLV�&DUUROO�
OHYD�QRV�D�PRQWHV�H�YDOHV�QDV�FHUFDQLDV�GH�2[IRUG�QD�HUD�YLFWRULDQD�

/HRQDUGR�3LVDQR������²�������PDLV�FRQKHFLGR�SRU�)LER-
QDFFL��SXEOLFRX�HP������D�VXD�FpOHEUH�FROHomR�GH�SUREOH-

mas Liber Abaci��'HVWD�REUD�H[WUDtPRV�R�SUREOHPD�VHJXLQWH��
Dois homens metem-se a caminho para um longo passeio. Em cada 
GLD�R�SULPHLUR�SHUFRUUH����PLOKDV��R�VHJXQGR���QR�SULPHLUR����QR�
VHJXQGR�� �� QR� WHUFHLUR�� HWF�� 4XDQGR� p� TXH� R� VHJXQGR� DSDQKD� R�
primeiro?

/XFD�3DFLROL� �����²������ HVFUHYHX��SRU�YROWD�GH�������De 
YLULEXV�TXDQWLWDWLV��FRQVLGHUDGD�D�SULPHLUD�REUD�GH�PDWHPiWL-
FD�UHFUHDWLYD��(QWUH�PXLWDV�RXWUDV��HQFRQWUiPRV�HVWD�TXHVWmR��
8P�KRPHP�p�HQFDUUHJDGR�GH�WUDQVSRUWDU�PDomV�HQWUH�%RUJR�H�3H-
UXJLD��TXH�GLVWDP����PLOKDV�HQWUH�VL��(OH�Vy�FRQVHJXH�FDUUHJDU����H�
come uma por cada milha percorrida. Como maximizar o número de 
PDomV�TXH�FKHJDP�D�3HUXJLD"

O grande corredor 
português Francis 

Obikwelu.

Perugia, o 
destino das 
maçãs.
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/HZLV� &DUUROO�� SVHXGyQLPR� GH� &KDUOHV� 'RGJVRQ� �����²
�������IRL�XP�PDWHPiWLFR�H�HVFULWRU�LQJOrV��FXMD�IDPD�VH�GHYH�
SULQFLSDOPHQWH�D�Alice no país das maravilhas��$GDSWiPRV�XP�
GRV�SUREOHPDV�TXH�SURS}H�HP�A tangled tale: O Sr. Atikin vai 
GH�/DEXWHV�D�/DWUXP�H�UHJUHVVD�D�/DEXWHV��$�VXD�YHORFLGDGH�p�GH���
NP�K�HP�WHUUHQR�SODQR����NP�K�QDV�VXELGDV�H���NP�K�QDV�GHVFLGDV��
3DUWLX�jV������H�UHJUHVVRX�D�FDVD�jV��������6HUi�TXH�VH�SRGH�GHGX]LU�
a distância entre Latrum e Labutes?

$OJXPDV�QRWDV�VREUH�RV�SUREOHPDV�GR�~OWLPR�Q~PHUR�
2.�8PD�SURIHVVRUD�WHP�D�VHX�FDUJR�XPD�WXUPD��(OD�TXHU�HVFROKHU�

GRLV�HVWXGDQWHV�j�VRUWH�H�UHSDURX�TXH�D�SUREDELOLGDGH�GH�VHUHP�GR�

Um percurso acidentado.

PHVPR�VH[R�p������4XDQWRV�HVWXGDQWHV�WHP�D�WXUPD�H�TXDQWRV�VmR�
de cada sexo?

2�SUREOHPD� p� LQGHWHUPLQDGR�� ����� ����� ����� VmR� DOJXPDV�
SURSRUo}HV�GRV�GRLV�VH[RV�TXH�UHVSRQGHP�j�TXHVWmR��1D�UH-
DOLGDGH��TXDOTXHU�SDU�GH�Q~PHURV�WULDQJXODUHV�FRQVHFXWLYRV�
p�VROXomR�

2.�$�FDGD�XP�GRV�FLQFR�YpUWLFHV�GH�XP�SHQWiJRQR�UHJXODU�ID]�VH�
FRUUHVSRQGHU�XP�Q~PHUR�LQWHLUR��GH�PDQHLUD�D�TXH�D�VRPD�GRV�FLQFR�
números seja positiva.

6H�RV�Q~PHURV�GH�WUrV�YpUWLFHV�FRQVHFXWLYRV�IRUHP�[��\ e ]�HP�TXH�
\������SRGHPRV�VXEVWLWXt�ORV��UHVSHWLYDPHQWH��SHORV�Q~PHURV�[�\��
ï\ e ]�\��(VWD�RSHUDomR�p�UHSHWLGD�HQTXDQWR�H[LVWLU�SHOR�PHQRV�XP�
YpUWLFH�FRP�XP�Q~PHUR�QHJDWLYR��6HUi�TXH�HVWH�SURFHVVR�p�VHPSUH�
ÀQLWR"

6LP��6HMDP�x���x���x���x���x��RV�YDORUHV�GRV�YpUWLFHV�GR�SHQ-
WiJRQR��OLVWDGRV�FRQVHFXWLYDPHQWH��$�IXQomR�f(x)� ��x��ï�x��� 
���x��ï�x�������x��ï�x�������x��ï�x�������x��ï�x����p�HVWULWDPHQWH�
GHFUHVFHQWH�HP�FDGD�SDVVR�GR�QRVVR�MRJR�H�WRPD�YDORUHV�QD-
WXUDLV��ORJR�R�QRVVR�MRJR�p�ÀQLWR�

3. &DoD�DR�&ULVWmR��2�&ULVWmR�VREUHYLYH�FRUUHQGR�DR�ORQJR�
GH�XPD�OLQKD�SROLJRQDO�GH�FRPSULPHQWR�LQÀQLWR�������YHU�REUD�
FLWDGD�QR�Q~PHUR�DQWHULRU��



9

CANTO DÉLFICO

ALEXANDER KOVACEC

Universidade de  
Coimbra
kovacec@mat.uc.pt

CANTO DÉLFICO Quando fará a SPM anos num Domingo?

QUANDO FARÁ  A SPM  
ANOS NUM DOMINGO?

6H�R�OHLWRU�IDFLOPHQWH�VH�LUULWD�FRP�LQGLFDo}HV�PLQLPDOLVWDV�GH�GDWDV�QD�IRUPD�
dd-mm-yy�TXH��TXDVH�LQYDULDYHOPHQWH��QRV�REULJDP�D�LU�j�SURFXUD�GR�FRUUHVSRQ��
GHQWH�GLD�GD�VHPDQD��RIHUHFHPRV�KRMH�XP�UHPpGLR��8PD�IyUPXOD�TXH�SHUPLWH�
R�FiOFXOR�GHVVH�GLD��$�IyUPXOD�SHUPLWH�WDPEpP�UHVSRQGHU�IDFLOPHQWH�D�RXWUDV�
TXHVW}HV�OLJDGDV�D�GDWDV�FRPR��SRU�H[HPSOR��D�GR�WtWXOR�

2V�QRVVRV�FDOHQGiULRV�– H[LVWH�SHOR�PHQRV��XPD�G~]LD�QDV�
YiULDV�FXOWXUDV�–� WHQWDP�DOJR�LPSRVVtYHO��UDFLRQDOL]DU�R�

LUUDFLRQDO��FRPR�REVHUYD�,DQ�6WHZDUW�HP�>6@��2�DQR�WUySLFR�PpGLR 
WHP�D�GXUDomR�GH���������������GLDV��VHQGR�XP�GLD�D�GXUDomR�
HQWUH�GXDV�SDVVDJHQV�GR�6RO�SHOR�]pQLWH��1D�VHTXrQFLD�GHVWH�
LQFRQYHQLHQWH��Mi�HP����$�&���-~OLR�&pVDU��DFRQVHOKDGR�SHOR�DV-
WUyQRPR�DOH[DQGULQR�6RVtJHQHV�� LQWURGX]LX�RV�DQRV�ELVVH[WRV�
SDUD�UHSRU�D�VLQFURQLFLGDGH�GR�FDOHQGiULR�FRP�DV�HVWDo}HV�GR�
DQR��$�UHJUD�HQWmR�LQWURGX]LGD�QmR�VH�PRVWURX�VXÀFLHQWHPHQWH�
H[DWD�GH�PRGR�TXH�HP������R�3DSD�*UHJyULR�;,,,� LQWURGX]LX�
PDLV�XPD�UHIRUPD�TXH�PDQGD�TXH��DQRV�TXH�VmR�P~OWLSORV�GH�
��VmR�ELVVH[WRV��H[FHWR�TXDQGR�VmR�GLYLVtYHLV�SRU������WDLV�DQRV�
VmR� ELVVH[WRV� Vy� VH� IRUHP� GLYLVtYHLV� SRU� ������1R� FDOHQGiULR�
JUHJRULDQR�XP�DQR�ELVVH[WR�WHP�R�GLD�DGLFLRQDO�QR�GLD����GH�
IHYHUHLUR�

&RPR�GLWR��R�QRVVR�SURSyVLWR�p�R�GH�IXQGDPHQWDU�XPD�IyU-
PXOD�SDUD�FDOFXODU�R�GLD�GD�VHPDQD�D�SDUWLU�GXPD� LQGLFDomR�
dd-mm-yy��(VWD� IyUPXOD��QR�HVVHQFLDO�GHL[DGD�HP�>1=@�FRPR�
SUREOHPD�DR�OHLWRU��p�QDWXUDOPHQWH�XP�SRXFR�FRPSOH[D��$�PD-
WHPiWLFD�p�HOHPHQWDU��PDV�FRQYpP�WHU�XP�PtQLPR�GH�QRWDomR�

'HVLJQDPRV� SRU�  ou  o resto de � QD� GLYL-
VmR�SRU���� ,QGLFDPRV�HVWH� UHVWR�QDWXUDOPHQWH� HP� ^��� ��� ����� �`��
3RU� H[HPSOR�� �� VHQGR� LVWR� R�PHVPR� TXH�
HVFUHYHU� �� TXH�TXHU�GL]HU� ¶UHGX]LU� ��� H� ���Py-
GXOR� �·�� 'D� WHRULD� GRV� Q~PHURV� UHFRUGDPRV� TXH�  

�� GHVGH� TXH� VH� UHGX]D� R� ODGR� GLUHLWR� PyGXOR� ��� 
2�¶VXFHVVRU�PyGXOR��·�GH��SRU�H[HPSOR����p����PDV�R�GH���p����
$�SDUWLU�GH�DJRUD�HVFUHYHPRV�VLPSOHVPHQWH�
 
�HP�YH]�GH�
 
�

Para um real r�� SRU� � GHVLJQD�VH� R� PDLRU� LQ-
WHLUR� �� r�� SRU� � R� PHQRU� LQWHLUR� �� r�� 3RU� H[HPSOR��

 ��3UHFLVDPRV�GD�SHUPXWDomR

�

TXH�LQGLFD�  ��HWF��)LQDOPHQWH�GHÀQDPRV�SDUD�
m� ����������������E(m) = ��H�SDUD�XPD�SURSULHGDGH�
3��  se 3�IRU�YHUGDGHLUD��H���VH�IRU�IDOVD��3RU�H[HPSOR��

 se Pй=й�����PDV�VH�Pй�й���HQWmR�

RECEITA PARA CALCULAR O DIA DA SEMANA. 'DGD�XPD�GDWD�
QD�IRUPD�KDELWXDO�dd-mm-yy� �TXH�YDPRV�DEUHYLDU�SRU�d m y���
SDUD�FDOFXODU�R�GLD�GD�VHPDQD�DVVRFLDGR��SRQKD�VH�V�� �Q~PH-
UR�GH�VpFXORV�TXH�FDEHP�QR�DQR��SRU�H[HPSOR�����VH�IDODPRV�
GH�������� � VH�R�DQR�p�ELVVH[WR��H� ���QRV�RXWURV�FDVRV��
5HGX]D�VH�R�LQWHLUR

 
PyGXOR���� ��)LQDOPHQWH�XWLOL]H�VH�D�WDEHOD�

SDUD�GHWHUPLQDU�R�GLD�
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*UDoDV�j�IRUPD�VLPSOHV�FRPR�DTXL�GHVLJQDPRV�RV�GLDV��QHP�
SUHFLVDPRV�GHVWD�WDEHOD��1RV�FiOFXORV�SUiWLFRV�SRGH�VHU�PDLV�
H[SHGLWR�XVDU�DFLPD�R�ODGR�GLUHLWR�GD�LGHQWLGDGH

3URYDPRV�D�YDOLGDGH�GD�UHFHLWD�SRU�LQGXomR��3DUD�R�LQtFLR�
GD�LQGXomR�SRGHPRV�HVFROKHU�R�GLD���GH�MDQHLUR�GH�������1HVWH�
FDVR��    � ����2�DQR�QmR�p�ELVVH[WR��SRU�
LVVR� ����&RORFDQGR�HVWHV�GDGRV�QD�IyUPXOD��YHP

2UD� ��GH�PRGR�TXH�R�GLD���GH�MDQHLUR�GH������IRL�
VHJXQGR�D�IyUPXOD�XPD�WHUoD�IHLUD��FRPR�GH�IDFWR�IRL�

2�SDVVR�GH� LQGXomR�p� ODERULRVR�SRUTXH�DV�PXGDQoDV�TXH�
UHJHP�R�TXtQWXSOR��G��P��\��V��չ��TXH�VHUYH�GH�HQWUDGD�SDUD�D�IyU-
PXOD�VmR�XP�SRXFR�FRPSOLFDGDV��DLQGD�TXH�D�PXGDQoD�PDLV�
FRPXP�VHMD�GDGD�VLPSOHVPHQWH�SRU

 
3DUHFH�QRV�TXH�XPD�IRUPD�SDUD�IDFLOLWDU�D�GLVFXVVmR�p�FRQ-

GHQVDU�DV�QXPHURVDV�UHJUDV�QXP�SVHXGRFyGLJR�TXH�H[LEH�GH�
IRUPD�DUUXPDGD�R�TXH�ID]HPRV�TXDQGR�PXGDPRV�D�GDWD�

$OJRULWPR��¶3Uy[LPD�'DWD·
Input��XP�TXtQWXSOR�DGPLVVtYHO��G��P��\��V��չ� 

Papa Gregório XIII

Output��R�TXtQWXSOR�DVVRFLDGR�DR�GLD�VHJXLQWH�

2� DOJRULWPR� WHP� TXDWUR� OLQKDV�  Estas repartem 
RV�PHVHV� �� D� ��� HP�TXDWUR�SDUWHV� GLVMXQWDV��2V� � TXH� LQWHU-
SUHWDPRV�FRPR�¶stop·�JDUDQWHP�TXH�QR�Pi[LPR�XPD�OLQKD�GH�
XPD� GDV� SDUWHV� YDL� VHU� H[HFXWDGD�� 2� ¶LI� � ���·�
FRQWHPSOD�RV�PHVHV�MDQHLUR��PDUoR��PDLR��MXOKR��DJRVWR��RXWX-
EUR��TXH�WrP����GLDV��1HVWHV�PHVHV��VH�R�GLD�p�d�������R�GLD�D�
VHJXLU� WHP�Q~PHUR�d������SHUWHQFH�DR�PHVPR�PrV��H�HYLGHQ-
WHPHQWH� DQR�� VpFXOR� H�չ� WDPEpP�QmR�PXGDP�� 6H� R�GLD� p� ����
R� SUy[LPR�GLD� p� R� GLD� �� GR�PrV� VHJXLQWH��0DLV� QDGD�PXGD�� 
2�¶LI� ����·�FRQWHPSOD�GH�IRUPD�DQiORJD�RV�PHVHV�
DEULO�� MXQKR�� VHWHPEUR��QRYHPEUR�TXH� WrP�DSHQDV����GLDV��2�
PrV�GH�IHYHUHLUR��m� ����p�PDLV�FRPSOLFDGR��6HMD�RX�QmR�R�DQR�
HP�FRQVLGHUDomR�ELVVH[WR��VH�Gй�<й�й����d�GHYH�VHU�DXPHQWDGR�HP�
XPD�XQLGDGH��R�UHVWR�GR�TXtQWXSOR�ÀFD�LJXDO��6H�d� ����H�R�DQR�
QmR�p�ELVVH[WR��L�H��VH�չ� �����HQWmR�R�GLD�VHJXLQWH�p�XP�GLD���H�R�
PrV�VXFHVVRU�p�PDUoR��m� �����6H�R�DQR�p�ELVVH[WR��HQWmR�R�GLD�
VHJXLQWH�p����DLQGD�FRP�m  ����PDV�VH�d  �����GHYHPRV�PXGDU�
para d� ���H�m� ����HQTXDQWR�R�UHVWR�ÀFD�LJXDO�
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e�SHUWLQHQWH� TXH� �PXGH� HP� WRGRV� HVWHV� FDVRV�
SDUD� R� VXFHVVRU� GRV� UHVWRV�PyGXOR� ���'HFRUUH� TXH� R�PHVPR�
DFRQWHFHUi�FRP�D�QRVVD�IyUPXOD��L�H��FRP� �

9HMDPRV�DJRUD�R�PrV�GH�IHYHUHLUR��m� ���
$V�PXGDQoDV�GR�TXtQWXSOR�DLQGD�SRU�H[DPLQDU�VmR�D�VHJXLU�

DFRPSDQKDGDV�SHODV�FRUUHVSRQGHQWHV�UHGXo}HV�PyGXOR���GRV�
IUDJPHQWRV�UHOHYDQWHV��TXH�QmR�FRQWrP�y��QHP�s��GD�IyUPXOD�

��$TXL�REVHUYDPRV

 e 

���1HVWH�FDVR�DSHQDV�D�YDULiYHO�d 

GD�IyUPXOD�DXPHQWD�HP���H��SRUWDQWR��R�YDORU�GD�IyUPXOD�PXGD�
SDUD�R�VHX�VXFHVVRU�PyGXOR���

�$TXL�REVHUYDPRV�

��H

7HUHPRV�HQWmR�WDPEpP�HP�IHYHUHLUR�VHPSUH�TXH�  muda 
SDUD�R�VXFHVVRU�PyGXOR���

)LFDP�SRU�H[DPLQDU�DV�PXGDQoDV�SDUD�R�QRYR�DQR��$V�PX-
GDQoDV�SRVVtYHLV�H�RV�FiOFXORV�DFRPSDQKDQWHV�VmR�RV�VHJXLQWHV�
H�RV�PDLV�FRPSOLFDGRV�GH�WRGR�R�FDOHQGiULR�

$�SDUWH� �GD�IyUPXOD�WHP�QR�~OWL-
PR�GLD�GH�XP�DQR�R�YDORU�  e 
QR�SULPHLUR�GLD�GR�DQR�QRYR�R�YDORU�

 ��
)LFD�DVVLP�DSHQDV�SRU�SURYDU�TXH�DV�UHVWDQWHV�SDUWHV�GD�IyU-

PXOD�JHUDP�XPD�PXGDQoD�SDUD�R�VXFHVVRU�PyGXOR����&KDPH-
mos y e �DRV�DQRV�FHVVDQWH�H�QRYR�H�s�� �DRV�VpFXORV�HP�FXUVR�
QHVWHV�GLDV��WLSLFDPHQWH�RV�PHVPRV��FODUR�

$V�PHQFLRQDGDV�UHVWDQWHV�SDUWHV�GD�IyUPXOD�VmR�

&DVR��y�������1HVWH�FDVR�
6H�R�QRYR�DQR�QmR�IRU�ELVVH[WR�� �R�TXH�ID]�FRP�

TXH� ��'HFRUUH� TXH�QD�SDVVDJHP�GH�  para  
DGLFLRQDPRV�H[DWDPHQWH���PyGXOR����FRPR�TXHUtDPRV��

6H� R� DQR� QRYR� IRU� ELVVH[WR�� չ ��� H� FRP� R� �� H�
��$VVLP�QD�SDVVDJHP�GH�  para �DGLFLRQD-

PRV�PDLV�XPD�YH]��� �������ï���PyGXOR���
&DVR��y  �����1HVWH�FDVR�  

5HVWD�R�PrV�GH�GH]HPEUR��1HVWH�FDVR�HP�WRGRV�RV�GLDV�FRP�
d������GHYHPRV�Vy�DXPHQWDU�d�HP�XPD�XQLGDGH��H�QmR�ID]HU�
PDLV�QDGD��0DV�VH�d� �����HQWmR�GHYHPRV�PXGDU�SDUD�R�GLD���GH�
MDQHLUR��m� �����H�WDPEpP�PXGDU�R�SDU��\��V���6H�y�������y�GHYH�
VHU�DXPHQWDGR�HP�XPD�XQLGDGH��6H�y� �����R�SUy[LPR�y�p����H�R�
VpFXOR�DXPHQWD���

2�QRYR�DQR��REWLGR�SHOD�OLQKD�\� �\����p�SRU�H[WHQVR�LJXDO�
D����s���\��7UDGX]LQGR�DV�UHJUDV�GR�3DSD�*UHJyULR�;,,,��R�DQR�
p�ELVVH[WR�VH�IRU�GLYLVtYHO�SRU����D�QmR�VHU�TXH�y� ����QHVWH�FDVR�
p�ELVVH[WR�Vy�TXDQGR��_s��(P�IyUPXODV�OyJLFDV�SRGtDPRV�PHV-
PR�GHÀQLU� ��PDV�R�PDLV�
LPSRUWDQWH�p�TXH�DV�~OWLPDV�VHLV�OLQKDV�GR�FyGLJR�WUDGX]HP�DV�
GLUHWLYDV�SDSDLV�

2EWLGD�GHVWD�IRUPD�XPD�FRPSUHHQVmR�FRPSOHWD�GDV�OHLV�TXH�
UHJHP�D�PXGDQoD�GR�WULR�dd-mm-yy��GHGLFDPR�QRV�j�YHULÀFD-
FmR�GD�IyUPXOD��6HMD��G��P��\��V��չ��XP�TXtQWXSOR�SDUD�R�TXDO�D�
IyUPXOD�Gi�XPD�UHVSRVWD�FRUUHWD��6H�XPD�GDV�OLQKDV�TXH�DSHQDV�
FRQWrP�R�FRPDQGR�¶d = d�����·�IRU�H[HFXWDGD��p�HYLGHQWH�TXH�R�
YDORU�GD� IyUPXOD�DXPHQWD� H[DWDPHQWH� HP��� H�SRU� LVVR�� DSyV�
DSOLFDomR�GH� ��Gi�QRV�R�SUy[LPR�GLD�GD�VHPDQD�

3DUD�FRQWLQXDomR�p�QHFHVViULR�TXH�R�OHLWRU�YHULÀTXH�SULPHLUR�
D�WDEHOD�VHJXLQWH

m: � � � � � � � � � �� �� ��

� � � � � � � � � � � � �

� � � � � � � � � � � � �

3RU�H[HPSOR��SDUD�m  ����    

1RWH�VH�WDPEpP�D�~OWLPD�OLQKD�GD�WDEHOD��8P�ROKDU�SDUD�R�
¶3Uy[LPR�'LD·��Gi�TXH�QRV�PHVHV���H���DWp����DSHQDV�R�YDORU�
da parte G���(�P��GD�IyUPXOD�SRGH�PXGDU��([DPLQHPRV�SDUD�
HVVHV�PHVHV� DV�PXGDQoDV� GH� � SDUD� R�PrV� VXFHV-
VRU��7HPRV� �'R�PrV�GH�PDUoR�
SDUD� R� GH� DEULO� LQWHUHVVDP� RV� FiOFXORV�  

����2V�YDORUHV�
SDUD�RV�UHVWDQWHV�FDVRV�VmR�FDOFXODGRV�GD�PHVPD�PDQHLUD�H�HV-
WmR�UHXQLGRV�QDV�WDEHODV�VHJXLQWHV�
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6H� ��H� �� �VmR�
 e

 
DVVHJXUDQGR�DVVLP�SDUD� �D�SURSULHGDGH�GH�VXFHVVRU��6H��ÀQDO-
PHQWH��չ� ����HQWmR�  e de �¶VDL·�H[DWDPHQWH�R�
PHVPR�YDORU�TXH�QR�FDVR�DQWHULRU��SRLV�R���DGLFLRQDO�p�HTXLOL-
EUDGR�SHOR�YDORU�ïչ� �ï��

/RJR�� PDLV� XPD� YH]�� WHPRV� HP� � R� VXFHVVRU� PyGXOR� �� 
de �

,VWR�DFDED�D�SURYD�GD�IyUPXOD��� � � ����������Ш

4XHP�TXHU�PHVPR�FDOFXODU�PHQWDOPHQWH�RV�GLDV�GR�DQR�FRU-
UHQWH�������REVHUYH�TXH�PXLWR�GR�TXH�p�SUHFLVR�SDUD�GHWHUPLQDU�
R�GLD���GH�FDGD�PrV�Mi�VDEHPRV��&RPR� ����H�LQLFLiPRV�
D� LQGXomR� FDOFXODQGR� TXH� �� REWHPRV�
SHOD�IyUPXOD�� ��SDUD�m 
�����H�  para m� ����FRP�VRPDV�D�UHGX]LU�PyGXOR����
FODUR��2X�VHMD��RV�GLDV���GR�DQR�������OHYDP�VHJXQGR�D�WDEHOD�

��RV�VHJXLQWHV�UyWXORV��QD�VXD�RUGHP�SRU�PrV��������������
������������������������RX�VHMD��VmR��7HU��VH[��VH[��VHJ��TXD��VDE��VHJ��
TXL��GRP��WHU��VH[��GRP�

4XHP� À[D� LVWR� �SRU� JUXSRV� GH� TXDWUR� SDUHFH� PDLV� IiFLO���
TXDQGR� TXHU� LPSUHVVLRQDU� R� ELVQHWR� FDOFXODQGR� R� GLD� ��� GH�
DJRVWR�GH�������VHX�GLD�RQRPiVWLFR��FDOFXOD�DVVLP��/HPEUD�VH�
TXH���GH�DJRVWR�p�XPD�TXLQWD�����GH�DJRVWR�VmR����GLDV�GHSRLV�GH�
TXLQWD��ORJR�p�R�GLD�TXH�FRUUHVSRQGH�D� ��XPD�WHUoD�

$�TXHVWmR�GR�WtWXOR�WHP�RULJHP�QR�e-mail�GH�XP�FROHJD�Mi�
DSRVHQWDGR� H�PXLWR� UHVSHLWDGR� SHORV� GRFHQWHV� GR�PHX� GH-
SDUWDPHQWR�� )LFRX�PXLWR� LQFRPRGDGR� SRU�� H[FHWXDQGR� HOH��
QLQJXpP�GH�&RLPEUD�WHU�LGR�DR�DOPRoR�GR�VHSWXDJpVLPR�VH-
JXQGR�DQLYHUViULR�GD�630��TXH�VH�UHDOL]RX�QR�SDVVDGR�GLD����
GH�GH]HPEUR�HP�/LVERD��'HIHQGL�TXH�HVVH�GLD�IRL�XPD�TXDUWD-
�IHLUD��SRLV����������IRL�XP�ViEDGR�ORJR��GLD����IRL�  
�����6RX�EHP�SDJR��VHULD�XP�PDX�role model� VH� IDOWDVVH�QXP�
GLD�~WLO�DR�WUDEDOKR��DLQGD�SRU�FLPD�HP�WHPSRV�GH�FULVH��0DV�
VH�IHVWDV�GHVWDV�IRVVHP�IHLWDV�DRV�GRPLQJRV�SDUWLFLSDULD�IUH-
TXHQWHPHQWH��6XSRQGR�TXH�D�630�FRQWLQXD�D�FHOHEUDU�R�VHX�
DQLYHUViULR�QR�SUySULR�GLD��TXDQGR�SRGHUHL�HQWmR�LU"�'H�TXDU-
WD�DWp�GRPLQJR�VmR���GLDV��$�IXQomR� ��FRPHoDQGR�FRP�
����DXPHQWD�VHJXQGR�RV�SDVVRV����������������������������e�Vy�DJRUD�
TXH�D�VRPD�p�FRQJUXHQWH�D���PyGXOR����'DTXL�D���DQRV��H�QmR�
DQWHV��D�630�ID]�R�VHX�RFWRJpVLPR�SULPHLUR�DQLYHUViULR�QXP�
GRPLQJR�H�QHVVD�DOWXUD�JDUDQWR��UHDOL]H�VH�HVWH�RQGH�VH�UHD-

OL]DU��YRX�DSDUHFHU��D�QmR�VHU�TXH�WHQKD�XP�ÀP�GH�VHPDQD�
'HOIRV�QHVVH�GLD��

2�QRVVR�WySLFR�SRGLD�WHU�VLGR�DERUGDGR�GH�IRUPD�JHQp-
WLFD�–�SRGtDPRV� WHU� UHXQLGR�DRV�SRXFRV�DV� LGHLDV�TXH�SHU-
PLWHP�FRQVWUXLU�D�IyUPXOD��7DO�DERUGDJHP�HQFRQWUD�VH��SRU�
H[HPSOR�HP�>5@��PDV�SUHFLVD�XP�SRXFR�PDLV�GD�WHRULD�GRV�
Q~PHURV��1D�GHÀQLomR�GH E(m)�p�QHFHVViULR� ¶H[SHULPHQWDU�
H�WHU�VRUWH·�GH�TXDOTXHU�IRUPD��$VVLP�SUHIHULPRV�R�PpWRGR�
UiSLGR�GR�ODGUmR��DSURSULiPR�QRV�GD�IyUPXOD�FRPR�GH�XPD�
MRLD�FXMR�YDORU�SRVWHULRUPHQWH�YHULÀFiPRV�

3URYDV�GH�HPSHQKR�QD�OHLWXUD�GH�&DQWRV�'pOÀFRV�VmR�FHU-
WLÀFDGRV�SHOR

Projecto Delfos,
Dep. de Matemática da FCTUC, Apartado 3008,
EC Santa Cruz
3001-501 Coimbra,
e-mail: delfos@mat.uc.pt

$JUDGHFLPHQWRV��$� LQGLFDomR�GR� OLYUR� >5@� GHYH�VH� D�:L-
ODQG�6FKPDOH��2OGHQEXUJ��$OHPDQKD�� D� HOLPLQDomR�GH�XPD�
VpULH�GH�GHVHOHJkQFLDV�OLQJXtVWLFDV�j�PLQKD�TXHULGD�%HUQDUGH-
WH��$�HTXLSD�HGLWRUDO�LQFOXLX�D�ÀJXUD�H�HPHQGRX�RV�UHVWDQWHV�
GHVOL]HV�
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>1=@�,��1LYHQ��+�6��=XFNHUPDQ��An Introduction to the Theory of 
Numbers��-��:LOH\�	�6RQV�,QF��������

>5@�.��5RVHQ��Elementary Number Theory and its Applications��
$GGLVRQ�:HVOH\������

>6@�,DQ�6WHZDUW���$�*XLGH�WR�&RPSXWHU�'DWLQJ���6FLHQWLÀF�$PH-
rican��1RYHPEHU������
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NA LINHA DE FRENTE

NA LINHA DE FRENTE O logaritmo dos estímulos

O LOGARITMO DOS ESTÍMULOS
´$�VHQVDomR�p�SURSRUFLRQDO�DR�ORJDULWPR�GRV�HVWtPXORV�µ�-i�RXYLX�LVWR�DQWHV"�
6H�RXYLX��HQWmR�Mi�FRQKHFH�D�OHL�GH�:HEHU�)HFKQHU��6H�QXQFD�RXYLX��PHVPR�DV-
VLP�QmR�SRGH�WHU�HVFDSDGR�jV�VXDV�DSOLFDo}HV��&RPR��SRU�H[HPSOR��R�IDFWR�GH�
TXH�p�QHFHVViULR�HOHYDU�DR�TXDGUDGR�D�LQWHQVLGDGH�VRQRUD��SDUD�TXH�D�DOWXUD�
GR�VRP�VHMD�SHUFHELGD�FRPR�WHQGR�GREUDGR��1R�HQWDQWR��SRUTXH�p�TXH�p�DV-
VLP"�(P�SULQFtSLR��Ki�PXLWDV�RXWUDV�SRVVLELOLGDGHV�SDUD�UHODFLRQDU�VHQVDomR�H�
HVWtPXOR��8PD�UHFHQWH�LQYHVWLJDomR�HP�PDWHPiWLFD�H�SVLFRORJLD�PRVWUD�FRPR�
D�OHL�GR�ORJDULWPR�WHP�XPD�IXQomR�FHQWUDO�QD�VREUHYLYrQFLD�GRV�QRVVRV�DQWH-
SDVVDGRV�QXP�PXQGR�RQGH�HUURV�GH�SHUFHomR�SRGHP�VHU�IDWDLV�

1R�VpF�� ;,;�� R�PpGLFR� DOHPmR� (UQVW�:HEHU� IH]� XP� LQ-
WHUHVVDQWH� H[SHULPHQWR�� 'HX� GRLV� SHVRV�� GH� GLIHUHQ-

WHV�YDORUHV�� D�YiULDV�SHVVRDV�� H�SHUJXQWRX�TXDO� HUD�R�PDLRU�� 
V�YH]HV�D�UHVSRVWD�HUD�yEYLD��SRLV�WRGRV�SHUFHEHPRV�D�GLIH-
UHQoD�HQWUH�XP�H�GH�GRLV�TXLORJUDPDV��3RU�YH]HV��D�GLIHUHQoD�
HUD�WmR�VXEWLO��GH�XQV�SRXFRV�JUDPDV�SRU�TXLOR��TXH�QLQJXpP�
YLD�FODUDPHQWH�TXDO�HUD�R�GH�PDLRU�YDORU��'H�IDFWR��R�TXH�:H-
EHU�FRQVWDWRX�HUD�TXH�D�GLIHUHQoD�TXH�WRUQDYD�D�PDLRULD�GDV�
SHVVRDV�FDSD]�GH�GHWHWDU�FRUUHWDPHQWH�R�PDLRU�SHVR�HUD�SUR-
SRUFLRQDO� jV� TXDQWLGDGHV� HQYRYLGDV��$VVLP�� VH� p� QHFHVViULR�
XPD�GLIHUHQoD�GH����JUDPDV�SDUD�SHUFHEHU�DV�YDULDo}HV�TXDQ-
GR�VH� WUDWD�GH�SHVRV�GH�FHUFD�GH�����JUDPDV��HQWmR��TXDQGR�
HVWLYHUPRV�D� WUDWDU�GH�SHVRV�GH���NJ��D�GLIHUHQoD�QHFHVViULD�
VHUi�GD�RUGHP�GH�����J�

)RL�XP�VHX�FRPSDWULRWD��R�SVLFyORJR�*XVWDY�)HFKQHU��TXH�
UHIUDVHRX� DV� REVHUYDo}HV� GH�:HEHU� QD� IRUPD� FRPR� p� DWXDO-
PHQWH�FRQKHFLGD��D�VHQVDomR�p�SURSRUFLRQDO�DR�ORJDULWPR�GR�
HVWtPXOR��$�LGHLD�p�UHODWLYDPHQWH�VLPSOHV��GDGR�XP�HVWtPXOR�
�TXH�QR�H[HPSOR�DFLPD�p�R�SHVR��E��VHMD�S�D�VHQVDomR�TXH�HVWH�
FDXVD��RX�VHMD��D�SHUFHomR�SVLFROyJLFD�FDXVDGD�SHOR�HVWtPXOR���
'HVWD�IRUPD�6� �6�(���RX�VHMD��D�VHQVDomR�p�IXQomR�GR�HVWtPX-

OR��$JRUD�FRQVLGHUH�XPD�SHTXHQD�YDULDomR�GR�HVWtPXOR�GйE�� 
$�REHUYDomR�GH�:HEHU�p�GH�TXH�HVWD�YDULDomR��TXDQGR�GLYLGL-
GD�SHOR�SUySULR�YDORU�GR�HVWtPXOR��WHP�XP�HIHLWR�FRQVWDQWH�QD�
YDULDomR�GD�VHQVDomR�GйS��RX�VHMD�

onde k�p�XPD�FRQVWDQWH�H[SHULPHQWDO��$�HTXDomR�DFLPD�p�XP�
H[HPSOR�GH�HTXDomR�GLIHUHQFLDO��TXH�DR�VHU�UHVROYLGD�LPSOLFD�
em

C�p�XPD�FRQVWDQWH�GH�LQWHJUDomR��)L[DQGR�XP�YDORU�PtQLPR�
SDUD�R�HVWtPXOR�FDSD]�GH�FDXVDU�DOJXPD�VHQVDomR��HQFRQWUD-
PRV��

onde � p� R� PtQLPR� HVWtPXOR� SHUFHWtYHO�� RX� VHMD�� WDO� TXH�
����$�HTXDomR�DFLPD�p�FRQKHFLGD�FRPR�Lei de Weber-

-Fechner��9HMD�D�ÀJXUD���QD�SiJLQD�VHJXLQWH�
$SHVDU�GH�D�PRWLYDomR�WHU�VLGR�R�WUDEDOKR�GH�:HEHU�VREUH�

D�SHUFHomR�GD�GLIHUHQoD�GH�SHVRV�� D� OHL� DFLPD� p� YiOLGD�SDUD�
XPD�HQRUPH�YDULHGDGH�GH�VLWXDo}HV��3RU�H[HPSOR��DR�ID]HU�R�
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PDSD�GR�FpX��RV�JUHJRV�DQWLJRV�FODVVLÀFDUDP�DV�HVWUHODV�SHOR�
VHX�EULOKR��QR�TXH�p�FRQKHFLGR�FRPR�´PDJQLWXGH�HVWHODUµ��$�
PDJQLWXGH�GH�XPD�HVWUHOD�p�JURVVR�PRGR�SURSRUFLRQDO�DR�OR-
JDULWPR�GR� VHX�EULOKR�� 7DPEpP�R� VRP�p� FRPXPHQWH�PHGL-
GR�HP�´GHFLEpLVµ��TXH�p�R�ORJDULWPR�GD�LQWHQVLGDGH�GD�RQGD�
VRQRUD��GH�IDFWR��R�´GHFLEHOµ�p�XPD�XQLGDGH�JHQpULFD�TXH�VH�
DSOLFD�D�WRGRV�RV�FDVRV�HVWXGDGRV��

0DV� SRUTXr� HVWD� UHODomR"� 6HUi� SRVVtYHO� TXH�� GH� DOJXPD�
IRUPD�� LVWR� RWLPL]H� DOJXPD� FDUDFWHUtVWLFD� HVVHQFLDO� QD�QRVVD�
UHODomR�FRP�R�PXQGR�H[WHULRU"

3HQVH�TXH�XP�DPLJR�FKHJRX�D�VXD�FDVD�H��IDVFLQDGR�FRP�R�
VHX�QRYR�WHOHYLVRU��SHUJXQWRX�OKH�R�SUHoR��$SHVDU�GH�R�YDORU�
H[DWR�VHU���������HXURV��p�QDWXUDO�TXH�D�UHVSRVWD�VHMD�´FHUFD�GH�
�����HXURVµ��1yV�PHPRUL]DPRV��H��GH�IDFWR��SHUFHEHPRV��RV�
Q~PHURV�QXPD�HVFDOD�PXLWR�PDLV�JURVVHLUD�GR�TXH�D�UHDO��R�
TXH�ID]�FRP�TXH�DV�VHQVDo}HV�WHQKDP�VHPSUH��GH�IRUPD�LQH-
UHQWH��XP�HUUR��(YLGHQWHPHQWH��R�TXH�QRV� LQWHUHVVD�p�R�HUUR�
UHODWLYR��SRLV�p�PXLWR�PDLV�JUDYH�SDUD�D�QRVVD�VREUHYLYrQFLD�
DFKDUPRV�TXH�HVWDPRV�D�VHU�SHUVHJXLGRV�SRU����H�QmR�SRU����
OH}HV��GR�TXH�HUUDUPRV�GH����SDUD�����SUHGDGRUHV��(P�DPERV�
RV�FDVRV�R�HUUR�DEVROXWR�p�R�PHVPR��GRLV�

&RPR�GLVFXWLGR�DFLPD��DSHVDU�GH�RV�HVWtPXORV�SRGHUHP�VHU�
FRQWtQXRV��D�VHQVDomR�p�PHGLGD�HP�XQLGDGHV�GLVFUHWDV��RQGH�
D�GLVWkQFLD�GH�XP�SRVVtYHO�YDORU�SDUD�R�SUy[LPR�p�H[DWDPHQWH�
D�PHQRU�GLIHUHQoD�SHUFHWtYHO��$�TXHVWmR�p��TXDO�VHUi�R�FRQMXQ-
WR�GLVFUHWR�GH�VHQVDo}HV�SHUFHWtYHLV�TXH�PLQLPL]D�R�HUUR�GDV�
SHUFHo}HV"

$� UHVSRVWD�Ki�GH�GHSHQGHU�� FODUDPHQWH��GH� FRPR�RV� HVWt-
PXORV�VmR�SURGX]LGRV��6H�HVWHV� IRUHP�SURGX]LGRV�PDLRULWD-
ULDPHQWH� QXP� LQWHUYDOR� PXLWR� OLPLWDGR�� HQWmR� R� FRQMXQWR�

DFLPD�GHYH� VHU�PXLWR� ÀQR�QDV� VHQVDo}HV� UHVXOWDQWHV� GHVWHV�
HVWtPXORV� H� HVSDUVR� IRUD� GHVWH�� (QWmR� YDPRV� VXSRU� TXH� RV�
HVWtPXORV� VmR� JHUDGRV� FRP�XPD�GHQVLGDGH�GH�SUREDELOLGD-
GH�*�E���TXH�D�QRVVD�SHUFHomR�VH�Gi�QXP�FRQMXQWR�ÀQLWR�GH�
YDORUHV� � GHÀQLGR� GLYLGLQGR� HP� LQWHYDORV� GH�
LJXDO� WDPDQKR� R� HVSDoR� GDV� VHQVDo}HV� DGPtVVLYHLV� �DTXH-
ODV� TXH� FRQVHJXLPRV� SHUFHEHU� GH� IRUPD� UD]RDYHOPHQWH� 
ÀGHGLJQD���&RPR�D�UHODomR�HQWUH�HVWtPXOR�H�VHQVDomR�p�XP-
�SDUD�XP�� HQWmR� H[LVWH� XP� FRQMXQWR� GLVFUHWR� GH� HVWtPXORV�

�� RQGH� D� IXQomR� F� p� D� TXH�
UHODFLRQD�R�HVWtPXOR�H�D�VHQVDomR��ORJDULWPR��GH�DFRUGR�FRP�
D�OHL�GH�:HEHU�)HFKQHU���2�HUUR�PpGLR�QD�PHGLomR�GRV�HVWt-
PXORV� p� PHGLGR� VRPDQGR�� GH� IRUPD� SRQGHUDGD� SRU� *�E��� 
R�HUUR�SRU�VXSRU�TXH�R�YDORU�GD�VHQVDomR�p�GDGR�SRU�XP�GRV�
HOHPHQWRV�GR�FRQMXQWR�GLVFUHWR� �

onde �p�R�YDORU�GLVFUHWR�UHSUHVHQWDWLYR�GR�HVWtPXOR�E e �p�R�
YDORU�HVSHUDGR�GR�HUUR�UHODWLYR�

0DQLSXODQGR�XP�SRXFR�RV�FRQFHLWRV��H�QD�KLSyWHVH�GH�TXH�
N�p�PXLWR�JUDQGH��RX�VHMD��GH�TXH�Ki�PXLWRV�YDORUHV�PHQVX-
UiYHLV�SDUD�DV�VHQVDo}HV���R�DUWLJR�>�@��SURYRX�TXH�D�UHODomR�
entre E e S��GDGD�SRU�F��TXH�PLQLPL]D�R�HUUR�WDPEpP�VDWLVID]�
D�HTXDomR�GLIHUHQFLDO

2�SUREOHPD�DJRUD�p�R�GH�HVWLPDU�D�GLVWULEXLomR�GH�HVWtPX-
ORV��1R�HQWDQWR��SDUD�XPD�JUDQGH�JDPD�GH�GLVWULEXLomR�GH�HV-
WDWtVWLFDV��LQFOXLQGR��SRU�H[HPSOR��D�WUDQVPLVVmR�GH�LQIRUPD-
o}HV�DWUDYpV�GDV�OLQJXDJHQV�QDWXUDLV���RV�HVWtPXORV�VHJXHP�D�
FKDPDGD�lei de Zipf��(VWD�p�XPD�OHL�HPStULFD��YiOLGD�HP�WRGDV�
DV� OLQJXDJHQV� FRQKHFLGDV� �PHVPR� HP� DOJXPDV� OLQJXDJHQV�
DUWLÀFLDLV��TXH�GL]�TXH�D�IUHTXrQFLD�GD�i�pVLPD�SDODYUD�PDLV�
IUHTXHQWH�QD�OtQJXD�p�SURSRUFLRQDO�D���i.�1mR�H[LVWH�SURSULD-
PHQWH�XPD� H[SOLFDomR�SDUD� D�SUHYDOrQFLD�GHVWD� OHL��PDV�Ki�
XP�FRQVHQVR� VREUH� D� VXD�SUHYDOrQFLD��PHVPR�HP� VLWXDo}HV�
PXLWR�PDLV�JHUDLV�TXH�D� WUDQVPLVVmR�GH� LQIRUPDo}HV�D�SDU-
WLU� GD� OLQJXDJHP� QDWXUDO�� &RP� HVWD� KLSyWHVH�� RX� VHMD�� FRP�

��HQFRQWUDPRV

TXH�p�D�PHVPD�HTXDomR�GLIHUHQFLDO�HQFRQWUDGD�DQWHULRUPHQ-
WH��'HVWD�IRUPD��PRVWUDPRV�D�OLJDomR�HQWUH�D�OHL�GH�=LSI�H�D�OHL�
GH�:HEHU�)HFKQHU��DOJR�TXH�QmR�VH�VXSXQKD�DWp�HQWmR�

Figura 1: O médico Ernst Weber (esquerda) e o psicólogo Gustave Fechner (direita), 
alemães, descobridores da relação entre estímulo e sensação que leva o nome de 
ambos. Fonte: Wikimedia Commons.
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3DUD�GLVWULEXLo}HV� � �XPD� OHL�GH�SRWrQFLD�� WDP-
EpP�PXLWR� FRPXP� HP� GLVWULEXLo}HV� HVWDWtVWLFDV� UHDLV��� HQ-
FRQWUDPRV� XPD� UHODomR� TXH� JHQHUDOL]D� D� OHL� GH�:HEHU�)H-
FKQHU�GDV� HVFDODV� ORJDUtWPLFDV�SDUD� DV� HVFDODV�GH�SRWrQFLD�� 
$� VXD� H[SUHVVmR� H[DWD� ÀFD� FRPR� H[HUFtFLR�� e� LQWHUHVVDQ-
WH� QRWDU� TXH� DV� OHLV� GH� PDJQLWXGH� HVWHODU� PRGHUQDV�� TXH� 
JHQHUDOL]DP�DV�PHGLo}HV�GRV�EULOKRV�GDV�HVWUHODV�SDUD�YDOR-
UHV�LQLPDJLQiYHLV�SHORV�JUHJRV�DQWLJRV��WDPEpP�VHJXHP�OHLV�
GH�SRWrQFLD��OLPLWDQGR�VH�DR�FDVR�ORJDULWPR�SDUD�DV�HVWUHODV�
YLVtYHLV�D�ROKR�QX���D�HVFDOD�GH�5LFKWHU��TXH�PHGH�RV� WHUUD-
PRWRV��HVWDEHOHFH�XPD�UHODomR�HQWUH�R�ORJDULWPR�GD�HQHUJLD�
OLEHUWDGD�QR�VLVPR�H�RV�VHXV�HIHLWRV��JURVVHLUDPHQWH�SURSRU-
FLRQDLV�DR�YDORU�QD�HVFDOD��-i�D�HVFDOD�GH�%HDXIRUG��TXH�WHP�
IXQo}HV� SDUHFLGDV� SDUD� RV� YHQWRV�� UHODFLRQD� RV� HIHLWRV� FRP�
XPD�FHUWD�SRWrQFLD�GD�YHORFLGDGH�GR�YHQWR��

REFERÊNCIAS

>�@�6XQ��-��=���HW�DO���$�)UDPHZRUN�IRU�%D\HVLDQ�2SWLPDOLW\�RI�
3V\FKRSK\VLFDO�/DZV���GRL���������M�MPS�������������Journal 
RI�0DWKHPDWLFDO�3V\FKRORJ\��������

Figura 2: Relação logarítmica entre o estímulo (eixo x) e a sensação (eixo y). Note que 
as sensações são percebidas apenas num conjunto discreto  , que correspon-
de a estímulos  . Todos os estímulos na região sombreada correspondem à 
mesma sensação  O grá!co a vermelho indica a relação entre estímulo e sensação, 
que, pela lei de Weber-Fechner, é logarítmica. Nós medimos o valor no eixo x e inver-
tendo a função deste grá!co, tentamos inferir o estímulo correspondente. 
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1. A QUESTÃO INICIAL

(VWH�DUWLJR�VXUJLX�GH�XPD�FRQYHUVD�FRP�D�ELyORJD�5XWH�3RU-
WXJDO�� PHPEUR� GH� XPD� HTXLSD� GH� LQYHVWLJDGRUHV� TXH� ID]�
REVHUYDomR�GH�JROÀQKRV�QR� ULR�6DGR�j�HQWUDGD�GD�EDtD�GH�
6HW~EDO�� $� PRQLWRUL]DomR� GRV� URD]HV� p� IHLWD�� XVDQGR� LQV-
WUXPHQWRV� yWLFRV� DSURSULDGRV�� SRU� GRLV� REVHUYDGRUHV� HP�
VLPXOWkQHR��XP�HP�FDGD�XPD�GDV�PDUJHQV�GD�HPERFDGXUD�
GR�6DGR��'HYLGR�D�HUURV�GH�PHGLomR��D�SRVLomR�GR�JROÀQKR�
QmR�SRGH�VHU�GHWHUPLQDGD�H[DWDPHQWH��(P�YH]�GLVVR�D�VXD�
¶ORFDOL]DomR·� p� UHJLVWDGD� FRPR� D� UHJLmR� GH� LQWHUVHomR� GRV�
¶kQJXORV� GH� REVHUYDomR·� GRV� GRLV� REVHUYDGRUHV�� FRQIRUPH�
VH� LOXVWUD�QD�ÀJXUD����$�DPSOLWXGH�GHVVHV�kQJXORV�FRUUHV-
SRQGH�DR�HUUR�GH�SUHFLVmR�GRV�LQVWUXPHQWRV�yWLFRV�XVDGRV��
2�SUREOHPD�TXH�QRV�IRL�FRORFDGR�FRQVLVWH�QD�GHWHUPLQDomR�
GD�iUHD�GHVVD�UHJLmR�RQGH�R�JROÀQKR�DYLVWDGR�VH�¶ORFDOL]D·�

$�UHJLmR�GH�ORFDOL]DomR�GR�URD]�p�WLSLFDPHQWH�XP�TXDGUL-
OiWHUR�FRQYH[R��PDV�SRGH�GHJHQHUDU�QXP�WULkQJXOR�RX�QXP�
TXDGULOiWHUR�DEHUWR�FRP�iUHD�LQÀQLWD��3RU�HVWD�UD]mR�D�VXD�

O HUUR�QD�ORFDOL]DomR�GH�XP�JROÀQKR�HIHWXDGD�SRU�GRLV�REVHUYDGRUHV�j�
HQWUDGD�GR�HVWXiULR�GR�6DGR�p�H[SUHVVR�
DWUDYpV�GXPD�iUHD��8VDQGR�XP�SRXFR�GH�
7ULJQRPHWULD�H�*HRPHWULD�(XFOLGHDQD�
REWHPRV�IyUPXODV�SDUD�HVVH�HUUR�H�
PRVWUDPRV�FRPR�D�IXQomR�HUUR�GHSHQGH�
GD�SRVLomR�GR�JROÀQKR�

Figura 1: Representação da localização de dois observadores 
avistando um gol!nho.

Figura 2: Representação geométrica 
dos observadores (pontos A e B) e 
de quatro possíveis localizações do 
gol!nho (ponto C).

retas AC e %&� UHVSHWL-
YDPHQWH�� $� LQWHUVHomR�
GRV� GRLV� kQJXORV� GH�
REVHUYDomR� p� XPD� UH-
JLmR�FRQYH[D�D�TXH�QRV�
YDPRV� UHIHULU� FRPR� R�
¶SROtJRQR� GH� ORFDOL]DomR·�
GR�JROÀQKR�

2�SROtJRQR�GH� ORFD-
OL]DomR� WDQWR� SRGH� VHU�
XP� SROtJRQR� IHFKDGR�
GHOLPLWDQGR� XPD� iUHD�
ÀQLWD�� FRPR� XPD� UH-
JLmR� DEHUWD� H� LOLPLWD-
GD� FRP� iUHD� LQÀQLWD��
D� TXH�� SRU� DEXVR� GH�
OLQJXDJHP�� QRV� YDPRV�
UHIHULU� FRPR� XP� ¶po-
lígono aberto’��1D�ÀJXUD�
�� HVWmR� UHSUHVHQWDGDV�
TXDWUR� FRQÀJXUDo}HV�
SRVVtYHLV� GR� SROtJRQR�
GH� ORFDOL]DomR� GR� JRO-
ÀQKR�� TXH� QR� TXDUWR�
H[HPSOR� ÀFD� DEHUWR�
FRP�iUHD�LQÀQLWD�

$�iUHD�GHVWH�SROtJR-
QR� GHSHQGH� GD� GLV-

iUHD�p�GDGD�SRU�GLIHUHQWHV�H[SUHVV}HV�DQDOtWLFDV��GHSHQGHQ-
GR�GD�SRVLomR�GR�JROÀQKR��&RORFD�VH�HQWmR�D�TXHVWmR�GH�GH-
WHUPLQDU�DV�FRQÀJXUDo}HV�SRVVtYHLV�H�FDOFXODU�DV�UHVSHWLYDV�
iUHDV�GHVWD�UHJLmR�

2. O PROBLEMA MATEMÁTICO

'RLV� REVHUYDGRUHV�SRVLFLRQDGRV�QRV�SRQWRV�A e %�� D� XPD�
GLVWkQFLD�d�XP�GR�RXWUR��REVHUYDP�HP�VLPXOWkQHR�XP�URD]�
no ponto C��2V�LQVWUXPHQWRV�yWLFRV�XVDGRV�WrP�XPD�HVFD-
OD�TXH� LQGLFD�R� kQJXOR�GD�GLUHomR� HP�TXH�D�REVHUYDomR� p�
HIHWXDGD��6HMDP�  e �RV�kQJXORV�
PHGLGRV�SHORV�REVHUYDGRUHV�$�H�%�UHVSHWLYDPHQWH��H�VHMD�  
D�PDUJHP�GH�HUUR�QD�HVFDOD�GRV�LQVWUXPHQWRV�yWLFRV��&KD-
PDUHPRV�¶kQJXORV�GH�REVHUYDomR·�GRV�REVHUYDGRUHV�A e % aos 
kQJXORV�GH�DPSOLWXGH� �TXH�WrP�FRPR�ELVVHWUL]HV�DV�VHPLU-
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(1) ponto Q sobre a circunferência

(2) ponto Q no exterior da circunferência

(3) ponto Q no interior da circunferência

WkQFLD�d� HQWUH� RV�GRLV� REVHUYDGRUHV�� GD�PDUJHP�GH� HUUR�  
GR�LQVWUXPHQWR�yWLFR�GH�REVHUYDomR�H�GDV�PHGLo}HV�  e  
HIHWXDGDV�SHORV�GRLV�REVHUYDGRUHV��9DPRV�DJRUD�UHFRUUHU�D�
DOJXQV�UHVXOWDGRV�EHP�FRQKHFLGRV�GH�JHRPHWULD�HXFOLGLDQD�
�F�I��>�@��SDUD�REWHU�D�iUHD�GR�SROtJRQR�GH�ORFDOL]DomR�HP�FDGD�
XPD�GDV�VXDV�GLIHUHQWHV�FRQÀJXUDo}HV�

3. ALGUNS RESULTADOS CLÁSSICOS  

DE GEOMETRIA EUCLIDIANA

&RQVLGHUHPRV�XP�WULkQJXOR�GH�YpUWLFHV�$��% e C�FXMDV�PH-
GLGDV�GRV�ODGRV�RSRVWRV�D�FDGD�YpUWLFH�VmR�D��E e c��UHVSHWL-
YDPHQWH��H�FXMDV�PHGLGDV�GRV�kQJXORV�LQWHUQRV�VmR�ն��շ e ո� 
FRQIRUPH�UHSUHVHQWDGR�QD�ÀJXUD����6DEHPRV�TXH�VmR�YiOLGDV�
DV�VHJXLQWHV�SURSULHGDGHV�

ÉUHD�GR�WULkQJXOR� 

/HL�GRV�6HQRV���

&RPR�FRQVHTXrQFLD�GHVWH�WHRUHPD�WHPRV�D�VHJXLQWH�SUR��
SRVLomR�

3URSRVLomR��� 'DGRV�GRLV�SRQWRV�A e�%�H�XP�kQJXOR�ն�FRP�
�Ь� �� ն� �� ���Ь�� R� OXJDU� JHRPpWULFR� GRV� SRQWRV� E� WDLV� TXH� 
($%��� (%$� �ն�p�D�XQLmR�GH�GRLV�DUFRV�GH�FLUFXQIHUrQFLD�

FRP�H[WUHPLGDGHV�$�H�%�

Figura 3: Representação do triângulo [ABC].

Teorema 1��$UFR�&DSD]���&RQVLGHUHPRV�XPD�FLUFXQIHUrQFLD�
FRP�GXDV�UHWDV�VHFDQWHV�j�FLUFXQIHUrQFLD�H�FRQFRUUHQWHV�HQ-
WUH�VL�QXP�SRQWR�4�

�L��6H�4�SHUWHQFH�j�FLUFXQIHUrQFLD��ÀJXUD���������HQWmR�D�
PHGLGD�GR�kQJXOR� 745�p�GDGD�SRU

HP�TXH�Pй �p�D�PHGLGD�GR�DUFR� �TXH�QmR�FRQWpP�
R�SRQWR�4�

�LL�� 6H� 4� SHUWHQFH� DR� H[WHULRU� GD� FLUFXQIHUrQFLD� �YHU� 
ÀJXUD���������HQWmR

�LLL�� 6H�4� SHUWHQFH� DR� LQWHULRU� GD� FLUFXQIHUrQFLD� �YHU 
ÀJXUD���������HQWmR

Figura 4: Representação do ponto de interseção, Q, de duas retas 
secantes à circunferência.

4. GEOMETRIA DO PROBLEMA

$V�TXHVW}HV�PDWHPiWLFDV�PRWLYDGDV�SRU�HVWH�SUREOHPD�YmR�
DOpP� GR� FiOFXOR� GD� UHIHULGD� iUHD� SURSULDPHQWH� GLWD�� 3RU�
H[HPSOR��FRQVLGHUDQGR�D�ÀJXUD����H[LVWH�DOJXPD�UHODomR�HQ-
tre os pontos $��%��&��' e F"�&RPR�VmR�DV�FXUYDV��QD�FDUWD�
JHRJUiÀFD��TXH�VHSDUDP�DV�UHJL}HV�FRUUHVSRQGHQWHV�jV�GL-
IHUHQWHV�FRQÀJXUDo}HV�GR�SROtJRQR�GH�ORFDOL]DomR"�(�FRPR�
p�D�FXUYD�TXH�GHOLPLWD�D�UHJLmR�RQGH�R�SROtJRQR�p�IHFKDGR"

&RQVLGHUDQGR�D�ÀJXUD���WHPRV�TXH

��������������������
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6XSRQKDPRV� DJRUD�� WDPEpP� FRP� YLVWD� D� XP� DEVXUGR��
TXH�D HVWi�QR�LQWHULRU�GD�FLUFXQIHUrQFLD�H�GHVLJQHPRV�WDP-
EpP�SRU�  e �RV�SRQWRV�GH�LQWHUVHomR�GDV�UHWDV�'% e DA 
FRP�D�FLUFXQIHUrQFLD��UHVSHWLYDPHQWH��ÀJXUD����

onde  e �UHSUHVHQWDP�RV�kQJXORV� $%& e %$&�PHGLGRV�
SHORV�REVHUYDGRUHV�A e %�UHVSHWLYDPHQWH�

Figura 5: Representação geométrica dos observadores  
(pontos A e B), do gol!nho (ponto C) e dos pontos D e F.

Figura 7: Supondo que o ponto D está no interior da 
circunferência.

Figura 8: Representação da circunferência que passa pelos pontos 
A, B, C, D e F. 

5HFRUGDQGR�TXH�WUrV�SRQWRV�QmR�FROLQHDUHV�GHWHUPLQDP�
XPD�FLUFXQIHUrQFLD�H�VXSRQGR�TXH�R�JROÀQKR�QmR�VH�HQFRQ-
WUD�HP�OLQKD�UHWD�FRP�RV�REVHUYDGRUHV��FRQVLGHUHPRV�D�FLU-
FXQIHUrQFLD�TXH�SDVVD�HP�$��% e C.

3URSRVLomR����2V�SRQWRV�D e F�SHUWHQFHP�j�FLUFXQIHUrQ-
FLD�GHWHUPLQDGD�SHORV�SRQWRV�$��%�e C�

6XSRQKDPRV��FRP�YLVWD�D�XP�DEVXUGR��TXH�D�HVWi�QR�H[-
WHULRU�GD�FLUFXQIHUrQFLD�H�GHVLJQHPRV�SRU�  e  os pontos 
GH�LQWHUVHomR�GRV�VHJPHQWR�GH�UHWD�  e �FRP�D�FLUFXQ-
IHUrQFLD��UHVSHWLYDPHQWH��ÀJXUD����

Figura 6: Supondo que o ponto D está no exterior da 
circunferência.

8VDQGR��iii)�GR�7HRUHPD�GR�$UFR�&DSD]��WHPRV�TXH�

H�SRU��i�

R�TXH�QRYDPHQWH�p�DEVXUGR�SRU�����

3URYDPRV�DVVLP�TXH�R�SRQWR�D�SHUWHQFH�j�FLUFXQIHUrQFLD�
GHWHUPLQDGD�SHORV�SRQWRV�$�% e C��$QDORJDPHQWH�VH�SURYD�
TXH� R� SRQWR�F� WDPEpP�SHUWHQFH� j�PHVPD� FLUFXQIHUrQFLD��
&RQFOXtPRV�DVVLP�TXH�RV�SRQWRV�$��%��'��& e F�SHUWHQFHP�j�
PHVPD�FLUFXQIHUrQFLD��FRQIRUPH�D�ÀJXUD���

8VDQGR��ii��GR�7HRUHPD�GR�$UFR�&DSD]��WHPRV�TXH

�H�SRU��i�

R�TXH�p�DEVXUGR�SRU�������

6HMDP�$��%� RV�SRQWRV�TXH� UHSUHVHQWDP�DV�SRVLo}HV�GRV�
REVHUYDGRUHV�� 3HOD�3URSRVLomR� ��� R� FRQMXQWR�GRV�SRQWRV�C 
WDLV� TXH� �� RQGH� FRPR� DQWHULRUPHQWH�
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 e ��p�D�XQLmR�GH�WRGRV�RV�DUFRV�
GH�FLUFXQIHUrQFLD�FRP�H[WUHPLGDGHV�A e %�FRUUHVSRQGHQWHV�
D�kQJXORV�ն������Ь�ï� ��(VWH�FRQMXQWR�HVWi�UHSUHVHQWDGR�SHOD�
UHJLmR�D�EUDQFR�QD�ÀJXUD���

PRV� WUrV� VLWXDo}HV� GLVWLQWDV�� TXH� FRUUHVSRQGHP� DRV� WUrV�
SULPHLURV�FDVRV�GD�ÀJXUD���

���  e ��TXH�QD�ÀJXUD����
FRUUHVSRQGH�j�UHJLmR� �

�� i��  e ��TXH�QD�ÀJXUD�
���FRUUHVSRQGH�j�UHJLmR� �

ii�� �� �H��й ��TXH�QD�ÀJXUD����
FRUUHVSRQGH�j�UHJLmR� �

��� ��  e ��TXH�QD�ÀJXUD����
FRUUHVSRQGH�j�UHJLmR� �

Quando �R�SROtJRQR�p�DEHUWR��H�D�VXD�
iUHD�p�LQÀQLWD��R�TXH�QD�ÀJXUD����FRUUHVSRQGH�j�UHJLmR� �

5HFRUGDQGR� TXH� D� VRPD� GRV� kQJXORV� LQWHUQRV� GH� XP�
WULkQJXOR�p� LJXDO�D����Ь�� H� FRQVLGHUDQGR�D�ÀJXUD����YHPRV�
TXH� R�SROtJRQR�GH� ORFDOL]DomR�� TXH� p� D� LQWHUVHomR�GRV� kQ-
gulos EAF e '%(��DPERV�GH�DPSOLWXGH�� ��p�IHFKDGR�VH�

�H�p�DEHUWR�TXDQGR� �
/RJR�� UHPHWHQGR� QRYDPHQWH� SDUD� D� ÀJXUD� ��� SRGHPRV�

FRQFOXLU� TXH� VHPSUH� TXH� R� JROÀQKR� p� DYLVWDGR� QD� UHJLmR�
D�EUDQFR�WHPRV�XP�SROtJRQR�GH� ORFDOL]DomR�IHFKDGR��&DVR�
FRQWUiULR��R�SROtJRQR�p�DEHUWR�H�D�UHVSHWLYD�iUHD�LQÀQLWD�

1R�FDVR�HP�TXH�R�SROtJRQR�GH�ORFDOL]DomR�p�IHFKDGR�WH-

(1) Polígono fechado

(2) Polígono aberto

Figura 9: Regiões onde o polígono é fechado (a branco)  
e aberto (a vermelho).

Figura 10: Representação das regiões onde o gol!nho  
se pode localizar.

5. ÁREA DO POLÍGONO DE LOCALIZAÇÃO

&RQVLGHUDQGR�D�ÀJXUD�����WHPRV�TXH�R�SROtJRQR�GH�ORFDOL]D-
omR�GR�JROÀQKR�SRGH�WHU�GLIHUHQWHV�IRUPDV�GHSHQGHQGR�GH�
VHU�DYLVWDGR�QD�UHJLmR�R���5���5� ou R�.�$SUHVHQWDPRV�HP�
VHJXLGD�D�IyUPXOD�GR�FiOFXOR�GD�iUHD�GR�SROtJRQR�HP�FDGD�
XPD�GDV�UHJL}HV��1R�HQWDQWR��DSHQDV�PRVWUDPRV�FRPR�FDO-
FXODU�D�iUHD�QR�FDVR�R��SRU�VHU�R�TXH�HQYROYH�PDLV�FiOFXORV��
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1RV�RXWURV�FDVRV�RV�FiOFXORV�VmR�DQiORJRV�

�R���6H�R�JROÀQKR�p�DYLVWDGR�QD�UHJLmR�R��� WHPRV�TXH�R�
SROtJRQR�GH�ORFDOL]DomR�WHP�D�FRQÀJXUDomR�LOXVWUDGD�QD�À-
JXUD����

�R���6H�R�JROÀQKR�p�DYLVWDGR�QD�UHJLmR�R��� WHPRV�TXH�R�
SROtJRQR�GH�ORFDOL]DomR�WHP�D�FRQÀJXUDomR�LOXVWUDGD�QD�À-
JXUD����

Figura 11: Representação do polígono de localização  
do gol!nho na região R1.

$�iUHD�GR�SROtJRQR� >$(%*@� HP� IXQomR�GH�d�� ��  e � p�
dada por

HP�TXH

�R���6H�R�JROÀQKR�p�DYLVWDGR�QD�UHJLmR�R��� WHPRV�TXH�R�
SROtJRQR�GH�ORFDOL]DomR�WHP�D�FRQÀJXUDomR�LOXVWUDGD�QD�À-
JXUD����

Figura 12: Representação do polígono de localização  
do gol!nho na região R2.

$�iUHD�GR�SROtJRQR�>AEF@�HP�IXQomR�GH�d�� ��  e �p�GDGD�
por

HP�TXH

Figura 13: Representação do polígono de localização  
do gol!nho na região R3.

$�iUHD�GR�SROtJRQR�>%'(@�HP�IXQomR�GH�d�� ��  e �p�GDGD�
por

HP�TXH

�R��� )LQDOPHQWH�� VH� R� JROÀQKR� p� DYLVWDGR� QD� UHJLmR�R���
WHPRV� TXH� R� SROtJRQR� GH� ORFDOL]DomR� WHP� D� FRQÀJXUDomR�
LOXVWUDGD�QD�ÀJXUD����

Figura 14: 
Representação do 
polígono de localização 
do gol!nho na região R4.

$�iUHD�GR�SROtJRQR� >DEFG@� HP� IXQomR�GH�d�� ��  e � p�
dada por

 

HP�TXH�

e
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5HFRUUHQGR�DR�SURJUDPD�Mathematica�REWLYHPRV�XPD�UH-
SUHVHQWDomR�GDV�FXUYDV�GH�QtYHO�GD�IXQomR�iUHD�GR�SROtJRQR�
GH� ORFDOL]DomR�GR�JROÀQKR��1D�ÀJXUD����SRGHPRV�YHU�XP�
density plot� FRP� D� YDULDomR� GD� iUHD� GR� SROtJRQR� QDV� GLIH��
UHQWHV�UHJL}HV�

2EVHUYHPRV��SRU�H[HPSOR��TXH�QD� UHJLmR�DWUiV� UHIHULGD�
FRPR�R���j�PHGLGD�TXH�R�JROÀQKR�VH�DIDVWD�GRV�REVHUYDGR-
UHV��D�iUHD�GR�SROtJRQR�DXPHQWD�DWp�DR� LQÀQLWR��TXDQGR�R�
JROÀQKR�DOFDQoD�R�DUFR�OLPLWH�TXH�VHSDUD�DV�UHJL}HV�R� e R��
D�SDUWLU�GR�TXDO�R�SROtJRQR�GHL[D�GH�VHU�IHFKDGR�

$JUDGHFLPHQWRV
$JUDGHFHPRV�j�5XWH�3RUWXJDO�HQTXDQWR�PHPEUR�LQYHVWLJD-
GRUD�QXP�SURMHWR�GR�3URIHVVRU�)UDQFLVFR�$QGUDGH�GR�,0$5�
��,QVWLWXWR�GR�0DU��SRU�WHU�FRORFDGR�D�TXHVWmR�GH�FRPR�FDO-
FXODU�D�iUHD�GR�SROtJRQR�RQGH�VH�ORFDOL]D�R�JROÀQKR��R�TXH�
PRWLYRX�D�HODERUDomR�GHVWH�WH[WR�

$JUDGHFHPRV�DLQGD�j�3DWUtFLD�0RWD��WDPEpP�GR�SURMHWR�
,0$5��SHODV�IRWRV�GRV�JROÀQKRV�TXH�WLURX�D�ERUGR�GD�HP-
EDUFDomR�´&RVWD�$]XOµ�
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0RVWUHPRV�DSHQDV�FRPR�VH�REWpP� �SRLV�RV�RXWURV�VmR�
DQiORJRV�

&RQVLGHUDQGR�RV�WULkQJXORV�>$%(@�H�>$%'@�H�DSOLFDQGR�D�
/HL�GR�6HQRV��WHPRV�TXH

e

H�FRPR� ��ID]HQGR� ��WHPRV�TXH�

$VVLP�� REVHUYDQGR� TXH� D� iUHD� GR� SROtJRQR� >DEFG@� p� D�
VRPD� GDV� iUHDV� GRV� WULkQJXORV� >DEF@� H� >DFG@�� DSOLFDQGR� D�
IyUPXOD�´ÉUHD�GR�WULkQJXORµ��WHPRV�R�UHVXOWDGR�

6. OBSERVAÇÕES SOBRE A VARIAÇÃO  

DA ÁREA DO POLÍGONO

(P�FDGD�XPD�GDV�UHJL}HV�RQGH�R�SROtJRQR�p�IHFKDGR��GHSHQ-
GHQGR�GR�ORFDO�RQGH�R�JROÀQKR�p�DYLVWDGR��R�FiOFXOR�GD�iUHD�
GR�UHVSHWLYR�SROtJRQR�GHYH�VHU�HIHWXDGR�XVDQGR�D� IyUPXOD�
HVSHFLÀFDGD�QD�VHoFmR�DQWHULRU�

Figura 15: Representação de curvas de nível da área do polígono 
onde se localiza o gol!nho.
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2V�Q~PHURV�GLWRV�´UHDLVµ�HVWmR�LPSUHJQDGRV�GH�PLVWpULRV��HQWUH�RV�TXDLV�R�GH�
VDEHU�TXDO�p�H[DWDPHQWH�D�VXD�´UHDOLGDGHµ��RX�VHMD�TXDO�p�R�VHX�HVWDWXWR�RQ-
WROyJLFR��$�VXD�RULJHP�p�JHUDOPHQWH�PDO�FRQWDGD��HVWDQGR�D�YHUGDGH�HQYROWD�
HP�OHQGDV�H�SXUR�GHVFRQKHFLPHQWR��SRU�IDOWD�GH�GRFXPHQWRV�KLVWyULFRV�TXH�
QRV�SHUPLWDP�UHFRQVWUXLU�PXLWRV�GRV�GHWDOKHV�GR�DSDUHFLPHQWR�H�HYROXomR�GD�
QRomR�GH�´Q~PHUR�UHDOµ��TXH�p��VHP�TXDOTXHU�G~YLGD��FHQWUDO�HP�PDWHPiWLFD�

Hi�PXLWR��PXLWR�WHPSR�DWUiV��RV�Q~PHURV�HUDP�DSHQDV�
RV� �DJRUD�GLWRV��naturais�� ��� ��� ��� ��� ��� ��� ��� ����³�DEV-

WUDo}HV�PDJQtÀFDV�GRV�GLYHUVRV� WLSRV�GH�TXDQWLGDGHV�GLV-
FUHWDV�³��DVVLP�FRPR�RV� �DJRUD�GLWRV��racionais�� UD]}HV�GH�
Q~PHURV�QDWXUDLV��FRPR�SRU�H[HPSOR� ��RX� ��QDWXUDO-
PHQWH�PROGDGRV� SDUD� UHSUHVHQWDU�P~OWLSORV� GH� SDUWHV� GH�
XP�WRGR��~WHLV�SRUWDQWR�SDUD�OLGDU�FRP�SUREOHPDV�GH�UHSDU-
WLomR� GH� IUDJPHQWRV� GDV�PDLV� GLYHUVDV� FRLVDV��1HVVH� FRQ-
WH[WR�p�PXLWR�QDWXUDO�SHQVDU�TXH�GRLV�TXDLVTXHU�VHJPHQWRV�
VmR�FRPHQVXUiYHLV��RX�VHMD��TXH�H[LVWH�XP�RXWUR�VHJPHQWR�
TXH�RV�PHGH�H[DWDPHQWH�� LVWR�p��TXH�DPERV�VmR�P~OWLSORV�
LQWHLURV�GHVWH� WHUFHLUR�VHJPHQWR��'LWR�GH�XP�RXWUR�PRGR��
HVFROKHQGR�XPD�XQLGDGH�DUELWUiULD��SRUTXH�QmR�KmR�GH�VHU�
RV�VHXV�P~OWLSORV��VXEP~OWLSORV�H�RV�P~OWLSORV�GRV�VXEP~O-
WLSORV��VXÀFLHQWHV�SDUD�PHGLU�WRGRV�RV�VHJPHQWRV"

)RL�SUHVXPLYHOPHQWH�DOJXUHV�QR�VpFXOR�9,�$�(�&��H��WDP-
EpP� SUHVXPLYHOPHQWH� QD� *UpFLD�$QWLJD�� TXH� DOJXpP�� RX�
XP� JUXSR� GH� SHVVRDV�� GHVFREULX� DOJR� GH� SURIXQGDPHQWH�
HVWUDQKR��D�H[LVWrQFLD�GH�JUDQGH]DV�LQFRPHQVXUiYHLV��1mR�
VH� VDEH� VH� SULPHLUR� VH� GHVFREULX� TXH� D� GLDJRQDO� GH� XP�
TXDGUDGR�QmR�p�FRPHQVXUiYHO�FRP�R�VHX�ODGR��RX�VH�IRL�D�
GHVFREHUWD�GH�TXH�D�GLDJRQDO�GH�XP�SHQWiJRQR�p�LQFRPHQ-
VXUiYHO�FRP�R�ODGR�GHVWH�TXH�GHL[RX�SHUSOH[RV�DOJXQV�GRV�
QRVVRV�PDLV�QRWiYHLV�DQWHSDVVDGRV��$V�KLVWyULDV�TXH�XVXDO-
PHQWH�VH�FRQWDP�H�UHSHWHP�DWp�j�H[DXVWmR�QmR�SDVVDP�GH�
OHQGDV��1HQKXP�GRFXPHQWR�KLVWRULFDPHQWH�ÀiYHO� FKHJRX�
DWp�QyV�TXH�UHODWH�R�TXH�GH�IDFWR�DFRQWHFHX�

e� LPSRUWDQWH�UHDOoDU�TXH�D�FRQFOXVmR� LPHGLDWD�UHWLUDGD�

GH� WDO�GHVFREHUWD�GHVFRQFHUWDQWH�QmR� IRL��QHP�SRGHULD� WHU�
VLGR��D�GH�TXH�´H[LVWHP�RXWURV�Q~PHURVµ��FRPR�GHPDVLDGDV�
YH]HV�VH�VXJHUH�DR�FRQWDU��PDO��D�KLVWyULD�GHVVD�GHVFREHU-
WD�GD�H[LVWrQFLD�GH� VHJPHQWRV� LQFRPHQVXUiYHLV�� DWULEXtGD�
DRV�SLWDJyULFRV��,VWR�p�XP�GLVSDUDWH�KLVWyULFR��DVVLP�FRPR�
XP� DEVXUGR� HSLVWHPROyJLFR�� &RPR� VH� FULDP� Q~PHURV� D�
SDUWLU�GD�FRQVWDWDomR�GH�TXH�H[LVWHP�VHJPHQWRV�LQFRPHQ-
VXUiYHLV"� &RPR� IRUDP� GH� IDFWR� FULDGRV� �GHVFREHUWRV"�� RV�
Q~PHURV� GLWRV� LUUDFLRQDLV"� 3DUD� TXH� R� OHLWRU� SHUFHED�PH-
OKRU�DV�TXHVW}HV�TXH�DTXL�VH�FRORFDP��FRQVLGHUH�D�VHJXLQWH�
SHUJXQWD��R�TXH�p� "�e�R�Q~PHUR�SRVLWLYR�TXH�HOHYDGR�DR�
TXDGUDGR�Gi��"�0DV�VHUi�TXH�H[LVWH"�2�SUREOHPD�p�TXH�DR�
GL]HU�´p�R�Q~PHURµ�Mi�VH�HVWi�D�VXSRU�TXH�WDO�Q~PHUR�H[LV-
WH��&RPSDUH�R�OHLWRU�FRP�D�VHJXLQWH�IUDVH�´R�3DL�1DWDO�p�D�
SHVVRD�TXH�QD�YpVSHUD�GH�1DWDO�GHL[D�SUHVHQWHV�D�WRGDV�DV�
FULDQoDV�TXH�VH�SRUWDUDP�EHPµ��6y�SRUTXH�VH�GL]�´p�D�SHV-
VRDµ�QmR�TXHU�GL]HU�TXH�HOD�H[LVWD��SRLV�QmR"�5HSLWR�SRLV�D�
TXHVWmR�� �H[LVWH"�(QWmR��GLUi��SRUYHQWXUD�R�OHLWRU��QmR�p�D�
PHGLGD��GR�FRPSULPHQWR�GD�GLDJRQDO�GH�XP�TXDGUDGR�GH�
ODGR�XQLWiULR"�0DV�R�TXH�p�´D�PHGLGDµ"�6HMD� Oi�R�TXH�IRU��
p�XPD�QRomR�OLJDGD�j�GH�Q~PHUR��GHSRLV�GH�HVFROKLGD�XPD�
XQLGDGH����(�YROWDPRV�DR�LQtFLR��PDV�WDO�Q~PHUR�H[LVWH"

1mR��D�FRQFOXVmR�QmR�SRGHULD�VHU�RXWUD�SDUD�DOpP�GD�yE-
YLD��HPERUD�LQWULJDQWH�LODomR��´RV�Q~PHURV�QmR�VHUYHP�SDUD�
PHGLU�WRGRV�RV�WLSRV�GH�VHJPHQWRVµ��0DV�HQWmR�FRPR�FRP-
SDUDU�VHJPHQWRV��RX�RXWUDV�JUDQGH]DV��FRPR�VXSHUItFLHV�RX�
VyOLGRV��VH�QmR�H[LVWHP�Q~PHURV�VXÀFLHQWHV�SDUD�WDO"�8PD�
VROXomR� JHQLDO� p� DWULEXtGD� D� (XGR[R� GH� &QLGR�� TXH� WHUi�
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YLYLGR� QR� VpFXOR� ,9�$�(�&��� WDOYH]� XP� GRV�PDLV� QRWiYHLV�
PDWHPiWLFRV�GH�WRGRV�RV�WHPSRV��$SHVDU�GH�QHQKXPD�GDV�
VXDV�REUDV�WHU�VREUHYLYLGR��VDEHPRV�TXH�(XGR[R�p�UHVSRQ-
ViYHO�SHOD�GHQRPLQDGD�WHRULD�GDV�SURSRUo}HV�H[SRVWD�QR�OLYUR�
V dos Elementos�GH�(XFOLGHV��$t�GHÀQH�VH�YDJDPHQWH�UD]mR��
QD�GHÀQLomR����FRPR�XPD�HVSpFLH�GH�UHODomR�QR�TXH�GL]�UHVSHLWR�
ao tamanho relativo entre duas grandezas do mesmo tipo��GXDV�
grandezas do mesmo tipo�VmR��SRU�H[HPSOR��GRLV�VHJPHQWRV��
GXDV� VXSHUItFLHV� RX� GRLV� VyOLGRV��� SDUD� GHSRLV� LQWURGX]LU��
QD�GHÀQLomR� ���XPD� UHODomR�GH� HTXLYDOrQFLD� HQWUH� WDLV� UD-
]}HV�DEVWUDWDV��GR�VHJXLQWH�PRGR�

*UDQGH]DV�GL]HP�VH�HVWDU�QD�PHVPD�UD]mR��D�SULPHLUD�SDUD�D�
VHJXQGD�H�D�WHUFHLUD�SDUD�D�TXDUWD��TXDQGR��WRPDQGR�HTXLP~OWL-
SORV�DUELWUiULRV�GD�SULPHLUD�H�GD� WHUFHLUD��DVVLP�FRPR�HTXLP~O-
WLSORV�DUELWUiULRV�GD�VHJXQGD�H�GD�TXDUWD��RV�SULPHLURV�HTXLP~O-
WLSORV�RX�VmR�DPERV�PDLRUHV��RX�DPERV�LJXDLV�RX�DPERV�PHQRUHV�
TXH�RV�VHJXQGRV�

6H�$��%��&��'��UHSUHVHQWDUHP�TXDWUR�JUDQGH]DV��VHQGR�A 
GR�PHVPR� WLSR� TXH�%� e C� GR�PHVPR� WLSR� TXH�D�� HQWmR��
GHQRWDQGR�D�UD]mR�DEVWUDWD�HQWUH�GXDV�JUDQGH]DV�X e Y por  
X : Y��D�GHÀQLomR�DFLPD�FLWDGD�SRGH�VHU�UHHVFULWD�GD�PDQHLUD�
VHJXLQWH�

$���%�  � &���'�
VH�H�Vy�VH��SDUD�WRGRV�RV�

VLGR�R� VHX�HVWDWXWR�RQWROyJLFR� VDWLVIDWRULDPHQWH�HVFODUHFL-
GR��SHOR�PHQRV�GR�SRQWR�GH�YLVWD� LQWHUQR�GD�PDWHPiWLFD��
DSHQDV�QR�VpFXOR�;,;�SRU��HQWUH�RXWURV��&DQWRU�H�'HGHNLQG��
VHQGR�TXH�HVWH�~OWLPR�VH�LQVSLURX��MXVWDPHQWH��QD�FRQVWUX-
omR�GH�(XGR[R�

1mR�GHL[D�GH�VHU�FXULRVR�TXH�HVVHV�Q~PHURV�FKDPDGRV�
irracionais� IRUPHP�� MXQWDPHQWH� FRP� RV� UDFLRQDLV� H� YLD� D�
$QiOLVH�GLWD�,QÀQLWHVLPDO��D�EDVH�GH�WHRULDV�ItVLFDV�TXH�GHV-
FUHYHP�IHQyPHQRV�UHDLV�FRP�XPD�DSUR[LPDomR�H[WUDRUGL-
QiULD��LVWR�DSHVDU�GH�HVVDV�PHVPDV�WHRULDV�QRV�GHVFUHYHUHP�
XP� XQLYHUVR� TXH� SDUHFH� VHU� GLVFUHWR�� GHVGH� D� HQHUJLD� DR�
HVSDoR� H� WDOYH]� PHVPR� DR� WHPSR�� YHU� http://en.wikipedia.
RUJ�ZLNL�3ODQFNBWLPH� H� KWWS���HQ�ZLNLSHGLD�RUJ�ZLNL�&KURQRQ��
7HPRV� DTXL� XP� LQWULJDQWH� HQLJPD� ÀORVyÀFR� VREUH� R� TXDO�
DSHQDV�p�FHUWD�D�QRVVD�LJQRUkQFLD�

0DV� UHJUHVVHPRV�j�TXHVWmR� FRORFDGD�QR� WtWXOR�� R�TXH�p�
mesmo "�1mR�FRQKHoR�PHOKRU�UHVSRVWD�TXH�D�GDGD�SRU�
1HZWRQ��QD�VXD�Arithmetica Universalis2 ��GH������� LQFOXtGD�
QD�GHÀQLomR�TXH�HVWH�Gi�GH�Q~PHUR�

3RU�1~PHUR�HQWHQGHPRV�QmR�WDQWR�XPD�0XOWLWXGH�GH�8QLGD-
GHV��FRPR�D�5D]mR�DEVWUDtGD�GH�TXDOTXHU�4XDQWLGDGH�HP�UHODomR�
D�XPD�RXWUD�4XDQWLGDGH�GD�PHVPD�(VSpFLH��TXH�WRPDPRV�FRPR�
Unidade.

$VVLP�� �QmR�VHUi�PDLV�GR�TXH�D�UHODomR�TXH�H[LVWH��SRU�
H[HPSOR��HQWUH�D�GLDJRQDO�H�R�ODGR�GH�XP�TXDGUDGR��(�R�VX-
FHVVR�GD�PDWHPiWLFD�WDOYH]�VH�H[SOLTXH�SRU�WRUQDU��SDUD�QyV�
VHUHV�KXPDQRV��HVVDV�UHODo}HV��GH�DOJXP�PRGR��FRQFUHWDV�

1 Ver p. 554 de Victor Katz (ed.), The Mathematics of Egypt, Mesopotamia, Chi-

na, India, and Islam, Princeton University Press 2007, e p. 15 de J. L. Berggren, 

Episodes in the Mathematics of Medieval Islam, Springer 1986.

2 Disponível em http://archive.org/details/universalarithm00hallgoog.

�
2�OHLWRU�TXH�TXHLUD�SHUFHEHU�LVWR�EHP��QmR�SRGHUi�ID]HU�

PHOKRU�GR�TXH�FRQVXOWDU�D�H[FHOHQWH�HGLomR�online�GD�REUD�
LPRUWDO�GH�(XFOLGHV�HODERUDGD�SRU�'��(��-R\FH��GR�'HSDUWD-
PHQWR�GH�0DWHPiWLFD�H�&LrQFLD�GH�&RPSXWDGRUHV�GD�&ODUN�
8QLYHUVLW\��GLVSRQtYHO�HP�
KWWS���DOHSK��FODUNX�HGX�aGMR\FH�MDYD�HOHPHQWV�(XFOLG�KWPO�
H��GHSRLV�GH�OHU�XP�SRXFR�GR�OLYUR�9��GHYH�OHU�FRP�FXLGDGR�
D�GHPRQVWUDomR�GD�SURSRVLomR���GR�OLYUR�9,��DVVLP�FRPR�DV�
GHPRQVWUDo}HV�GDV�SURSRVLo}HV�9,�����;,����H�;,,����

0DWHPiWLFRV�iUDEHV�GRV� VpFXORV�;�D�;,,,�� WDLV� FRPR�DO�
.DUDMĦ��2PDU�.KD\\ăP�H�1DʫĦU�DO�'ĦQ�DO�ʴŗVĦ�LUmR�FULWLFDU�R�
IDFWR�GH�(XFOLGHV�QmR�GHÀQLU�SUHFLVDPHQWH�R�TXH�p�D�UD]mR�
HQWUH�GXDV�JUDQGH]DV�GH�XP�PHVPR�WLSR�H��QHVVH�SHUtRGR��
HVVDV� HQWLGDGHV� DEVWUDWDV� LUmR� VRIUHU� XPD� WUDQVÀJXUDomR�
TXH� DV� WUDQVIRUPDUi� HP�RXWUDV� HQWLGDGHV� DEVWUDWDV� D� TXH�
KRMH�FKDPDPRV�números reais1��'HVGH�D�FRQVWDWDomR�GH�TXH�
QmR�HUD�SRVVtYHO�PHGLU�WRGRV�RV�VHJPHQWRV�XVDQGR�Q~PH-
URV� �UDFLRQDLV�� DWp� j� FRQVWUXomR� GH� QRYRV� Q~PHURV�� GLWRV� 
irracionais�� KRXYH� SRU� FRQVHJXLQWH�� H� FRPR� p� QDWXUDO�� XP�
ORQJR� SHUtRGR� GH� OHQWD�PHWDPRUIRVH� TXH� FRQGX]LUi� XPD�
LGHLD� DEVWUDWD� GH� UD]mR� D� XP� FRQFHLWR� TXH� KRMH� DFKDPRV�
FRQFUHWR��PDV�TXH�QmR�p�PHQRV�DEVWUDWR��GH�Q~PHUR��WHQGR�
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O DONUT PERFEITO

$R�FRQWUiULR�GR�TXH�SRVVD�SDUHFHU��HVWH�WH[WR�QmR�p�VREUH�JDVWUR-
QRPLD��$�SHUIHLomR�TXH�DSDUHFH�PHQFLRQDGD�QR�WtWXOR�WHP�PDLV�
D�YHU�FRP�PDWHPiWLFD�GR�TXH�FRP�SDODGDU��H�PHVPR�R�donut de 
TXH�VH�IDOD�WHP�PXLWR�SRXFDV�FDORULDV�

&RPHFHPRV� HQWmR� SRU� IDODU� GD� SHUIHLomR�� 6H� SHUJXQWiV-
VHPRV�D�YiULDV�SHVVRDV�TXDO�R�Q~PHUR�PDLV�SHUIHLWR��RX�

R� SROtJRQR� PDLV� SHUIHLWR�� SURYDYHOPHQWH� REWHUtDPRV� YiULDV�
UHVSRVWDV�GLVWLQWDV��H�SURYDYHOPHQWH�WRGDV�EHP�IXQGDPHQWD-
GDV��6HULD�SRVVtYHO�DFKDU�TXH�R�WULkQJXOR�HUD�R�SROtJRQR�PDLV�
SHUIHLWR��SRU�VHU�R�TXH�WHP�PHQRV�ODGRV��RX�SRU�ÀFDU�FRPSOH-
WDPHQWH� GHÀQLGR� VDEHQGR� RV� FRPSULPHQWRV� GRV� ODGRV�� VHULD�
WDPEpP�SRVVtYHO�GHIHQGHU��FRPR�QR�OLYUR�Flatland��TXH�TXDQWR�
PDLV�ODGRV�XP�SROtJRQR�WHP��PDLV�QREUH��H�SHUIHLWR��HOH�p��SRU�
VH�DSUR[LPDU�GD�FLUFXQIHUrQFLD�

6HULD� WDPEpP�SRVVtYHO�GL]HU�TXH�HUD�R�SHQWiJRQR�UHJXODU�
R�SROtJRQR�PDLV�SHUIHLWR�� GDGDV� DV�SUR[LPLGDGHV� FRP�R�Q~-
PHUR�GH�RXUR��TXH�p�SRU�VXD�YH]�XP�FDQGLGDWR�D�VHU�R�Q~PHUR�
PDLV� SHUIHLWR�� 1R� HQWDQWR�� RXWURV� FDQGLGDWRV� KDYHULD�� FRPR�
SRU� H[HPSOR�R�ۛ�RX�R� e��SRU� VHUHP�Q~PHURV� WUDQVFHQGHQWHV�
TXH�GHVHPSHQKDP�SDSpLV�LQHVSHUDGDPHQWH�FHQWUDLV�HP�WRGD�
D�PDWHPiWLFD�³�R�Q~PHUR�GH�RXUR�WHP�XPD�SDUWLFLSDomR�PXL-
WR�PDLV�PRGHVWD��H�FKHJDULD��TXDQGR�PXLWR��HP�WHUFHLUR�OXJDU�
QHVWD�FRUULGD�GH�LUUDFLRQDLV�

3DUD�À[DU�LGHLDV��QHVWH�WH[WR�HVWDPRV�LQWHUHVVDGRV�HP�ÀJX-
UDV�JHRPpWULFDV�QR�SODQR�H�QR�HVSDoR��H�DTXL��D�´SHUIHLomRµ�YDL�
WHU�XPD�GHÀQLomR�SUHFLVD��6H�SURFXUDUPRV��SRU�H[HPSOR��D�FXU-
YD�SODQD�IHFKDGD��GH�FRPSULPHQWR�À[R��TXH�OLPLWD�D�PDLRU�iUHD�
SRVVtYHO��D�UHVSRVWD�YDL�VHU��FRPR�SRVVLYHOPHQWH�VH�HVSHUD��D�
FLUFXQIHUrQFLD��(VWD�p�XPD�FRQVHTXrQFLD�VLPSOHV�GD�GHVLJXDO-
GDGH� LVRSHULPpWULFD�� SDUD� XPD� FXUYD� IHFKDGD� FRP� FRPSUL-
mento L��TXH�OLPLWH�XPD�iUHD�A��WHPRV�����������������������������

FRP� LJXDOGDGH�DSHQDV� VH�D� FXUYD� IRU�XPD�FLUFXQIHUrQFLD�� 
e�LPHGLDWR�YHU�TXH��QR�FDVR�GD�FLUFXQIHUrQFLD��VH�VXEVWLWXLU-
mos  e ��REWHPRV�D�LJXDOGDGH�

2XWUD� IRUPD� XP� SRXFR� PDLV� VRÀVWLFDGD� GH� GHÀQLU� D�
´SHUIHLomRµ�GH�XPD�FXUYD�IHFKDGD�p�GHÀQLU��GH�DOJXPD�IRU-
PD��D�HQHUJLD�GHVVD�FXUYD��H�SURFXUDU�D�FXUYD�TXH�WHP�PH-
QRU�HQHUJLD��(VWD�PLQLPL]DomR�GH�HQHUJLD�p�XPD�PDQHLUD�
QDWXUDO�GH�ROKDU�SDUD�D�SHUIHLomR��SRLV�Ki�YiULRV�SUREOHPDV�
GH�ItVLFD�TXH�VH�UHVROYHP�HQFRQWUDQGR�D�FXUYD�TXH�PLQLPL-
]D�DOJXPD�JUDQGH]D��GHQWUR�GH�XPD�FHUWD�FODVVH�GH�FXUYDV�
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GH�HQHUJLD�GR�PHVPR�WLSR"�$�HQHUJLD�DTXL�VHUi�D�GHQRPLQDGD�
energia elástica��GDGD�SRU

HP�TXH�D�IXQomR�H�p�D�FXUYDWXUD�PpGLD�GD�VXSHUItFLH�ԇ�HP�FDGD�
SRQWR��(VWD�p�GDGD�SHOD�PpGLD�DULWPpWLFD�GDV�GXDV�FXUYDWXUDV�
SULQFLSDLV��QD�ÀJXUD��  e ���TXH�VmR�RV�YDORUHV�Pi[LPR�H�Pt-
QLPR�GDV�FXUYDWXUDV�GH�FXUYDV�REWLGDV�SRU�LQWHUVHomR�GD�VX-
SHUItFLH�ԇ�FRP�SODQRV�FRQWHQGR�R�YHWRU� �QRUPDO�j�VXSHUItFLH�

Circunferência osculante

'HÀQLPRV�D�HQHUJLD�GH�XPD�FXUYD�ո�QXP�SRQWR�FRPR�D�
FXUYDWXUD�GD�FLUFXQIHUrQFLD�RVFXODQWH�j�FXUYD�QHVVH�SRQWR��
TXH�� LQIRUPDOPHQWH�� VLJQLÀFD� TXH� p� D� FLUFXQIHUrQFLD� TXH�
PHOKRU�DSUR[LPD�D�FXUYD�SUy[LPR�GR�SRQWR��6H�D�FLUFXQ-
IHUrQFLD�RVFXODQWH�WLYHU�UDLR�r��HVVD�FXUYDWXUD�տ�VHUi�GDGD�
SRU���r�

3RGHPRV�GHÀQLU�HQHUJLD�GH�XPD�FXUYD�FRPR

HP�TXH� �p�R�FRPSULPHQWR�GD�FXUYD�ո��(VWD�GHÀ-
QLomR�JDUDQWH�TXH�D�HQHUJLD�p�XPD�JUDQGH]D�DGLPHQVLRQDO��H��
SRUWDQWR��LQYDULDQWH�SRU�PXGDQoD�GH�HVFDOD��H�TXH�VHUi�WDQWR�
PDLRU�TXDQWR�PDLRU�IRU�D�FXUYDWXUD�GH�ո��SDUD�R�PHVPR�FRP-
SULPHQWR���:HUQHU�)HQFKHO�SURYRX�HP������TXH� ��
FRP�ո�LJXDOGDGH�VH�H�Vy�VH�տ������LVWR�p��VH�D�FXUYD�IRU�FRQYH[D��
2UD��XVDQGR�D�GHVLJXDOGDGH�GH�&DXFK\�6FKZDU]�� p� VLPSOHV�
YHULÀFDU�TXH�D�HQHUJLD�GH�TXDOTXHU�FXUYD�p�PDLRU�RX� LJXDO�
a �

6H�D�HQHUJLD�IRU�LJXDO�D� ��WHPRV�WDPEpP�LJXDOGDGH�QD�
GHVLJXDOGDGH�GH�&DXFK\�6FKZDU]��R�TXH�LPSOLFD�TXH�DV�IXQ-
o}HV� �H���VmR�P~OWLSODV�XPD�GD�RXWUD��LVWR�p��տ�p�FRQVWDQWH�H�D�
FXUYD�p�XPD�FLUFXQIHUrQFLD�³�TXH�p�HQWmR�D�FXUYD�GH�PHQRU�
HQHUJLD�

3DVVDQGR�DJRUD�SDUD�R�HVSDoR�WULGLPHQVLRQDO��SRGHPRV�ID-
]HU�XPD�SHUJXQWD�VLPLODU��FRQVLGHUHPRV�WRGDV�DV�VXSHUItFLHV�
GLIHRPRUIDV�j�VXSHUItFLH�GH�XPD�HVIHUD��LVWR�p��TXH�VH�SRGHP�
GHIRUPDU�QXPD�VXSHUItFLH�HVIpULFD�� VHP�FULDU�QHP�HOLPLQDU�
YLQFRV��'H�WRGDV�HVWDV��TXDO�VHUi�D�TXH�PLQLPL]D�XP�LQWHJUDO�

(VWDV�GXDV�FXUYDWXUDV�VmR�VHPSUH�REWLGDV�SRU�SODQRV�SHU-
SHQGLFXODUHV�XP�DR�RXWUR�

(P�������7KRPDV�:LOOPRUH�GHPRQVWURX�TXH�WRGDV�DV�VX-
SHUItFLHV� FRPSDFWDV� GLIHRPRUIDV� j� VXSHUItFLH� HVIpULFD� WrP�
HQHUJLD�HOiVWLFD�PDLRU�RX�LJXDO�D��ۛ��VHQGR�HVWH�YDORU�DWLQJL-
GR�DSHQDV�QD�VXSHUItFLH�GD�HVIHUD��$VVLP��p�HVWD�D�VXSHUItFLH�
GH�PHQRU�HQHUJLD�

(� R� TXH� VH� SDVVDULD� FRP� RXWUDV� VXSHUItFLHV"� $V� TXH� VH�
VHJXHP�QDWXUDOPHQWH�� HP� WHUPRV�GH� FRPSOH[LGDGH�� VmR� DV�
GLIHRPRUIDV�D�XP�WRUR�³�GHQWUH�HVVDV��TXDO�VHUi�D�TXH�WHP�
HQHUJLD�HOiVWLFD�PtQLPD"�:LOOPRUH�FRQMHWXURX�TXH�HVWH�YDORU�
VHULD� ��H�TXH�HVWH�VHULD�DWLQJLGR�QR�WRUR�GH�&OLͿRUG��TXH�
UHSUHVHQWDPRV� QD� ÀJXUD�� RX� HP� TXDOTXHU� VXD� GHIRUPDomR�
FRQIRUPH��

2�WRUR�GH�&OLͿRUG�SRGH�VHU�REWLGR�URGDQGR�D�FLUFXQIHUrQ-
FLD�FRQWLGD�QR�SODQR�y�z��GH�UDLR���H�FHQWUR�QR�SRQWR�  
j�YROWD�GR�HL[R�GRV�zz��$�VXD�HTXDomR�SDUDPpWULFD��WDO�FRPR�
GHVFULWD�HP�>)0@��p

�
$�SUySULD�QDWXUH]D�SDUHFLD�HVWDU�GH�DFRUGR�FRP�HVWD�FRQ-

MHWXUD��9HULÀFRX�VH��QRV�DQRV�����TXH�FHUWDV�FpOXODV��TXDQGR�
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IRUPDP�PHPEUDQDV�FRP� IRUPD�GH� WRUR��DVVXPHP�QDWXUDO-
PHQWH�D�IRUPD�GR�WRUR�GH�&OLͿRUG��RX�XPD�GDV�UHIHULGDV�GH-
IRUPDo}HV�

$� TXHVWmR� IRL� UHVROYLGD� HP� ����� SRU� )HUQDQGR� &��0DU-
TXHV�� GR� ,03$�� H� $QGUp� 1HYHV�� GR� ,PSHULDO� &ROOHJH�� TXH�
DSUHVHQWRX� UHFHQWHPHQWH� XPD� SDOHVWUD� VREUH� R� DVVXQ-
WR�� >�@�� QD� TXDO�� DOLiV�� HVWH� WH[WR� p� ODUJDPHQWH� EDVHDGR�� 
2� UHVXOWDGR�TXH�GHPRQVWUDUDP�SURYD� D� FRQMHWXUD�GH�:LOO-
PRUH�� ���DQRV�GHSRLV�GH�HVWD� WHU� VLGR�HQXQFLDGD�� D� HQHUJLD�
PtQLPD�GHVWDV�VXSHUItFLHV�p�GH�IDFWR� ��H�p�DWLQJLGD�QR�WRUR�
GH�&OLͿRUG��EHP�FRPR�QDV�VXSHUItFLHV�REWLGDV�GHVWD�SRU�GH-
IRUPDo}HV�FRQIRUPHV�

 Toro de Clifford

REFERÊNCIAS

>�@�3DOHVWUD�GH�$QGUp�1HYHV��GLVSRQtYHO�HP
KWWS���ZZZ�OLYHVWUHDP�FRP�IFJOLYH�YLGHR"FOLS,G SOD��IG���I�
�D����FHG�������H�G�DE�E�����HQGHUHoR�YLVLWDGR�D�������������

>)@�(��$EERWW��Flatland: A Romance of Many Dimensions�������

>)0@� )HUQDQGR�&��0DUTXHV��$QGUp�1HYHV�� ´0LQ�0D[� 7KH-
RU\�DQG�WKH�:LOOPRUH�&RQMHFWXUHµ��DFHLWH�SDUD�SXEOLFDomR�QR� 
Annals of Mathematics.

>5@�$��5RV��´7KH�,VRSHULPHWULF�DQG�:LOOPRUH�3UREOHPVµ��Con-
temporary Mathematics��9ROXPH�����������
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OQGH�LQVWDODU�SRVWRV�SDUD�YLJLD� 
GH�IRJRV�ÁRUHVWDLV"�&RPR�

GHVHQKDU�XPD�UHGH�GH�iUHDV�SDUD�
SURWHomR�GD�ELRGLYHUVLGDGH"� 
&RPR�VHOHFLRQDU�FDQGLGDWRV�D�JXLDV��
HP�LGLRPDV�GLIHUHQWHV��SDUD�XP�
PXVHX"�9DPRV�YHU�TXH�HVWDV�TXHVW}HV�
QmR�VmR�PDLV�GR�TXH�GLIHUHQWHV�
FRQWH[WXDOL]Do}HV�GR�PHVPR�SUREOHPD�
H�TXH�SRGHUi�QmR�VHU�H[HTXtYHO�
HQFRQWUDU�DV�VROXo}HV�PDLV�HÀFLHQWHV�

1R�FDVR�GD� LQVWDODomR�GH�SRVWRV�GH�YLJLD�� VmR�GDGRV�R�FRQ-
MXQWR�GDV�SDUFHODV�ÁRUHVWDLV�TXH�VH�SUHWHQGH�PRQLWRUL]DU�UH-
ODWLYDPHQWH�j�RFRUUrQFLD�GH�IRJRV��RV�ORFDLV�RQGH�p�SRVVtYHO�
D�LQVWDODomR�GH�SRVWRV�GH�YLJLD�H�D�LQGLFDomR��SDUD�FDGD�XP�
GHVVHV�ORFDLV��GDV�SDUFHODV�TXH�ÀFDP�VRE�YLJLOkQFLD�FDVR�VHMD�
LQVWDODGR�XP�SRVWR�QHVVH�ORFDO��4XHU�VH�GHFLGLU�RQGH�LQVWDODU�
SRVWRV�GH�IRUPD�D�PRQLWRUL]DU�WRGDV�DV�SDUFHODV�ÁRUHVWDLV�H��
FRPR�Ki�custos�GHFRUUHQWHV�GD�FRQVWUXomR�H�GD�XWLOL]DomR�GH�
FDGD�SRVWR�GH�YLJLOkQFLD��SUHWHQGH�VH�TXH�R�Q~PHUR�GH�SRVWRV�
D�LQVWDODU�VHMD�PtQLPR�

3DUD�R� WUDoDGR�GH�UHGHV�GH�iUHDV�SULRULWiULDV�SDUD�D�FRQ-
VHUYDomR�� VmR�FRQKHFLGRV�R� FRQMXQWR�GH�SDUFHODV�HP�TXH�VH�
GLYLGH�D�iUHD�GH�HVWXGR��DV�HVSpFLHV�GHVVD� UHJLmR�FRP� LQWH-
UHVVH�SDUD�D�FRQVHUYDomR�H�DV�HVSpFLHV�UHSUHVHQWDGDV�HP�FDGD�
XPD�GDV�SDUFHODV��2�SUREOHPD�EiVLFR�QD�LGHQWLÀFDomR�GH�iUH-
DV�SULRULWiULDV�SDUD�D�FRQVHUYDomR�FRQVLVWH�HP�GHVFREULU�XP�
FRQMXQWR�GH�SDUFHODV�� HP�Q~PHUR�PtQLPR�� HP�TXH� HVWHMDP�
UHSUHVHQWDGDV�WRGDV�DV�HVSpFLHV�

)LQDOPHQWH��SDUD�VHOHFLRQDU�FDQGLGDWRV�D�JXLDV��HP�LGLR-
PDV�GLIHUHQWHV��SDUD�XP�PXVHX��DSyV�HVWDEHOHFLGRV�RV�LGLR-
PDV�GHVHMDGRV�H�FRQKHFLGRV�RV�LGLRPDV�TXH�FDGD�FDQGLGDWR�
GRPLQD��SURFHGH�VH�j�HVFROKD�GH�XP�FRQMXQWR�GH�FDQGLGDWRV�
TXH��FRP�R�PHQRU�Q~PHUR�SRVVtYHO��DVVHJXUHP�YLVLWDV�JXLD-
GDV�HP�WRGRV�RV�LGLRPDV�

2V� SUREOHPDV� DQWHULRUHV� SRGHP� VHU� GHVFULWRV� XVDQ-
GR� GLDJUDPDV� FRPR� R� GD� ÀJXUD� ��� HP� TXH� HVWmR� UHSUHVHQ-

Figura 1: Grafo bipartido com classes de bipartição  

E = {1,2,··· 7} e D = {8,9,··· ,16}

WDGRV� SRQWRV� DJUXSDGRV� HP� GRLV� FRQMXQWRV� �QmR� YD]LRV�� 
  e �� H� DOJXPDV� OLJDo}HV�

HQWUH�SDUHV�GH�SRQWRV� HP�TXH�XP�GRV�SRQWRV� HVWi� HP�E e 
o outro em D��2�REMHWR�DVVLP�UHSUHVHQWDGR�FKDPD�VH�grafo 
bipartido e (��'�VmR�DV�FODVVHV�GH�ELSDUWLomR�

2V� SRQWRV� GH�E� UHSUHVHQWDP� �L�� RV� ORFDLV� RQGH� SRGHUmR�
VHU� LQVWDODGRV� SRVWRV� GH� YLJLD� GH� IRJRV�� �LL�� DV� SDUFHODV� GD�
iUHD�GH�HVWXGR��RX��LLL��RV�FDQGLGDWRV�D�JXLDV��2V�SRQWRV�GH�
D�UHSUHVHQWDP��L·��DV�SDUFHODV�ÁRUHVWDLV�D�PRQLWRUL]DU���LL·��DV�
HVSpFLHV�D�SURWHJHU��RX��LLL·��RV�LGLRPDV�TXH�VH�SUHWHQGH�XVDU�
QDV�YLVLWDV�JXLDGDV��$�H[LVWrQFLD�GD�OLJDomR�>X��Y@��FRP�  
e ��LQGLFD�TXH��Lµ��D�LQVWDODomR�GH�XP�SRVWR�QR�ORFDO�u 
SHUPLWH�YLJLDU�D�RFRUUrQFLD�GH� IRJRV�QD�SDUFHOD�ÁRUHVWDO�v��
�LLµ�� D� HVSpFLH�v� HVWi� UHSUHVHQWDGD� QD� SDUFHOD�u�� RX� �LLLµ�� R�
FDQGLGDWR�u�IDOD�R�LGLRPD�v��

8P�JUDIR�ELSDUWLGR�SRGH� VHU�DGHTXDGDPHQWH� FRGLÀFDGR�
SDUD�VHU�LQWURGX]LGR�QXP�FRPSXWDGRU�FRPR�XPD�PDWUL]�GH�
�·V�H��·V��GR�WLSR� й��HP�TXH�R�HOHPHQWR��X��Y��GD�PDWUL]�
p�������VH��QmR��H[LVWH�OLJDomR�HQWUH� �

8PD�VROXomR�DGPLVVtYHO�SDUD�FDGD�XP�GRV�SUREOHPDV�DQWH-
ULRUHV�p�XP�FRQMXQWR�C de pontos de E�WDO�TXH�WRGR�R�SRQWR�GH�
D�HVWHMD�OLJDGR�D�SHOR�PHQRV�XP�SRQWR�HP�C��'L]�VH�TXH�C�p�
uma cobertura��GH�D���2V�FRQMXQWRV�^�������������`�H�^����������`�VmR�
FREHUWXUDV��GRV�SRQWRV�GR�ODGR�GLUHLWR��GR�JUDIR�GD�ÀJXUD����
FRP�FDUGLQDOLGDGHV���H����UHVSHWLYDPHQWH��2V�SUREOHPDV�GD�
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LQVWDODomR�GH�SRVWRV�GH�YLJLD�FRQWUD�IRJRV�ÁRUHVWDLV��GD�LGHQ-
WLÀFDomR�GH�iUHDV�SULRULWiULDV�SDUD�D�FRQVHUYDomR�H�GD�VHOHomR�
GH�FDQGLGDWRV�SDUD�JXLDV�HP�LGLRPDV�GLIHUHQWHV�QXP�PXVHX�
SURFXUDP�coberturas mínimas��L�H���GH�PHQRU�FDUGLQDOLGDGH��2�
OHLWRU�QmR�WHUi�GLÀFXOGDGH�HP�YHULÀFDU�TXH�R�FRQMXQWR�^������
����`�p�XPD�FREHUWXUD�PtQLPD��GRV�SRQWRV�GR�ODGR�GLUHLWR��GR�
JUDIR�GD�ÀJXUD���

&RORFD�VH� SRLV�� D� TXHVWmR� GH� GHWHUPLQDU� FREHUWXUDV� 
PtQLPDV�

3RGHUtDPRV� SHQVDU� SURFXUDU� FREHUWXUDV� PtQLPDV� SRU�
HQXPHUDomR��3RU�H[HPSOR��FRPHoDQGR�FRP�XP�LQWHLUR�DUEL-
WUiULR� �� UHSHWLGDPHQWH� HQXPHUDQGR� RV� VXE-
FRQMXQWRV�GH�E�FRP�FDUGLQDOLGDGH�k��H�DWXDOL]DQGR�R�YDORU�GH�
k��GLPLQXLQGR�R�RX�DXPHQWDQGR�R�FDVR�XP�GRV�VXEFRQMXQ-
WRV�VHMD�RX�QmR�FREHUWXUD��2�SURFHGLPHQWR�WHUPLQD�TXDQGR�
IRU� HQFRQWUDGD�XPD�FREHUWXUD�C� H�QHQKXP�VXEFRQMXQWR�GH�
FDUGLQDOLGDGH� _C_ï�� IRU� FREHUWXUD��0DV� VHUi� TXH� HVWH� SUR-
FHGLPHQWR�p�H[HTXtYHO"�6XSRQKDPRV�TXH�p�SRVVtYHO�GHFLGLU�
VH�XP�VXEFRQMXQWR�DUELWUiULR�GH�E� p� FREHUWXUD�QXP�QDQRV-
VHJXQGR���� �VHJXQGRV���TXH�p�R�YDORU�DSUR[LPDGR�GR�WHP-
SR�GH�H[HFXomR�GH�XPD�RSHUDomR�HOHPHQWDU��XPD�FRPSDUDomR��
XPD� DWULEXLomR� GH� YDORU�� XPD� DGLomR�� ����� QXP� FRPSXWDGRU�
DWXDO��3DUD�_E_� ����H�k� ����WHVWDU�VH�FDGD�XP�GRV�����VXEFRQ-
MXQWRV�GH�FDUGLQDOLGDGH���GH�E�p�FREHUWXUD�GHPRUDULD�FHUFD�GH�
�����������VHJXQGRV��0DV����VpFXORV�VHULDP�LQVXÀFLHQWHV�VH�
_E_� ����H�k� �����7HQGR�HP�FRQWD�TXH�RV�SUREOHPDV�GH�GHWHU-
PLQDomR�GH�FREHUWXUDV�PtQLPDV�TXH�VH�FRORFDP�HP�VLWXDo}HV�
UHDLV�LQFLGHP��QRUPDOPHQWH��VREUH�GDGRV�GH�JUDQGHV�GLPHQ-
V}HV� �GLJDPRV��_E_�H�_D_�QDV�RUGHQV�GDV�YiULDV�FHQWHQDV�H�
YiULRV� PLOKDUHV�� UHVSHWLYDPHQWH��� PpWRGRV� GH� HQXPHUDomR�
FRPR�R�DQWHULRU�VmR�FRPSOHWDPHQWH�LPSUDWLFiYHLV�

+i� SRLV� TXH� FRQVLGHUDU� HVWUDWpJLDV�PDLV� HÀFLHQWHV��8PD�
SRVVLELOLGDGH��DSDUHQWHPHQWH�UD]RiYHO��VHULD��HP�FDGD�LWHUD-
omR�� DGLFLRQDU� D� XP� VXEFRQMXQWR�  um elemento u de 
E \ C�FRP�R�PDLRU�Q~PHUR�GH�YL]LQKRV�DLQGD�QmR�FREHUWRV�
por C�� (VWD� HVWUDWpJLD�� TXH� HP�FDGD�PRPHQWR�RSWD�SRU�XP�
DJHQWH�TXH�JDUDQWH�R�PDLRU�UHWRUQR�LPHGLDWR��FKDPD�VH�gu-
losa��9HMDPRV�FRPR�RSHUD�R�DOJRULWPR�JXORVR�FRP�R�JUDIR�EL-
SDUWLGR�GD�ÀJXUD����HP�TXH�E� �^D��E��F��G��H`�H�D� �^I��J��K��L��M��N �̀

2�SULPHLUR�SRQWR�D�VHU�LQFOXtGR�HP�C�p�R�SRQWR a��XPD�YH]�
TXH�WHP�R�PDLRU�Q~PHUR�GH�YL]LQKRV������)LFDP�SRU�FREULU�j 
e k��&DGD�SRQWR�GH�E�?�^�a�̀ �FREUH�H[DWDPHQWH�XP�GHVVHV�GRLV�
SRQWRV��$VVLP��C�p�DPSOLDGR�FRP�XP�TXDOTXHU�SRQWR�GLIH-

rente de a��9DPRV� VXSRU�TXH�p� HVFROKLGR�G�� UHVWDQGR�DLQGD�
SRU�FREULU�R�SRQWR�k��2V�FDQGLGDWRV�D�LQFOXVmR�HP�C�VmR�c e H��
H�XPD�YH]�LQFOXtGR�XP�TXDOTXHU�GHVVHV�SRQWRV��R�DOJRULWPR�
WHUPLQD�FRP�D�REWHQomR�GH�XPD�FREHUWXUD�GH�FDUGLQDOLGDGH�
���1R�HQWDQWR�D�FREHUWXUD�REWLGD�QmR�p�PtQLPD��XPD�YH]�TXH�
^E��F`�p�WDPEpP�FREHUWXUD�

'HVWD�YH]�R�DOJRULWPR�JXORVR�IDOKRX�QD�GHWHUPLQDomR�GD�
VROXomR�yWLPD�� 6HUi� VHPSUH�DVVLP"�6HUi�TXH�QmR�Ki�JDUDQ-
WLD� GD� RWLPDOLGDGH�GDV� VROXo}HV� JXORVDV� GRV� SUREOHPDV� GH�
RWLPL]DomR�FRPELQDWyULD"�3DUD�UHVSRQGHU�D�HVWD�TXHVWmR�FR-
PHFHPRV�SRU�GHÀQLU�SUREOHPD�GH�RWLPL]DomR�FRPELQDWyULD�

6HMD�A�XP�FRQMXQWR�ÀQLWR� H� � ��XP� custo� DVVRFLDGR�D�
todo o elemento e de A��6H�X�p�XP�VXEFRQMXQWR�GH�A��GL]HPRV�
TXH�R�FXVWR�GH�X�p�D�VRPD�GRV�FXVWRV�GRV�HOHPHQWRV�HP�X��
TXH�GHQRWDPRV�SRU� Fй�й;й���&RQVLGHUHPRV�XP� FRQMXQWR�S de 
VXEFRQMXQWRV�GH�A��$RV�HOHPHQWRV�GH�S� FKDPDPRV�VROXo}HV�
admissíveis��2�SUREOHPD�GH�RWLPL]DomR�FRPELQDWyULD��32&��DVVR-
FLDGR�DR�WHUQR��$��F��6��FRQVLVWH�QD�GHWHUPLQDomR�GH�XPD�VR-
OXomR�DGPLVVtYHO�GH�FXVWR�Pi[LPR�RX�PtQLPR�

1R� SUREOHPD�GD� FREHUWXUD�PtQLPD��A� p� R� FRQMXQWR� GRV�
SRQWRV� GH� XPD� GDV� FODVVHV� GH� ELSDUWLomR� GR� JUDIR�� ��
TXDOTXHU�TXH�VHMD�R�SRQWR e de A�H�R�FRQMXQWR�GDV�VROXo}HV�
DGPLVVtYHLs S�p�R�FRQMXQWR�GDV�FREHUWXUDV�

(P�PXLWRV�32&�R�FRQMXQWR�S�p� IHFKDGR�SDUD�D� LQFOXVmR��
L�H��� DR�HOLPLQDU�HOHPHQWRV�DUELWUiULRV�GH�XPD�TXDOTXHU� VR-
OXomR� DGPLVVtYHO� REWpP�VH� XPD� VROXomR� DGPLVVtYHO�� &XULR-
VDPHQWH�� p� SUHFLVDPHQWH� R� RSRVWR� GR� TXH� DFRQWHFH� FRP� R�
SUREOHPD�GD�FREHUWXUD��2EWpP�VH�XPD�FREHUWXUD�DR�LQFOXLU�
XP�TXDOTXHU�SRQWR�QXPD�FREHUWXUD��1R�HQWDQWR��SRGHPRV�
IDFLOPHQWH� WUDQVIRUPDU�R�SUREOHPD�GD�FREHUWXUD�QXP�32&�
HTXLYDOHQWH�FXMR�FRQMXQWR�GH�VROXo}HV�DGPLVVtYHLV�p�IHFKDGR�

Figura 2: Grafo bipartido.
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Figura 3: Grafo com 13 pontos (à esquerda) e uma #oresta desse grafo com 7 ligações (à direita).

SDUD�D�LQFOXVmR��%DVWD�FRQVLGHUDU�TXH�DV�VROXo}HV�DGPLVVtYHLV�
VmR�RV�FRPSOHPHQWDUHV�GDV�FREHUWXUDV��L�H��� �p�DGPLVVt-
YHO�VVH�A \ X�p�FREHUWXUD��8PD�VROXomR�DGPLVVtYHO�GH�FXVWR�
Pi[LPR�X�GHVWH�SUREOHPD�LGHQWLÀFD�XPD�FREHUWXUD�A \ X* 
GH�FXVWR�PtQLPR�

Quando S� p� IHFKDGR� SDUD� D� LQFOXVmR� GL]�VH� TXH� R� SDU�
�$��6��p�XP�sistema de independência�H�RV�FRQMXQWRV�GH�S� �GH� 
�?�6��FKDPDP�VH�independentes��dependentes)�
3DUD�REWHU�XPD�VROXomR�DGPLVVtYHO�GH�FXVWR�Pi[LPR�GR�

32&�DVVRFLDGR�D�XP�VLVWHPD�GH�LQGHSHQGrQFLD��$��6���FRP�
FXVWRV�QmR�QHJDWLYRV�GHÀQLGRV� VREUH�RV� HOHPHQWRV�GH�A�� R�
DOJRULWPR� JXORVR�� HP� FDGD� LWHUDomR�� LQVHUH� HP�X�� TXH� LQL-
FLDOPHQWH�p�R�FRQMXQWR�YD]LR��XP�HOHPHQWR�GH�PDLRU�FXVWR�

�� WDO� TXH� �� 6H� QmR� H[LVWH� H�  
FRP� ��R�DOJRULWPR�SDUD�H�GHYROYH�R�LQGHSHQGHQWH�
maximal ;�

4� �� (P� TXH� FRQGLo}HV� R� DOJRULWPR� JXORVR� UHVROYH� FRUUH-
WDPHQWH� R�32&�DVVRFLDGR� D� XP� VLVWHPD�GH� LQGHSHQGrQFLD�
�$�6��� L�H��� GHWHUPLQD� XP� LQGHSHQGHQWH� GH� FXVWR� Pi[LPR��
TXDLVTXHU�TXH�VHMDP�RV�FXVWRV�QmR�QHJDWLYRV�DWULEXtGRV�DRV�
HOHPHQWRV�GR�FRQMXQWR�$"

$�UHVSRVWD�D�HVWD�TXHVWmR�p�GDGD�SHOR�UHVXOWDGR�VHJXLQWH�

5��� 2�DOJRULWPR�JXORVR�UHVROYH�FRUUHWDPHQWH�R�32&�DVVR-
FLDGR�DR�VLVWHPD�GH�LQGHSHQGrQFLD�0� ��$��6��VH�H�Vy�VH�0�p�
XP�PDWUyLGH�

8P� VLVWHPD�GH� LQGHSHQGrQFLD�M�  � �$�6�� p� XP�matróide 
se ��FRP�_Y_�!�_X_��HQWmR� ��SDUD�DOJXP�

�� 3RU� RXWUDV� SDODYUDV�� GDGRV� GRLV� LQGHSHQGHQWHV�
FRP�FDUGLQDOLGDGHV�GLIHUHQWHV��p�SRVVtYHO�DPSOLDU�R�GH�PH-
QRU�FDUGLQDOLGDGH�FRP�DOJXP�HOHPHQWR�GR�GH�PDLRU�FDUGL-
QDOLGDGH��PDQWHQGR�LQGHSHQGrQFLD�

9HMDPRV�H[HPSORV�GH�VLVWHPDV�GH�LQGHSHQGrQFLD�TXH�VmR��
H�TXH�QmR�VmR��PDWUyLGHV�

&RQVLGHUHPRV�GH�QRYR�XP�JUDIR�ELSDUWLGR��8P�VXEFRQ-
MXQWR�X� GH� OLJDo}HV� p� XP� emparelhamento� VH� QmR� Ki� GXDV�
OLJDo}HV� HP�X� D� LQFLGLU� QR�PHVPR� SRQWR��2� FRQMXQWR� GDV�
OLJDo}HV�^й>йD��Iйй@��>йE��Mй@��>йG��Lй@й`�GR�JUDIR�GD�ÀJXUD���p�XP�HPSD-
UHOKDPHQWR��2�FRQMXQWR�^й>йD��Iйй@��>йE��Mй@��>йG��Mй@й`�QmR�p�HPSDUHOKD-
PHQWR��e�yEYLR�TXH�R�FRQMXQWR�GRV�HPSDUHOKDPHQWRV�IRUPD�
XP�VLVWHPD�GH�LQGHSHQGrQFLD��VREUH�R�FRQMXQWR�GDV�OLJDo}HV�
GR�JUDIR���PDV�QmR�p�PDWUyLGH��'H�IDFWR��QmR�VH�REWpP�XP�
HPSDUHOKDPHQWR�VH� LQFOXLUPRV�QR�HPSDUHOKDPHQWR�^>D��J@`�
XPD�GDV�GXDV�OLJDo}HV�GR�HPSDUHOKDPHQWR�^>D��I�@��>E��J@ �̀

8P� FRQMXQWR� GH� OLJDo}HV� GH� XP� JUDIR� �QmR� QHFHVVDULD-
PHQWH�ELSDUWLGR��FKDPD�VH�ÁRUHVWD�VH�QmR�LQFOXL�ciclos�

2�FRQMXQWR�)� �^й>йD��Gй@��>йF��Hй@��>йF��Iйй@��>йJ��Kй@��>йK��Lй@��>йL��Mй@��>йL��Pй@й`
p�XPD�ÁRUHVWD�GR�JUDIR�UHSUHVHQWDGR�QR� ODGR�HVTXHUGR�GD�
ÀJXUD����2�FRQMXQWR� �QmR�p�ÁRUHVWD�SRLV�LQFOXL�R�
FLFOR�^й>йK��Lй@��>йL��Pй@��>йK��Pй@й �̀�

e�FODUR�TXH�TXDQGR�VH�HOLPLQDP�OLJDo}HV�QXPD�ÁRUHVWD�
DLQGD�VH�REWpP�XPD�ÁRUHVWD�H��SRUWDQWR��TXH�R�FRQMXQWR�GDV�
ÁRUHVWDV� p� XP� VLVWHPD�GH� LQGHSHQGrQFLD�GHÀQLGR� VREUH� R�
FRQMXQWR� GDV� OLJDo}HV� GR� JUDIR�� 3DUD� YHU� TXH� HVWH� VLVWHPD�
GH�LQGHSHQGrQFLD�p�XP�PDWUyLGH��FRQVLGHUH�D�ÁRUHVWD�F�TXH�
HVWi�UHSUHVHQWDGD�QR�ODGR�GLUHLWR�GD�ÀJXUD����H�VHMD�FйХ uma 
ÁRUHVWD�DUELWUiULD�FRP�PDLV�OLJDo}HV�GR�TXH�F��&RPR�QXPD�
ÁRUHVWD�QmR�SRGH�KDYHU�PDLV�GR�TXH�k�ï���OLJDo}HV�HQWUH�SD-
res de k�SRQWRV��FйХ�QmR�SRGH�LQFOXLU�PDLV�GR�TXH

`� �� OLJDomR� HQWUH� SDUHV� GH� SRQWRV� GR� FRQMXQWR�
�

`� �� OLJDo}HV� HQWUH� SDUHV� GH� SRQWRV� GR� FRQMXQWR�
��H

`� �� OLJDo}HV� HQWUH� SDUHV� GH� SRQWRV� GR� FRQMXQWR�
�
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&RPR�_)Х_�!�_)_��YDL�H[LVWLU�HP�FйХ�DOJXPD�OLJDomR�e� �>X�Y@��
HP�TXH�u e v� QmR�SHUWHQFHP� VLPXOWDQHDPHQWH� D� �� QHP�D�
��QHP�D� ��6H�MXQWDUPRV�D�F�D�OLJDomR�e��QmR�YDPRV�REWHU�

FLFORV��L�H��� �p�XPD�ÁRUHVWD��(VSHUR�TXH�R�H[HPSOR�VHMD�
VXÀFLHQWHPHQWH�LOXVWUDWLYR�SDUD�FRQYHQFHU�R�OHLWRU�TXH�R�VLV-
WHPD�GH�LQGHSHQGrQFLD�DVVRFLDGR�jV�ÁRUHVWDV�GH�XP�JUDIR�p�
XP�PDWUyLGH�

9DPRV� DJRUD� GHPRQVWUDU� R� UHVXOWDGR� 5��� 3DUD� GH-
PRQVWUDU� D� LPSOLFDomR� � YDPRV� VXSRU� TXH� D� VROXomR� JX-
losa G� QmR� p� GH� FXVWR� Pi[LPR�� 6XSRQKDPRV� HQWmR� TXH� 

 ��FRP� �H�TXH�H[LV-
WH�XP�LQGHSHQGHQWH��PD[LPDO�� ��HP�TXH�

�� FRP� FXVWR� й�� &RPR�
й��SDUD�DOJXP� �� WHP�VH� ��6HMD�

k� R� SULPHLUR� LQWHLUR� HP�TXH� VH� YHULÀFD� D�GHVLJXDOGDGH� DQ-
WHULRU��1RWH�TXH�   e 

�VmR�LQGHSHQGHQWHV��FRP�_X_���_Y_��
/RJR��DOJXP�HOHPHQWR�GH�Y�SRGH�VHU�LQVHULGR�HP�X manten-
GR�D�LQGHSHQGrQFLD��&RPR�WRGR�R�HOHPHQWR�GH�Y� WHP�FXVWR�
PDLRU�GR�TXH�R�FXVWR�GH� ��QD�LWHUDomR�k��R�DOJRULWPR�JXORVR�
IXQFLRQRX� LQFRUUHWDPHQWH�� HVFROKHQGR� HUUDGDPHQWH� R� HOH-
mento ��,VWR�PRVWUD�TXH�R�DOJRULWPR�JXORVR�UHVROYH�FRUUHWD-
PHQWH�R�32&�DVVRFLDGR�D�XP�PDWUyLGH�

3DUD�SURYDU� D� LPSOLFDomR� � YDPRV� VXSRU�TXH�R� VLVWHPD�
GH�LQGHSHQGrQFLD�QmR�p�XP�PDWUyLGH��6HMDP�HQWmR�X e Y�LQ-
GHSHQGHQWHV�FRP�_X_� �k���_Y_��H�YDPRV�VXSRU�TXH�   
p�dependente��TXDOTXHU�TXH�VHMD�   X��'HÀQLPRV�FXVWRV�

H� YDPRV� GHL[DU� R� DOJRULWPR� JXORVR� RSHUDU�� $� VROXomR� JX-
losa G� FRQWpP� X� H� QmR� LQFOXL� HOHPHQWRV� GH� Y�� $VVLP��

��0DV�
  йй���

R�TXH�PRVWUD�TXH�VH�R�DOJRULWPR�JXORVR�HQFRQWUDU�XPD�VROX-
omR�yWLPD�GR�32&�DVVRFLDGR�D�XP�VLVWHPD�GH�LQGHSHQGrQFLD�
M� ��$��6���TXDOTXHU�TXH�VHMDP�RV�FXVWRV�DWULEXtGRV�DRV�HOH-
mentos de A��HQWmR�M�p�PDWUyLGH�

3RGH� FRQFOXLU�VH�GR� UHVXOWDGR�5��TXH� D� HVWUDWpJLD� JXORVD�
SHUPLWH�� SRU� H[HPSOR�� GHVHQKDU� XPD� UHGH� YLiULD� GH�PHQRU�
FXVWR�D�OLJDU�YiULDV�ORFDOLGDGHV��%DVWD�GHÀQLU�XP�JUDIR��com-

pleto��FXMRV�SRQWRV�UHSUHVHQWDP�DV�ORFDOLGDGHV�H�DVVRFLDU�j�OL-
JDomR�HQWUH�FDGD�SDU�GH�SRQWRV�X��Y�R� F́XVWRµ� ��
HP�TXH� �p�R�FXVWR�GD�FRQVWUXomR�GR�WURoR�TXH�OLJD�DV�OR-
FDOLGDGHV�u e v��H�W�XP�Q~PHUR�VXÀFLHQWHPHQWH�JUDQGH�SDUD�
JDUDQWLU�TXH�RV�FXVWRV�c�VHMDP�SRVLWLYRV��8PD�YH]�TXH�UHGHV�
FRP�FLFORV�QmR�SRGHP�WHU�FXVWR�PtQLPR��DV�UHGHV�YLiULDV�TXH�
LQWHUHVVD�FRQVLGHUDU� VmR�RV� LQGHSHQGHQWHV�PD[LPDLV�GR�PD-
WUyLGH�GDV�ÁRUHVWDV�GHVWH�JUDIR��2�UHVXOWDGR���DVVHJXUD�TXH�R�
DOJRULWPR�JXORVR�GHWHUPLQD�XPD�ÁRUHVWD�PD[LPDO� GH� FXVWR�
Pi[LPR�UHODWLYDPHQWH�DRV� F́XVWRVµ�c��2EYLDPHQWH��DV�OLJDo}HV�
GHVWD�ÁRUHVWD�FRQVWLWXHP�XPD�UHGH�GH�PHQRU�FXVWR��UHODWLYD-
PHQWH�DRV�FXVWRV�GH�FRQVWUXomR�w��D�OLJDU�DV�YiULDV�ORFDOLGDGHV�

3RGH� WDPEpP� FRQFOXLU�VH� GR� UHVXOWDGR� �� TXH�� SURYDYHO-
PHQWH��QmR�VH�DWLQJH�D�PDLRU�SURGXWLYLGDGH�SRVVtYHO�XWLOL]DQ-
GR�D�HVWUDWpJLD�JXORVD�SDUD�DWULEXLU�n�WDUHIDV�D�n�RSHUDGRUHV��
0DLV� SUHFLVDPHQWH�� VXSRQKDPRV� TXH� VH� FRQKHFHP� YDORUHV�
TXH� TXDQWLÀFDP� RV� GHVHPSHQKRV� GRV� RSHUDGRUHV� QD� H[H-
FXomR�GH�FDGD�XPD�GH�n� WDUHIDV��H�TXH�VH�SUHWHQGH�DWULEXLU�
D� FDGD�RSHUDGRU�XPD� WDUHID�GH� IRUPD�D�PD[LPL]DU� D� VRPD�
GRV�YDORUHV�GRV�GHVHPSHQKRV��$V�VROXo}HV�DGPLVVtYHLV�GHVWH�
32&�VmR�RV�HPSDUHOKDPHQWRV�FRP�n�OLJDo}HV�GR�JUDIR�ELSDU-
WLGR� FRPSOHWR�� HP�TXH� DV� FODVVHV� GH� ELSDUWLomR� VmR� RV� FRQ-
MXQWRV�GRV�SRQWRV�O e T TXH�UHSUHVHQWDP�RV�RSHUDGRUHV�H�DV�
WDUHIDV��UHVSHWLYDPHQWH��6H�SDUD�WRGR�R�SDU�GH�SRQWRV�  
e � ��DVVRFLDUPRV�R�YDORU�GR�GHVHPSHQKR�GR�RSHUDGRU�
representado por u�QD�H[HFXomR�GD� WDUHID� UHSUHVHQWDGD�SRU�
v��R�SUREOHPD�FRQVLVWH�HP�GHWHUPLQDU�XP�HPSDUHOKDPHQWR��
FRP�n�OLJDo}HV��FXMD�VRPD�GRV�GHVHPSHQKRV�p�Pi[LPR��8PD�
YH]�TXH�R�JUDIR�p�FRPSOHWR��D�VROXomR�JXORVD�p�XP�HPSDUHOKD-
PHQWR�FRP�n�OLJDo}HV�H�p�SRUWDQWR�DGPLVVtYHO��0DV�R�FRQMXQWR�
GRV�HPSDUHOKDPHQWRV�GR�JUDIR�QmR�GHÀQH�XP�PDWUyLGH�H�DV-
VLP��PXLWR�SURYDYHOPHQWH��H[LVWHP�VROXo}HV�PDLV�HÀFLHQWHV�
GR�TXH�D�VROXomR�JXORVD�SDUD�DWULEXLU�n�WDUHIDV�D�n�RSHUDGRUHV�

$LQGD�QR�TXH�UHVSHLWD�D�HPSDUHOKDPHQWRV�p�SHUWLQHQWH�RE-
VHUYDU�R�VHJXLQWH��8P�HPSDUHOKDPHQWR�GH�XP�JUDIR�ELSDUWL-
GR��FRP�FODVVHV�GH�ELSDUWLomR�E e D��p�XP�FRQMXQWR�GH�OLJDo}HV�
TXH�QmR� LQFOXL�PDLV�GR�TXH�XPD� OLJDomR� LQFLGHQWH�HP�FDGD�
ponto de E�H�HP�FDGD�SRQWR�GH�D��)DFLOPHQWH�VH�SRGH�YHULÀFDU�
TXH�RV�FRQMXQWRV�GH�OLJDo}HV��HP�TXH�QmR�PDLV�GR�TXH�XPD�
OLJDomR�p�LQFLGHQWH�HP�FDGD�SRQWR�GD�PHVPD�FODVVH�GH�ELSDU-
WLomR�� IRUPDP�XP�PDWUyLGH� �VREUH� R� FRQMXQWR� GDV� OLJDo}HV�
GR�JUDIR���$VVLP��RV�HPSDUHOKDPHQWRV�VmR�RV�LQGHSHQGHQWHV�
FRPXQV� D�GRLV�PDWUyLGHV� ��L�� QmR�PDLV�GR�TXH�XPD� OLJDomR�
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LQFLGHQWH�HP�FDGD�SRQWR�GH�E�H��LL��QmR�PDLV�GR�TXH�XPD�OL-
JDomR�LQFLGHQWH�HP�FDGD�SRQWR�GH�D���3DUD�DOpP�GR�DOJRULWPR�
JXORVR�TXH�p�XP�PpWRGR�HÀFLHQWH�SDUD�R�32&�DVVRFLDGR�D�XP�
PDWUyLGH��H[LVWHP�WDPEpP�DOJRULWPRV�HÀFLHQWHV�SDUD�R�32&�
DVVRFLDGR�j�LQWHUVHFomR�GH�GRLV�PDWUyLGHV��e�SRUWDQWR�SRVVt-
YHO� LGHQWLÀFDU�� HP� WHPSRV� UD]RiYHLV�GH� FRPSXWDomR�� HPSD-
UHOKDPHQWRV�GH�FXVWR�Pi[LPR�H��HP�SDUWLFXODU��GLVWULEXLU�n 
WDUHIDV�D�n�RSHUDGRUHV�DVVHJXUDQGR�D�PDLRU�SURGXWLYLGDGH�

9ROWHPRV� DR� SUREOHPD� GD� FREHUWXUD� PtQLPD� TXH�� FRPR�
YLPRV��QmR�p� FRQYHQLHQWHPHQWH� VROXFLRQDGR�SHOD�HVWUDWpJLD�
JXORVD��7DPEpP�QmR�VmR�RV�DOJRULWPRV�SDUD�R�32&�QD�LQWHU-
VHFomR� GH� GRLV�PDWUyLGHV� TXH� YmR� SHUPLWLU� UHVROYHU� HÀFLHQ-
temente�R�SUREOHPD��XPD�YH]�TXH�QmR�p�SRVVtYHO�HVWDEHOHFHU�
SDUD�D�FREHUWXUD�PtQLPD�XPD�IRUPXODomR�GH�32&�DVVRFLDGR�
j� LQWHUVHFomR� GH� GRLV�PDWUyLGHV�� $� SRVVLELOLGDGH� GH� VHUHP�
FRQFHELGRV�DOJRULWPRV�HÀFLHQWHV�p�PXLWR�OLPLWDGD��SRLV�SRGH�
SURYDU�VH�TXH�GHWHUPLQDU�FREHUWXUDV�PtQLPDV�p�XP�proble-
ma difícil��8P�SUREOHPD� p�difícil� VH� p� SHOR�PHQRV� WmR�GLItFLO�
TXDQWR�XP�problema difícil��&ODUR�TXH�HVWD�GHÀQLomR�QmR�WHULD�
JUDQGH� LQWHUHVVH�VH�QmR�H[LVWLVVHP�SUREOHPDV�FRPSURYDGD-
mente difíceis��3RUpP��DWXDOPHQWH�p�VDELGR�TXH�PXLWRV�SUREOH-
PDV�GDV�PDLV�YDULDGDV�iUHDV� �OyJLFD�� iOJHEUD��JUDIRV�� WHRULD�
GRV�Q~PHURV������VmR�problemas difíceis��8P�GHOHV�p�R�problema da 
UHDOL]DomR1��35��GH�H[SUHVV}HV�ERROHDQDV��QD�IRUPD�FRQMXQWLYD�
QRUPDO���$V�RFRUUrQFLDV�GR�35�VmR�FROHo}HV�GH�JUXSRV�GH�lite-
rais�DVVRFLDGRV�D�YDULiYHLV�EROHDQDV��2V�OLWHUDLV�DVVRFLDGRV�D�
XPD�YDULiYHO�EROHDQD�u�VmR�u�H�X�ű��6H�D�YDULiYHO�u�WRPD�R�YDORU�
YHUGDGH��IDOVR���RV�OLWHUDLV�X�H�X�ű�WRPDP�RV�YDORUHV�YHUGDGH�H�
IDOVR��IDOVR�H�YHUGDGH���UHVSHWLYDPHQWH�

3RU�H[HPSOR��D�H[SUHVVmR

HQYROYH�RV�SDUHV�GH�literais  e ��DVVRFLDGRV�jV�YDUL-
iYHLV�EROHDQDV�[��\ e z��UHVSHWLYDPHQWH��2V�JUXSRV�GH�OLWHUDLV�

�� ��  e �FKDPDP-
-se cláusulas�� 8PD� DIHWDomR� GH� YDORUHV� YHUGDGH�IDOVR� VREUH�
DV�YDULiYHLV� UHDOL]D�XPD�FOiXVXOD�VH��SDUD�HVVD�DIHWDomR��DO-
JXP� GRV� OLWHUDLV� GD� FOiXVXOD� WRPD� R� YDORU� YHUGDGH�� 8PD�
DIHWDomR�GH�YDORUHV�YHUGDGH�IDOVR�VREUH�DV�YDULiYHLV� UHDOL]D�
D� H[SUHVVmR� VH� UHDOL]D� WRGDV� DV� FOiXVXODV� VLPXOWDQHDPHQ-
WH�� $� DIHWDomR� �� HP� TXH�V� VLJQLÀFD�
YHUGDGH�H�F�IDOVR��VREUH�DV�YDULiYHLV�[��\��]��QmR�UHDOL]D�D�H[-
SUHVVmR�/��XPD�YH]�TXH�QmR�UHDOL]D�D�FOiXVXOD� ��$�DIHWDomR�

�UHDOL]D�D�H[SUHVVmR�L�

2�35�FRQVLVWH�HP�GHFLGLU��GDGD�XPD�H[SUHVVmR�EROHDQD��
VH� H[LVWH� XPD� DIHWDomR�GH� YDORUHV� VREUH� DV� YDULiYHLV� TXH� D�
UHDOL]H��6H�H[LVWLU��D�H[SUHVVmR�GL]�VH�realizável�

9DPRV�FRQYHUWHU�R�35�QR�SUREOHPD�GH�HQFRQWUDU�FREHUWX-
UDV�PtQLPDV��3RU�RXWUDV�SDODYUDV��SDUD�FDGD�H[SUHVVmR�EROH-
DQD��QD�IRUPD�FRQMXQWLYD�QRUPDO���YDPRV�FRQVWUXLU�XP�JUDIR�
ELSDUWLGR�H�PRVWUDU�TXH�D�H[SUHVVmR�p�UHDOL]iYHO�VH�H�Vy�VH�D�
FDUGLQDOLGDGH�GDV� FREHUWXUD�PtQLPDV�GR�JUDIR� LJXDODU�XP�
GHWHUPLQDGR�YDORU�

&DGD�YDULiYHO�EROHDQD�u�YDL�RULJLQDU�GRLV�SRQWRV�QR�JUDIR��
DVVRFLDGRV�DRV�OLWHUDLV�u e ��2�FRQMXQWR�GRV�SRQWRV�DVVLP�RE-
WLGRV�IRUPD�D�FODVVH�GH�ELSDUWLomR�E�GR�JUDIR��&DGD�FOiXVXOD�
�Gi�RULJHP�D�XP�SRQWR�GH�D��D�RXWUD�FODVVH�GH�ELSDUWLomR��
/LJDPRV�FDGD�SRQWR�p de E�D�FDGD�XP�GRV�SRQWRV�HP�D�TXH�
UHSUHVHQWDP�DV�FOiXVXODV�TXH�LQFOXHP�R�OLWHUDO�TXH�p repre-
VHQWD��$VVLP��TXDOTXHU�VXEFRQMXQWR�S de pontos E�FREUH�RV�
pontos de D�TXH�UHSUHVHQWDP�DV�FOiXVXODV�HP�TXH�ÀJXUDP�
RV�OLWHUDLV�UHSUHVHQWDGDV�SHORV�SRQWRV�GH�S��3RU�ÀP��DPSOLD-
-se D�FRP�XP�FRQMXQWR�GH�SRQWRV�A��FRP�Q~PHUR�GH�SRQWRV�
LJXDO�DR�Q~PHUR�GH�YDULiYHLV�H�OLJD�VH�FDGD�SRQWR�GH�A�FRP�
H[DWDPHQWH�GRLV�SRQWRV�GH�E��TXH�UHSUHVHQWDP�RV�GRLV� OLWH-
UDLV�DVVRFLDGRV�j�PHVPD�YDULiYHO��1D�ÀJXUD���p�DSUHVHQWDGR�
R�JUDIR�TXH�VH�REWpP�FRP�D�H[SUHVVmR�L��HP�TXH�RV�SRQWRV�
D]XLV�UHSUHVHQWDP�RV�SRQWRV�GH�A��

1 Satis!ability problem

Figura 4: Grafo bipartido correspondente à expressão  

L =( ), com , , , .
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3RGHPRV� LGHQWLÀFDU� DV� DIHWDo}HV� GH� YDORUHV� YHUGDGH-
�IDOVR� VREUH� DV� YDULiYHLV�� FRP� RV� VXEFRQMXQWRV� GH� E� TXH�
LQFOXHP� H[DWDPHQWH� XP� GRV� GRLV� SRQWRV� TXH� UHSUHVHQ-
WDP� RV� OLWHUDLV� DVVRFLDGRV� j� PHVPD� YDULiYHO�� $� DIHWDomR�

VREUH� DV� YDULiYHLV� GH� L� FRUUHVSRQGH�
DR� FRQMXQWR�  dos pontos de E� GR� JUDIR� GD� ÀJXUD� ��� 
$� DIHWDomR� � FRUUHVSRQGH� DR� FRQMXQWR�

8PD�DIHWDomR�GH�YDORUHV�YHUGDGH�IDOVR�UHDOL]D�D�H[SUHVVmR�
VH�H�Vy�VH�R�FRUUHVSRQGHQWH�FRQMXQWR�GH�SRQWRV�GH�E�p�FREHUWX-
UD��$�DIHWDomR� �QmR�UHDOL]D�D�H[SUHV-
VmR�/��XPD�YH]�TXH�D�FOiXVXOD� �QmR� LQFOXL�XP�GRV� OLWHUDLV�

 ou ��(TXLYDOHQWHPHQWH��QR�JUDIR�GD�ÀJXUD����R�FRQMXQWR�
�QmR�p�FREHUWXUD��GRV�SRQWRV�GH�D���SRLV�R�SRQWR�TXH�

UHSUHVHQWD�D�FOiXVXOD� �QmR�HVWi�OLJDGR�D�TXDOTXHU�GRV�SRQWRV�
GHVVH� FRQMXQWR��2� FRQMXQWR�GH�SRQWRV� � GR�JUDIR� p� D�
FREHUWXUD�TXH�FRUUHVSRQGH�j�DIHWDomR� ��
TXH�UHDOL]D�L�

7HPRV�SRLV�GHÀQLGD�XPD�FRUUHVSRQGrQFLD�ELXQtYRFD�HQ-
WUH�DIHWDo}HV�GH�YDORUHV�OyJLFRV�VREUH�DV�YDULiYHLV�H�VXEFRQ-
MXQWRV�GH�SRQWRV�GH�E��FRP�H[DWDPHQWH�XP�GRV�GRLV�SRQWRV�
TXH� UHSUHVHQWDP� RV� OLWHUDLV� DVVRFLDGRV� j� PHVPD� YDULiYHO��
8PD�DIHWDomR�UHDOL]D�D�H[SUHVVmR�VH�H�Vy�VH�R�FRUUHVSRQGHQWH�
FRQMXQWR�GH�SRQWRV�p�FREHUWXUD�

4XDOTXHU� FREHUWXUD� �GH�D�� WHP� GH� LQFOXLU� XP� GRV� GRLV�
SRQWRV�TXH�UHSUHVHQWDP�RV�OLWHUDLV�DVVRFLDGRV�j�PHVPD�YDUL-
iYHO��&DVR�FRQWUiULR��R�SRQWR�GH�A�DGMDFHQWH�D�HVVHV�GRLV�SRQ-
WRV�ÀFDULD�SRU�FREULU��$VVLP��SRU�XP�ODGR��QmR�Ki�FREHUWXUDV�
FRP�FDUGLQDOLGDGH�PHQRU�GR�TXH�R�Q~PHUR�GH�YDULiYHLV��3RU�
RXWUR� ODGR�� XPD� FREHUWXUD� FRP� FDUGLQDOLGDGH� LJXDO� DR� Q~-
PHUR�GH�YDULiYHLV��VH�H[LVWLU��LQFOXL�H[DWDPHQWH�XP�GRV�GRLV�
OLWHUDLV�DVVRFLDGRV�D�FDGD�YDULiYHO��H�SRUWDQWR�FRUUHVSRQGH�D�
XPD�DIHWDomR�GH�YDORUHV�OyJLFRV�TXH�UHDOL]D�D�H[SUHVVmR�

3RGH�DVVLP�FRQFOXLU�VH�TXH�D�H[SUHVVmR�GDGD�p�UHDOL]iYHO�
VH�H�Vy�VH�D�FDUGLQDOLGDGH�GH�XPD�FREHUWXUD�PtQLPD�GR�JUDIR�
REWLGR�SHOR�SURFHVVR�GHVFULWR�DWUiV�p�LJXDO�DR�Q~PHUR�GH�YD-
ULiYHLV�EROHDQDV�

3RUWDQWR��TXDOTXHU�DOJRULWPR�SDUD�R�SUREOHPD�GD�FREHUWX-
UD�PtQLPD�SRGH�VHU�XWLOL]DGR�SDUD�GHFLGLU�VH�XPD�H[SUHVVmR�
EROHDQD�p�UHDOL]iYHO��$SHQDV�Ki�TXH��SUHYLDPHQWH��H[HFXWDU�
RV�SURFHGLPHQWRV�TXH�GHÀQHP�R�JUDIR�DVVRFLDGR�j�H[SUHVVmR�
GDGD��&RPR�35�p�XP�problema difícil��GHWHUPLQDU�FREHUWXUDV�
PtQLPDV�p�WDPEpP�XP�problema difícil��R�TXH�p�LQWHUSUHWDGR�
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2 Sobre métodos e algoritmos em otimização combinatória o livro de Ale-
xandre Schrijver, Combinatorial Optimization: Polyhedra and Ef!ciency, Springer, 
2003, é uma obra absolutamente notável e, seguramente, a mais completa 
sobre o assunto.
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5HFRUUHQGR�D�DQDORJLDV�JHRJUiÀFDV�H�
j�LPDJHP�GXP�SODQHWD�LPDJLQiULR��

SURFXUDPRV�H[SOLFDU�R�FRQWH~GR�GD�
7HRULD�GH�0RUVH��XPD�DWUDHQWH�WHRULD�
PDWHPiWLFD�GR�VpFXOR�;;�TXH�UHODFLRQD�RV�
SRQWRV�FUtWLFRV�GXPD�IXQomR�VXDYH�FRP�D�
WRSRORJLD�GR�VHX�GRPtQLR�

GHUPRV�FRQVLGHUDU�DFHLWiYHO�D�VXD�DSUR[LPDomR�FRP�D�VXSHU-
ItFLH�GH�XP�SODQR��3DUD�QRV�FRQYHQFHUPRV�GD�FRUUHomR�GHVWD�
DSUR[LPDomR�ORFDO��p�VXÀFLHQWH�OHPEUDU�TXH��QR�FDVR�GD�7HUUD��
DV�FLYLOL]Do}HV�PDLV�DQWLJDV�DFKDYDP�TXH�R�QRVVR�SODQHWD��QD�
UHDOLGDGH�DSUR[LPDGDPHQWH� HVIpULFR�� IRVVH�PHVPR�SODQR� �H�
QmR�Vy�DV�PDLV�DQWLJDV��HP�PHDGRV�GR�VpFXOR�;;��IRL�IXQGD-
GD�XPD�VRFLHGDGH��7KH�)ODW�(DUWK�6RFLHW\��TXH�GHIHQGH�TXH�
D�7HUUD�p�SODQD����1D�SDUWH�ÀQDO�GR�WUDEDOKR��XP�SRXFR�PDLV�
WpFQLFD��LUHPRV�H[SOLFDU�EUHYHPHQWH�FRPR�XPD�GDV�UHODo}HV�
UHIHULGDV�DFLPD�VH�HVWHQGH�D�FRQWH[WRV�PDLV�JHUDLV��(P�SDUWL-
FXODU��FRQVLGHUDUHPRV�XPD�JHQHUDOL]DomR�TXH�HQYROYH�D�JHR-
JUDÀD�GH�WRGR�R�SODQHWD��HVIpULFR�RX�GH�RXWUR�WLSR��'H�IDFWR��R�
WLSR�GH�UHODomR�TXH�VH�REWpP�QHVWH�FRQWH[WR�JOREDO�GHSHQGH�
GD�IRUPD��WHFQLFDPHQWH��GD�WRSRORJLD��GR�QRVVR�SODQHWD�ÀFWt-
FLR��TXH�SRGHUi�VHU�XPD�HVIHUD��XP�donut��WHFQLFDPHQWH��XP�
WRUR���RX�WHU�RXWUDV�IRUPDV�DLQGD�PDLV�FRPSOLFDGDV��FRPR�D�
GH�XP�RLWR�´LQVXÁDGRµ��WHFQLFDPHQWH��XP�ELWRUR��

&RPHoDPRV�HQWmR�SRU�LQWURGX]LU�DV�QRWDo}HV�H�RV�FRQFHL-
WRV�TXH�YmR�OHYDU�QRV�DR�QRVVR�UHVXOWDGR�SULQFLSDO�

6H�TXLVHUPRV�GHVFUHYHU�D�JHRJUDÀD�GH�XPD�SHTXHQD�UHJLmR�
GR�SODQHWD��VHUi�VXÀFLHQWH�FRQVLGHUDU�D�IXQomR�I�[�\���GHÀQLGD�
QR�SODQR�FDUWHVLDQR� �TXH�PHGH�D�FRWD�GR�OXJDU�HP�IXQomR�GDV�
VXDV�FRRUGHQDGDV�JHRJUiÀFDV�x e y��2�JUiÀFR�GD�IXQomR�I�[�\� 
UHSURGX]�ORFDOPHQWH�D�RURJUDÀD�GR�SODQHWD��6HMD�  um 
Q~PHUR� UHDO�� 2� FRQMXQWR�  
representa a FXUYD� GH� QtYHO� RURJUiÀFD�� IRUPDGD�SHORV� SRQWRV�
GH�FRWD�c��6H�c�PHGLU�R�QtYHO�GR�PDU�� �UHSUHVHQWD�D�OLQKD�GH�
iJXD��HQTXDQWR�  representa 
D�´WHUUDµ�GHVFREHUWD�SHOR�RFHDQR��e�FODUR�TXH�R�FRQMXQWR�GH�
QtYHO� � p� R� ERUGR�GD� UHJLmR� ��9DPRV� DJRUD� HQXQFLDU� DV�
KLSyWHVHV�VREUH�f�

�,��$VVXPLPRV�TXH�D�IXQomR I�[�\��VHMD�VXDYH��LVWR�p��TXH�DGPLWD�
derivadas parciais de todas as ordens.�'R�SRQWR�GH�YLVWD�JHRPp-
WULFR��LVWR�LPSOLFD��HP�SDUWLFXODU��TXH�H[LVWH�XP�SODQR�WDQJHQ-
WH�DR�JUiÀFR�GH�f SRU�FDGD�XP�GRV�VHXV�SRQWRV�H�TXH��DR�YDULDU�
GR�SRQWR� VREUH� R� JUiÀFR�� R� FRUUHVSRQGHQWH�SODQR� WDQJHQWH�
YDULD�GH�XPD�IRUPD�FRQWtQXD�

�,,��$VVXPLPRV�TXH�R�FRQMXQWR�
seja limitado para todo o ��RX�VHMD��TXH�D�´JHRJUDÀDµ�
p�OLPLWDGD�SDUD�HVWHV�QtYHLV�GR�PDU�

�,,,��$VVXPLPRV�TXH�I�WHP�DSHQDV�XP�Q~PHUR�ÀQLWR�GH�SRQWRV�
críticos.�&KDPD�VH�SRQWR�crítico de f D�TXDOTXHU�SRQWR�HP�TXH�
R�SODQR�WDQJHQWH�DR�JUiÀFR�GH�f�VHMD�KRUL]RQWDO��2V�Pi[LPRV�

,PDJLQH�D� VXSHUItFLH� DFLGHQWDGD�GXP�SODQHWD�ÀFWtFLR�� FRP-
SOHWDPHQWH�VXEPHUVD�QXP�RFHDQR�SDFtÀFR��8P�GLD��R�QtYHO�
GD�iJXD�GR�PDU�FRPHoD�D�GHVFHU��ID]HQGR�DSDUHFHU�DV�SULPHL-
UDV�LOKDV���PHGLGD�TXH�D�WHUUD�VH�HOHYD�DFLPD�GR�PDU��VmR�IRU-
PDGDV�EDtDV��TXH�GHSRLV�YLUDP�ODJRV��6XUJHP�LVWPRV�OLJDQGR�
WHUUDV�SUy[LPDV��SHQtQVXODV�H�FRQWLQHQWHV�YmR�VHQGR�GHVFR-
EHUWRV�SHODV�iJXDV��$�GHVFLGD�GDV�iJXDV�ID]�FRP�TXH�ODJRV�
VHTXHP��GHVFREULQGR�YDOHV�SURIXQGRV��1HVWH�PXQGR� WRGDV�
DV�iJXDV�HVWmR�QLYHODGDV�SRUTXH�D�WHUUD�p�IRUPDGD�GH�PDWpULD�
SRURVD�� (QWHQGHQGR� ´JHRJUDÀDµ�� HP� VHQWLGR� UHVWULWR�� FRPR�
D�VLPSOHV�FRQWDJHP�GR�Q~PHUR�GH�LOKDV�RX�FRQWLQHQWHV��SRU�
XP�ODGR��H�GR�Q~PHUR�GH�PDUHV�RX�ODJRV��SRU�RXWUR��VHUi�SRV-
VtYHO�FRPSUHHQGHU�DV�PXGDQoDV�TXH�RFRUUHP�QD�´JHRJUDÀDµ�
GR�SODQHWD�HP�IXQomR�GD�GHVFLGD�GR�PDU"�8PD�WHRULD�GHVHQ-
YROYLGD�SHOR�PDWHPiWLFR�DPHULFDQR�0DUVWRQ�0RUVH�QRV�DQRV�
���GR�VpFXOR�;;�UHVSRQGH�D�HVWD�TXHVWmR��$�7HRULD�GH�0RUVH�
UHODFLRQD�PXGDQoDV�´JHRJUiÀFDVµ�JOREDLV�FRP�FHUWRV�SRQWRV�
HVSHFLDLV��GLWRV�pontos críticos�� HP� WRUQR�GRV�TXDLV� RFRUUHP�
WUDQVIRUPDo}HV� TXDOLWDWLYDV� QD� ´JHRJUDÀDµ�� ([LVWHP� HVVHQ-
FLDOPHQWH� WUrV� WLSRV�GH�PHWDPRUIRVH�FDXVDGDV�SHOR�DEDL[D-
PHQWR�GR�QtYHO�GDV�iJXDV��TXH�VmR������o nascimento duma ilha��
���� D� HPHUJrQFLD� GXP� LVWPR�� OLJDQGR�GXDV�SRUo}HV�GH� WHUUD� H� 
����o desaparecimento dum lago��SRUTXH�R�IXQGR�GXP�YDOH�ÀFRX�
DFLPD�GR�QtYHO�GR�PDU�

2�REMHWLYR�SULQFLSDO�GHVWH�DUWLJR�p�R�GH�PRVWUDU�DOJXPDV�
UHODo}HV�TXDQWLWDWLYDV�HQWUH�R�Q~PHUR�GH�SRQWRV�FUtWLFRV�DV-
VRFLDGRV� D� HVWDV�PHWDPRUIRVHV� �FKDPDGRV�� UHVSHWLYDPHQWH��
FXPHV��VHODV�H�SRoRV��H�R�Q~PHUR�GH�LOKDV�H�GH�ODJRV�GR�SOD-
QHWD�� 3URYDUHPRV� HVWDV� UHODo}HV� FRQVLGHUDQGR� XPD� UHJLmR�
VXÀFLHQWHPHQWH�SHTXHQD�GR�SODQHWD�ÀFWtFLR��GH�IRUPD�D�SR-
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H�PtQLPRV�ORFDLV�VmR�RV�H[HPSORV�PDLV�yEYLRV�GH�SRQWRV�FUt-
WLFRV�GH�f��TXH�FRUUHVSRQGHP�DRV�FXPHV�GH�PRQWDQKDV�H�DRV�
IXQGRV�GH�YDOHV��1DVFH�XPD�QRYD�LOKD�HP�WRUQR�GR�SRQWR�p 
�PHWDPRUIRVH����TXDQGR�R�QtYHO�GDV�iJXDV�GHVFH�DEDL[R�GR�
YDORU�f(p)�GXP�Pi[LPR�ORFDO�p��$QDORJDPHQWH��XP�ODJR�GHVD-
SDUHFH�QXP�SRQWR�T��PHWDPRUIRVH����VHPSUH�TXH�R�QtYHO�GR�
PDU�GHVFH�DEDL[R�GR�YDORU�I�T��GXP�PtQLPR�ORFDO�T��&KDPD�VH�
sela�D�TXDOTXHU�SRQWR�FUtWLFR�TXH�QmR�VHMD�XP�Pi[LPR�QHP�
XP�PtQLPR� ORFDO�� 8PD� IXQomR� FXMR� JUiÀFR� WHQKD� D� IRUPD�
duma sela de cavalo� WHP�XP�SRQWR�FUtWLFR�QR�FHQWUR�GD�VHOD��
TXH�QmR�p�XP�Pi[LPR�QHP�XP�PtQLPR�ORFDO��4XDQGR�R�QtYHO�
GR�PDU�GHVFH�DEDL[R�GR�QtYHO�FUtWLFR��IRUPD�VH�XP�istmo��PH-
WDPRUIRVH�����9HMD�D�ÀJXUD���

8PD�IXQomR�SRGH�WHU�LQÀQLWRV�SRQWRV�FUtWLFRV��3RU�H[HP-
SOR�� XP� planalto� FXMR� WRSR� VHMD� SHUIHLWDPHQWH� KRUL]RQWDO�
FRUUHVSRQGH�D�XPD�FROHomR� LQÀQLWD�GH�SRQWRV� FUtWLFRV��(VWD�
VLWXDomR�p�DWtSLFD��4XDOTXHU�SHUWXUEDomR��FDXVDGD�SRU�XP�SH-
TXHQR�DEDOR�VtVPLFR��IDUi�FRP�TXH�R�SODQDOWR�VH�LQFOLQH�PXLWR�
OLJHLUDPHQWH�H�D�IXQomR f�SDVVH�D�WHU�XP�~QLFR�Pi[LPR�ORFDO�
RQGH�DQWHV�H[LVWLD�R�SODQDOWR��9HMD�D�ÀJXUD���

�,9��$VVXPLPRV�TXH�WRGRV�RV�SRQWRV�FUtWLFRV�GH�I�VmR�QmR�GHJHQH-
rados��&KDPD�VH�sela degenerada�D�XPD�VHOD�RQGH�WUrV�RX�PDLV�
UHJL}HV�VH�FRQHFWDP�QXP�LVWPR�P~OWLSOR��ORJR�TXH�R�PDU�GHV-
FH�DEDL[R�GR�QtYHO�FUtWLFR��9HMD�GRLV�H[HPSORV�QD�ÀJXUD����$R�
SHUWXUEDU�HVWDV�VHODV��SHQVH�QXP�DEDOR�VtVPLFR�SURYRFDQGR�
XPD�SHTXHQD�SHUWXUEDomR�DOHDWyULD�QR�JUiÀFR�GH�f��GXDV�RX�
PDLV�VHODV��QmR�GHJHQHUDGDV��DSDUHFHP�QR�OXJDU�GD�VHOD�GH-
JHQHUDGD�RULJLQDO��9HMD�QD�ÀJXUD���H[HPSORV�GH�SHUWXUEDo}HV�
GDV�VHODV�GD�ÀJXUD���

Figura 1: Um ponto de sela.

Figura 2: À esquerda, uma função com in!nitos pontos críticos. 

À direita, uma sua pequena perturbação com um único ponto crítico.

Figura 3: Duas selas degeneradas. Figura 4: Perturbações de selas degeneradas.
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4XDQWR� DRV�Pi[LPRV� H�PtQLPRV� QmR� GHJHQHUDGRV�� VHP�
HQWUDU� HP�SRUPHQRUHV�GHPDVLDGR� WpFQLFRV�� SRGHPRV�GL]HU�
TXH�VmR�SRQWRV�FUtWLFRV�WDLV�TXH��HP�WRUQR�GHOHV��R�JUiÀFR�GH�
f�WHP�D�IRUPD�GH�XPD�VXSHUItFLH�HVIpULFD�HP�WRUQR��UHVSHWLYD-
PHQWH��GR�VHX�SRQWR�FRP�FRWD�PDLRU��SROR�QRUWH��RX�GR�VHX�
SRQWR�FRP�FRWD�PHQRU��SROR�VXO���(VWHV�SRQWRV�VmR�´UREXVWRVµ�
QR�VHQWLGR�TXH�SHUVLVWHP�SDUD�WRGD�D�SHTXHQD�SHUWXUEDomR�
GR�JUiÀFR�GH�f�

$V�KLSyWHVHV��,,,��H��,9��VmR�JHQpULFDV�
8PD�SURSULHGDGH�JHQpULFD�p�XPD�SURSULHGDGH�TXH�p�SDUWL-

OKDGD�SRU�´TXDVH�WRGDV�DV�IXQo}HVµ��,QWXLWLYDPHQWH��LVWR�VLJ-
QLÀFD�TXH�VH�WLYHUPRV�XP�VDFR�TXH�FRQWpP�WRGDV�DV�SRVVtYHLV�
IXQo}HV�VXDYHV�H�H[WUDLUPRV�DOHDWRULDPHQWH�XPD�IXQomR�GR�
VDFR��HOD�VDWLVIDUi�DV�KLSyWHVHV��,,,��H��,9��

9DPRV� FKDPDU� cume D�XP�Pi[LPR� ORFDO��SRoR� D�XP�Pt-
QLPR�ORFDO��H sela�D�XP�SRQWR�FUtWLFR�GH�WLSR�VHOD��8P�QtYHO�

�GL]�VH�regular�VH�R�FRQMXQWR�GH�QtYHO� �QmR�WLYHU�SRQ-
WRV�FUtWLFRV��,PDJLQH�c�FRPR�R�QtYHO�GR�PDU��4XDQGR�c�p�XP�
QtYHO�UHJXODU��GHVLJQDPRV�SRU� ��UHVS��  e �� 
R�Q~PHUR�GH�FXPHV�� UHVS�� VHODV�H�SRoRV��HP� ��$V�compo-
nentes conexas de � VmR�DV� UHJL}HV��DV� LOKDV��HP�TXH�  se 
GHFRPS}HP��$QDORJDPHQWH��DV�FRPSRQHQWHV�FRQH[DV�GH�
VmR�DV� F́XUYDVµ�GR� FRQMXQWR�GH�QtYHO� ��$�ÀJXUD��� LOXVWUD�
HVWHV�FRQFHLWRV��6HMDP�DJRUD

(VWDPRV�DJRUD�SURQWRV�SDUD�HQXQFLDU�H�SURYDU�R�UHVXOWDGR�
SULQFLSDO�GHVWH�DUWLJR�

Teorema 6HMD�I�[�\��XPD�IXQomR�HP� �VDWLVID]HQGR�DV�KLSy-
WHVHV��,���,,���,,,��H��,9���(QWmR��SDUD�WRGR�R�QtYHO�UHJXODU�

       
      

���

$�ÀJXUD���H�D� WDEHOD�VHJXLQWH� LOXVWUDP�HVWH�UHVXOWDGR�QD�
HPHUVmR�GXPD�LOKD�FRP�XP�FXPH��XPD�VHOD�H�XP�SRoR��GH-
VHQURODGD�HP�WUrV�HWDSDV��$��%�H�&�

(WDSD�$ � � � � � � �
(WDSD�% � � � � � � �
(WDSD�& � � � � � � �

9DPRV�VXSRU��SDUD�VLPSOLÀFDU��TXH�FDGD�QtYHO�FUtWLFR�GH f 
WHP�XP�~QLFR�SRQWR�FUtWLFR��(VWD�p�XPD�KLSyWHVH�IiFLO�GH�FRQ-

Figura 5: Ilhas e lagos.

WRUQDU�� SHOR� TXH�QmR� p� QHFHV-
ViULR�DVVXPL�OD�QR�HQXQFLDGR�
GR�WHRUHPD��4XDQGR�c�GHFUHV-
FH��DV�PXGDQoDV�´JHRJUiÀFDVµ�
TXDOLWDWLYDV� FRUUHVSRQGHP� D�
PXGDQoDV�QD�´WRSRORJLDµ�GRV�
FRQMXQWRV� �� TXH� VmR� GHWH-
WDGDV� SRU� YDULDo}HV� GRV� Q~-
meros  e ��(VWDV�
PXGDQoDV� RFRUUHP� GH� FDGD�
YH]�TXH�R�QtYHO�GR�PDU�c des-
FH� DEDL[R� GXP� QtYHO� FUtWLFR��
7HPRV� DVVLP� R� ´QDVFLPHQWR�
GXPD� LOKDµ� TXDQGR� c passa 
SHOR� QtYHO� GXP� FXPH�� WHPRV�
D� ´HPHUJrQFLD� GXP� LVWPRµ�
TXDQGR�c�FUX]D�R�QtYHO�GXPD�
VHOD�� H� R� ´GHVDSDUHFLPHQWR�
GXP� ODJRµ� TXDQGR� c� GHVFH�
DEDL[R�GR�QtYHO�GXP�SRoR��6H�
DJRUD�YLUPRV�TXH�HP�FDGD�XP�
GHVWHV�WUrV�FDVRV�DV�UHODo}HV�����
VmR�SUHVHUYDGDV��SRU�XP�DUJX-
PHQWR� LQGXWLYR� HODV� WHUmR� GH�
SHUPDQHFHU� VHPSUH� YiOLGDV��Figura 6: Emersão duma ilha.
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1RV�WUrV�FDVRV�TXH�YDPRV�DQDOLVDU�� �GHVLJQDUi�XP�QtYHO�FUtWLFR��
c e FХ�VHUmR�GRLV�QtYHLV�UHJXODUHV�WDLV�TXH� ��VHQGR�   
R�~QLFR�QtYHO�FUtWLFR�HQWUH�c e FХ��2V�Q~PHURV�  e  
UHSRUWDP�VH�DR�FRQMXQWR� ��L�H��� ��HWF���HQTXDQ-
WR�RV�Q~PHURV�  e �VH�UHIHUHP�DR�FRQMXQWR� ��
L�H��� ��HWF��9DPRV�GHVFUHYHU�RV�YiULRV�FDVRV�SRVVt-
YHLV��GHL[DQGR�DR�OHLWRU�D�YHULÀFDomR�HP�FDGD�FDVR�GH�TXH�VH�

�VDWLVID]HP������HQWmR�WDPEpP�   
VDWLVID]HP�����

1R�´QDVFLPHQWR�GXPD�LOKDµ�DSDUHFH�XPD�QRYD�LOKD�PDV�
QHQKXP�ODJR�QRYR��SHOR�TXH� ��3RU�
RXWUR� ODGR�� � FRQWHP� DSHQDV�PDLV� XP� FXPH� GR� TXH� ��
SHOR�TXH�

1R� ´GHVDSDUHFLPHQWR� GXP� ODJRµ�� R� Q~PHUR� GH� LOKDV�
PDQWpP�VH�� KDYHQGR� DSHQDV� PHQRV� XP� ODJR�� SHOR� TXH�

��3RU�RXWUR�ODGR�� �FRQWpP�DSH-
QDV�PDLV�XP�SRoR�GR�TXH� ��SHOR�TXH

   
1D� ´HPHUJrQFLD� GXP� LVWPRµ�� WHPRV� GRLV� FDVRV� D�

FRQVLGHUDU�� 6H� R� LVWPR� OLJD� GXDV� LOKDV� GLVWLQWDV�� WHPRV� 
 ��&RPR� �FRQWpP�DSHQDV�PDLV�XPD�

VHOD�GR�TXH� ��VHJXH�TXH�  
6H�R�LVWPR�OLJD�GRLV�FDERV�GD�PHVPD�LOKD��WHPRV�D�IRUPDomR�
GXP�ODJR��PDQWHQGR�VH�LQDOWHUDGR�R�Q~PHUR�GH�LOKDV��3RGH�
WDPEpP�DFRQWHFHU�TXH�R�LVWPR�OLJXH�GRLV�FDERV�GXP�ODJR�
RX�PDU�LQWHULRU��TXH�DVVLP�VH�GLYLGH�DR�PHLR��(P�TXDOTXHU�
FDVR��R�Q~PHUR�GH�LOKDV�PDQWpP�VH�H�R�Q~PHUR�GH�ODJRV�YHP�
DFUHVFLGR�GXPD�XQLGDGH��SHOR�TXH�  ��
&RPR� �FRQWpP�DSHQDV�PDLV�XPD�VHOD�GR�TXH� ��VHJXH�
TXH� �

Ш
2� UHVXOWDGR� DQWHULRU� OHPEUD� D� FRQKHFLGD� fórmula de Eu-

ler�SDUD�SROLHGURV�FRQYH[RV���F�ï�A + V� ����RQGH�) ��IDFHV�� 
9 ��DUHVWDV��9 ��YpUWLFHV�GR�SROLHGUR���R�TXH�QmR�p�SRU�PHUD�
FRLQFLGrQFLD�� $PEDV� DV� IyUPXODV� GHVFUHYHP� D� ´WRSRORJLDµ�
GXP�FHUWR�REMHWR��GRV�SROLHGURV�QR�FDVR�GD�IyUPXOD�GH�(XOHU��
H�GD�UHJLmR�HPHUVD� �QR�FDVR�GD�IyUPXOD�GH�0RUVH��2�Q~PH-
UR���p�R�YDORU�GD�característica de Euler�GH�WRGRV�RV�SROLHGURV�
FRQYH[RV��XP�LPSRUWDQWH�LQYDULDQWH�WRSROyJLFR�TXH�UHÁHWH�R�
IDFWR�GH�HVWHV�REMHWRV��VH�RV�LPDJLQDUPRV�GH�ERUUDFKD��SRGH-
UHP�VHU� WRGRV�GHIRUPDGRV�GH� IRUPD�FRQWtQXD�QXPD�HVIHUD��
2V�Q~PHURV�  e �VmR�WDPEpP�LQYDULDQWHV�WRSR-
OyJLFRV�GH� ��FRQKHFLGRV�FRPR�RV�Q~PHURV�GH�%HWWL de �

2� WHRUHPD�HQXQFLDGR�SRGH�VHU�JHQHUDOL]DGR�D�FRQWH[WRV�
PDLV�JHUDLV��(P�SDUWLFXODU��SRGHPRV� VXEVWLWXLU�R�SODQR�  
SRU�XPD�VXSHUItFLH�FRPSDFWD��R�TXH�QRV�SHUPLWH�SDVVDU�GH�
XP�UHVXOWDGR�HVVHQFLDOPHQWH�ORFDO�D�XP�TXH�WHP�HP�FRQWD�D�
WRSRORJLD�GD�WRWDOLGDGH�GD�VXSHUItFLH��2�DGMHWLYR� F́RPSDFWDµ�
UHIHUH�VH�DR�IDFWR�GH�D�VXSHUItFLH�VHU�OLPLWDGD�H�GH�FRQWHU�WR-
GRV�RV�VHXV�SRQWRV�GH�IURQWHLUD��LVWR�p��RV�SRQWRV�TXH�SRGHP�
VHU� DSUR[LPDGRV� WDQWR� TXDQWR� VH� TXHLUD� SRU� SRQWRV�GD� VX-
SHUItFLH���3HQVH�VH��SRU�H[HPSOR��QD�VXSHUItFLH�GH�XPD�HVIHUD��
RX�QD�VXSHUItFLH�GH�XP�donut��RX�QD�GH�XP�RLWR�´LQVXÁDGRµ��
RX��DLQGD��QXP�GLVFR�FRP�D�FLUFXQIHUrQFLD�GR�ERUGR�LQFOXt-
GD��$QDORJDPHQWH�DR�IHLWR�DFLPD�TXDQGR�GHVFUHYHPRV�D�RUR-
JUDÀD�ORFDO�GR�SODQHWD�DWUDYpV�GH�XPD�IXQomR�GHÀQLGD�QXP�
SODQR��SRGHPRV�GHVFUHYHU�D�VXD�RURJUDÀD�JOREDO�XWLOL]DQGR�
XPD�IXQomR�TXH�PHGH�D�FRWD�GRV�VHXV�SRQWRV�UHODWLYDPHQWH�j�
VXSHUItFLH�TXH�DSUR[LPD�D�IRUPD�PpGLD�GR�DVWUR��QR�FDVR�GD�
7HUUD��HVWD�VXSHUItFLH�VHUi�XPD�HVIHUD�FXMR�UDLR�p�R�UDLR�PpGLR�
GR�QRVVR�SODQHWD��

$�SULPHLUD�UHODomR�GR�WHRUHPD�HQXQFLDGR�SHUPDQHFH�Yi-
OLGD�SDUD�IXQo}HV�GHÀQLGDV�HP�VXSHUItFLHV�FRPSDFWDV�VH�QD�
IyUPXOD�XVDUPRV� �HP�YH]�GH� ��1R�FDVR�HP�
TXH�D�VXSHUItFLH�M�p�FRPSDFWD�H�RULHQWiYHO1��RV�Q~PHURV�GH�
%HWWL�SDUD�XPD�SRGHP�VHU�FDUDFWHUL]DGRV�GR�PRGR�VHJXLQWH��

�p�R�Q~PHUR�GH�FRPSRQHQWHV�FRQH[DV�GH�M�� � p�
R�PDLRU�Q~PHUR�GH� F́RUWHVµ�TXH�SRGHPRV�ID]HU�VHP�GLYLGLU�
M� HP�GXDV� FRPSRQHQWHV� VHSDUDGDV��&DGD� F́RUWHµ�GHYH� VHU�
HIHWXDGR�DR�ORQJR�GXPD�FXUYD�VLPSOHV��LVWR�p��VHP�DXWRLQWHU-
VHFo}HV�� IHFKDGD��RX�GXPD�FXUYD�VLPSOHV�DEHUWD�HQWUH�GRLV�
SRQWRV�GR�ERUGR�GH�M��)LQDOPHQWH��  se M�QmR�WLYHU�
ERUGR��H� �QR�FDVR�FRQWUiULR��6H�M�IRU�XP�GLVFR�RX�
XP�UHWkQJXOR��HQWmR� ��SRUTXH�WRGR�R�FRUWH�GLYLGH�
M�HP�GXDV�SDUWHV��6H�M�IRU�R�WRUR��HQWmR� �SRUTXH�
FRUWDQGR�M�DR�ORQJR�GRV�GRLV�FtUFXORV�RUWRJRQDLV�LQGLFDGRV�
QD�ÀJXUD���REWHPRV�XP�´UHWkQJXORµ��TXH�QmR�SRGH�PDLV�VHU�
FRUWDGR�VHP�VHU�VHSDUDGR��,PDJLQH�DJRUD�XP�SODQHWD�ÀFWtFLR�
QD�IRUPD�GXP�WRUR��FRP�XPD�RURJUDÀD�j�VXD�HVFROKD��H�SUR-
FXUH�YHULÀFDU�D�YDOLGDGH�GR�WHRUHPD�

2�WHRUHPD�p�DLQGD�YiOLGR�HP�VXSHUItFLHV�GH�GLPHQVmR�À-
QLWD�DUELWUiULD��H�PHVPR�GH�GLPHQVmR�LQÀQLWD��VRE�KLSyWHVHV�
DGHTXDGDV��1D�VXD�HVVrQFLD�� D�7HRULD�GH�0RUVH�PRVWUD�QRV�
FRPR�D�WRSRORJLD�GXPD�VXSHUItFLH�FRQGLFLRQD��H�p�DR�PHVPR�
WHPSR�FRQGLFLRQDGD��SHOR�Q~PHUR�H�R�WLSR�GH�SRQWRV�FUtWLFRV�
GXPD�IXQomR�VXDYH�VREUH�HOD�GHÀQLGD��$�7HRULD�GH�0RUVH��H�
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DV�VXDV�P~OWLSODV�JHQHUDOL]Do}HV�HQTXDGUDP�VH�H�H[SDQGHP�
R� FKDPDGR�&iOFXOR� GDV�9DULDo}HV� FRP�XP� DUVHQDO� GH� QRYDV�
WpFQLFDV��1R� VHX� WUDEDOKR� >�@�� DOpP� GH� HVWDEHOHFHU� DV� EDVHV�
GHVWD� WHRULD��0��0RUVH� ID]� XPD� EHOD� DSOLFDomR� j� UHVROXomR�
GXP�SUREOHPD�GD�*HRPHWULD�5LHPDQQLDQD��2V�WUDEDOKRV�GH�
0��0RUVH�WLYHUDP�XP�LPSDFWR�SURIXQGR�QXPD�ERD�SDUWH�GD�
PDWHPiWLFD�GR�VpFXOR�;;��HP�iUHDV�FRPR�D�7RSRORJLD��D�*H-
RPHWULD��DV�(TXDo}HV�'LIHUHQFLDLV�H�RV�6LVWHPDV�'LQkPLFRV��
$�7HRULD�GH�0RUVH�LQÁXHQFLRX�GH�IRUPD�GHFLVLYD�R�WUDEDOKR�
GH�6WHSKHQ�6PDOH��QRPHDGDPHQWH�HP�6LVWHPDV�'LQkPLFRV��
FRPR�D�7HRULD�GRV�6LVWHPDV�0RUVH�6PDOH��H�D�7HRULD�+LSHU-
EyOLFD��H�QD�VXD�GHPRQVWUDomR�GD�&RQMHFWXUD�GH�3RLQFDUp�*H-
QHUDOL]DGD�SDUD�GLPHQVmR������SXEOLFDGD�HP�������H�TXH�DWp�
HQWmR�VH�DFUHGLWDYD�VHU�IDOVD�HP�GLPHQV}HV�VXSHULRUHV��&RPR�
FXULRVLGDGH�� UHIHULPRV�TXH�� VHJXQGR�R�SUySULR�6PDOH��XPD�
SDUWH�GHVWD�FRQMHWXUD�IRL�GHPRQVWUDGD�QD�SUDLD�GH�&RSDFDED-
QD��QR�5LR�GH�-DQHLUR��3RGH�OHU�PDLV�VREUH�D�YLGD�H�R�WUDEDOKR�
GH�6PDOH��H�DV�VXDV� OLJDo}HV�j�HVFROD�EUDVLOHLUD�GH�6LVWHPDV�
'LQkPLFRV��HP�>�@��$�YHUVmR�ÀQDO�GD�&RQMHFWXUD�GH�3RLQFDUp�
IRL�ÀQDOPHQWH�GHPRQVWUDGD� HP������SRU�*ULJRUL�3HUHOPDQ�
SDUD�D�GLPHQVmR����2�OLYUR�>�@�GH�-RKQ�0LOQRU�FRQWpP�XPD�H[-
FHOHQWH�H[SRVLomR�GR�WUDEDOKR�GH�0��0RUVH��1R�DUWLJR�GH�sur-
vey�>�@��5��%RWW��TXH�IH]�LPSRUWDQWHV�JHQHUDOL]Do}HV�GD�7HRULD�
GH�0RUVH��ID]�XPD�EHOD�VtQWHVH�GHVWD�WHRULD��2�QtYHO�GDV�GXDV�
UHIHUrQFLDV�DQWHULRUHV�GHYH�VHU�FRQVLGHUDGR�DYDQoDGR��5HFR-
PHQGDPRV�R�YtGHR�>�@�HGLWDGR�SHOD�0$$��FRP�GXDV�OLo}HV�GR�
SUySULR�0RUVH�VREUH�D�VXD�WHRULD��D�SULPHLUD�GDV�TXDLV�D�XP�
QtYHO�EDVWDQWH�HOHPHQWDU�

REFERÊNCIAS

>�@�0�0RUVH��The Foundations of a Theory of the Calculus of Varia-
tions in the Large��7UDQV��$P��0DWK��6RF���������

>�@�*��6]SLUR��$�&RQMHFWXUD�GH�3RLQFDUp��FHP�DQRV�SDUD�UHVROYHU�XP�
dos maiores problemas da matemática��*UDGLYD��������

1 Este último termo signi!ca que um caminheiro que percorra qualquer rota 
que inicie e acabe no mesmo ponto da superfície, não volta ao ponto de parti-
da de cabeça para baixo. Exemplos de superfícies não orientáveis são a !ta de 
Möbius e a garrafa de Klein.

>�@� -��0LOQRU�� ´0RUVH� 7KHRU\µ� Annals of Mathematic Studies 
$0�������������3ULQFHWRQ�8QLYHUVLW\�3UHVV�

>�@�5��%RWW��´/HFWXUHV�RQ�0RUVH�7KHRU\��2OG�DQG�1HZµ��%XOO��
Amer. Math. Soc.��1�6���9ROXPH����1XPEHU�������������������

>�@�0��0RUVH��3LWV��3HDNV�DQG�3DVVHV��0DWKHPDWLFDO�$VVRFLDWLRQ�
RI�$PHULFD��YtGHR��������

>�@� 6�6PDOH�� ´'LͿHUHQWLDEOH� '\QDPLFDO� 6\VWHPµ�� %XOO�� $P��
Math. Soc����������������������

Pedro M. Duarte licenciou-se em Matemática pela Faculdade de Ciências 
da Universidade de Lisboa, em 1985, e obteve o seu doutoramento em 
1993, na área dos Sistemas Dinâmicos, pelo Instituto de Matemática Pura 
e Aplicada no Rio de Janeiro. Atualmente é professor auxiliar no DM da 
FCUL.

Alessandro Margheri licenciou-se em Matemática pela Facoltá di Scienze 
dell’Universitá degli Studi di Firenze (Itália) em 1988. Desde o ano 2000 
é professor auxiliar do DM da FCUL. A sua área de especialização é a de 
Equações Diferenciais Ordinárias.

SOBRE OS AUTORES

Figura 7: Dissecando um toro.
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2�HVWXGR�GD�FDWySWULFD�DQWLJD� �UHÁH[mR�GH�UDLRV�YLVXDLV�H�VRODUHV�HP�HVSHOKRV�SODQRV�� FRQYH[RV�H� F{QFDYRV�� HVWi�
UHSOHWR�GH�GLÀFXOGDGHV��$V� IRQWHV�TXH�FKHJDUDP�DWp�QyV�VmR�
HP�Q~PHUR�UHGX]LGR��VRIUHUDP�LQ~PHUDV�DOWHUDo}HV�DR�ORQJR�
GRV�VpFXORV�H�DSUHVHQWDP�VLQDLV�GH�FRQWDPLQDomR�P~WXD��(QWUH�
RV�WH[WRV�VREUHYLYHQWHV��FRQWD�VH�XPD�PLVFHOkQHD�GH�SURSRVL-
o}HV�DWULEXtGDV�D�'LRFOHV��XP�H[FHUWR�LQWLWXODGR�Liber De Spe-
culis� �Livro sobre os Espelhos���TXH�VH�FRQVLGHUD�XPD� WUDGXomR�
GH�XP�RULJLQDO�GH�+HUmR��RV�OLYURV���H���GD�Óptica de Ptolemeu  
H� XP� IUDJPHQWR� SHUWHQFHQWH� D�$QWpPLR� GH� 7UDOHV�� DXWRU� GR� 
VpF��9,�G�&�

$�HVWHV�GHYH�DFUHVFHQWDU�VH�D�Catóptrica�DWULEXtGD�D�(XFOLGHV��
R�~QLFR�WUDWDGR�DSDUHQWHPHQWH�FRPSOHWR�WUDQVPLWLGR�HP�JUH-
JR��PDV�FXMDV�HVSHFLÀFLGDGHV�UHSUHVHQWDP�XP�TXHEUD�FDEHoDV�
SDUD�R�OHLWRU��7DQWR�D�FRHUrQFLD�LQWHUQD�FRPR�D�FRUUHomR�GRV�UH-
VXOWDGRV��FRPR�DLQGD�D�TXDOLGDGH�GRV�DUJXPHQWRV��HVWmR�PXL-
WR�DTXpP�GR�TXH�HQFRQWUDPRV�QRV�Elementos��R�TXH�REVFXUHFH�
D�LQWHUSUHWDomR�GD�REUD��$V�GLÀFXOGDGHV�FRPHoDP�ORJR�FRP�RV�
SRVWXODGRV�H�GHÀQLo}HV��WUDGX]LGRV�HP�EDL[R�

>�@�8P�UDLR�YLVXDO�p�XPD� OLQKD�UHWD��FXMDV�SDUWHV� LQWHUPpGLDV�FR-

EUHP�DV�H[WUHPLGDGHV�
>�@�2V�REMHWRV�TXH�VH�YHHP��YHHP�VH�HP�OLQKD�UHWD�
>�@�&RORFDGR�XP�HVSHOKR�QXP�SODQR�H�DYLVWDGD�XPD�DOWXUD�SHUSHQ-

GLFXODU�DR�SODQR��ÀFDP�HP�SURSRUomR��FRPR�D�UHWD�HQWUH�R�HVSHOKR�
H�R�REVHUYDGRU�SDUD�D�TXH�HVWi�HQWUH�R�HVSHOKR�H�D�DOWXUD�SHUSHQ-

GLFXODU��DVVLP�D� OLQKD� UHWD�GD�DOWXUD�GR�REVHUYDGRU�SDUD�D�DOWXUD�
OHYDQWDGD�SHUSHQGLFXODUPHQWH�DR�SODQR�

>�@�(P�HVSHOKRV�SODQRV��WRPDGR�R�OXJDU�RQGH�FDL�R�FDWHWR�> D�SHU-
SHQGLFXODU@�GR�REMHWR�DYLVWDGR��R�REMHWR�DYLVWDGR�GHL[D�GH�VH�YHU�
>�@�(P�HVSHOKRV�FRQYH[RV��WRPDGR�R�OXJDU�SRU�RQGH�SDVVD�D�OLQKD�
UHWD�TXH�YDL�GR�REMHWR�DYLVWDGR�DR�FHQWUR�GD�HVIHUD��R�REMHWR�DYLVWD-

GR�GHL[D�GH�VH�YHU��2�PHVPR�DFRQWHFH�HP�HVSHOKRV�F{QFDYRV�
>�@�6H�VH�ODQoDU�DOJR�SDUD�XP�UHFLSLHQWH�H�VH�VH�WRPDU�XPD�GLVWkQFLD�
WDO��TXH�GHL[D�GH�VH�YHU��VH�VH�YD]DU�D�iJXD�PDQWHQGR�VH�D�GLVWkQFLD��
R�REMHWR�ODQoDGR�YHU�VH�i�QRYDPHQWH��
&RPR�VH�SRGH�YHU��R�SULPHLUR�p�XP�SULQFtSLR�GH�YLVmR�GLUHWD�

H�QmR�UHÁH[D��2�VHJXQGR�SDUHFH�UHGXQGDQWH��j�SULPHLUD�YLV-
WD��2�WHUFHLUR�GLÀFLOPHQWH�SRGH�VHU�FRQVLGHUDGR�XP�SULQFtSLR��
WUDWD�VH�GH�XP�FRPSOLFDGR�H[SHGLHQWH�SDUD�SHUPLWLU�FRQFOXLU��
QD�SULPHLUD�SURSRVLomR��D�LJXDOGDGH�GRV�kQJXORV�GH�LQFLGrQFLD�
H�GH�UHÁH[mR��YHU�ÀJ������2�~OWLPR�p�VREUH�UHIUDomR��H�QmR�UHÁH-
[mR��H�QHP�VHTXHU�p�XWLOL]DGR�QR�WUDWDGR�

$�WUDGLomR�DWULEXL�D�(XFOLGHV�XP�SHTXHQR�WUDWDGR�VREUH�UHÁH[mR�GH�UDLRV�
HP�HVSHOKRV��FRQWXGR��D�LQFRHUrQFLD�TXH�FDUDFWHUL]D�R�WUDWDGR�DIDVWD�R�
GD�SHUIHLomR�OyJLFD�GRV�Elementos��&RPR�HQWHQGHU�HVWD�GLVFUHSkQFLD"

Figura 1: Catóptrica, post. 3: GC:GA=BC:DA (B=observador; D=objeto; 
BG=raio direto; GD=raio re#etido; G=ponto de re#exão, BC/
DA=perpendiculares ao plano do espelho). Em Catóptrica, prop. 1, tira-se a 
igualdade dos ângulos F e E por Elementos 6.6.
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2�TXDUWR��WDO�FRPR�R�TXLQWR��VLPSOHVPHQWH�QmR�ID]�TXDO-
TXHU�VHQWLGR��Vy�VHQGR�YiOLGR�QR�FDVR�HVSHFtÀFR�GH�R�REVHU-
YDGRU�VH�HQFRQWUDU�QD�SHUSHQGLFXODU�WUDoDGD�GR�REMHWR�SDUD�R�
HVSHOKR��FRPR�TXDQGR�DOJXpP�REVHUYD�D�VXD�SUySULD�LPDJHP�
QXP� HVSHOKR� FRORFDGR�SHUSHQGLFXODUPHQWH� j� VXD� IUHQWH� �QD�
ÀJ�����A�Vy�GHL[D�GH�VHU�YLVtYHO�TXDQGR�VH�FRORFD�% entre D e $� 
RX�DWUiV�GH�D���-i�QD�$QWLJXLGDGH�R�SULQFtSLR�FDXVDYD�VXUSUH-
VD��+HUmR��SRU�H[HPSOR��FRUULJLX�HVWH�GLVSDUDWH��VXEVWLWXLQGR�D�
H[SUHVVmR�´OXJDU�RQGH�FDL�R�FDWHWRµ�SHOD�H[SUHVVmR�´SRQWR�GH�
UHÁH[mRµ��FI��ÀJ�����D�LPDJHP�GHL[D�GH�VHU�YLVtYHO��WDSDQGR�VH��
SRU�H[HPSOR��FRP�FHUD��R�SRQWR�G��H�QmR�R�SRQWR�A���e�GLItFLO�
SHUFHEHU�R�TXH�R�DXWRU�GR�WH[WR�GD�Catóptrica�WHP�HP�PHQWH�

1R�HQWDQWR��DTXLOR�TXH�SDUD�QyV�SDUHFH�DEVXUGR��QmR�GHYH�
Wr�OR�VLGR�SDUD�RV�DXWRUHV�DQWLJRV��FXMRV�WH[WRV�DSUHVHQWDP�IRU-
PXODo}HV�HTXLYDOHQWHV�XWLOL]DGDV�QR�HVWXGR�GH�IHQyPHQRV�DV-
WURQyPLFRV��FRPR��SRU�H[HPSOR��GRV�HFOLSVHV��2�HFOLSVH�GR�VRO�
HUD�PXLWDV�YH]HV�GHÀQLGR�FRPR�REVWUXomR�GR�QRVVR�UDLR�YLVXDO�
SHOD�OXD��R�HFOLSVH�GD�OXD��FRPR�D�LQWHUVHomR��SHOD�WHUUD��GD�UHWD�
TXH�YDL�GR�FHQWUR�GR�VRO�DR�FHQWUR�GD� OXD�TXDQGR�RV� WUrV�VH�
HQFRQWUDP�DOLQKDGRV��(LV��D�WtWXOR�GH�H[HPSOR��XP�LQWHUHVVDQ-
WH�SDVVR�GH�*pPLQR��VpF��,�G�&����TXH�DSOLFD�D�OLQJXDJHP�GRV�
SRVWXODGRV�QXP�FRQWH[WR�GH�YLVmR�GLUHWD�

���RV�HFOLSVHV�QmR�VmR�LJXDLV�SDUD�WRGRV�RV�REVHUYDGRUHV��DQWHV�KD-

YHQGR�JUDQGHV�YDULDo}HV�QD�JUDQGH]D�GRV�HFOLSVHV��GH�DFRUGR�FRP�
DV�GLIHUHQoDV�GRV�FOLPDV��$R�PHVPR�WHPSR��R�VRO�HVWi�FRPSOHWD-

PHQWH�HFOLSVDGR�SDUD�DOJXQV��PHLR�HFOLSVDGR�SDUD�RXWURV��PHQRV�
GH�PHLR� SDUD� RXWURV�� SDUD� RXWURV� DLQGD�� QHQKXPD� SDUWH� GR� VRO�
VH�Yr� HFOLSVDGD��3DUD�RV�TXH� VH� HQFRQWUDP�QR� FDWHWR�GHEDL[R�GD�
REVWUXomR�R�VRO�HVWi�FRPSOHWDPHQWH�LQYLVtYHO��SDUD�RV�TXH�VH�HQFRQ-

WUDP�SDUFLDOPHQWH�IRUD�GD�REVWUXomR��XPD�SDUWH�GR�VRO�ÀFD�HFOLSVD-

GD��SDUD�RV�TXH�HVWmR�IRUD�GD�REVWUXomR��QHQKXPD�SDUWH�GR�VRO�VH�
Yr�HFOLSVDGD��,QWURGXomR�DRV�)HQyPHQRV��F������
$V� IRQWHV� DQWLJDV� VXJHUHP� TXH� RV� PDWHPiWLFRV� DQWLJRV�

�FRPR�$ULVWDUFR�� VHJXQGR�DÀUPDomR�GH�9LWU~YLR�� FRQVLGHUD-
YDP� D� OXD� FRPR� XP� HVSHOKR��1DGD�PDLV� QDWXUDO�� SRUWDQWR��
GR� TXH� WHQWDU� OHU� QR� SHTXHQR� WUDWDGR� GH� (XFOLGHV� �VHMD� QRV�
SULQFtSLRV��VHMD�QDV�SURSRVLo}HV��DUJXPHQWRV�HODERUDGRV�SDUD�
VHUYLUHP�WDPEpP�QR�GRPtQLR�GD�DVWURQRPLD��(�LVWR�ID]�SDUWH�
GD� LQYHVWLJDomR�HP�KLVWyULD�GD�PDWHPiWLFD�DQWLJD��DODUJDU�R�
FRQWH[WR�SDUD�Oi�GRV�WH[WRV�HVWULWDPHQWH�PDWHPiWLFRV��SRUTXH�
RV�PHQRV�WpFQLFRV�SRGHP��SRU�YH]HV��VHU�VXUSUHHQGHQWHPHQWH�
LQIRUPDWLYRV�

REFERÊNCIAS:

2�WH[WR�JUHJR�GH�UHIHUrQFLD�GD�Catóptrica�GH�(XFOLGHV�FRQWLQXD�
D�VHU�R�GH�-�/��+HLEHUJ�H�+HLQULFK�0HQJH��Euclidis Opera Om-
nia.�9RO�����2SWLFD��2SWLFRUXP�5HFHQVLR�7KHRQLV��&DWRSWULFD� FXP�
VFKROLLV� DQWLTXLV�� /HLS]LJ�� 7HXEQHU�� ������� 6REUH� D� FDWySWULFD�
DQWLJD��GRLV�GRV�WtWXORV�IXQGDPHQWDLV��FRP�ELEOLRJUDÀD�FRP-
SOHWD�VREUH�R�WHPD��VmR�RV�GH�$��0DUN�6PLWK��3WROHP\·V�7KHRU\�
RI�9LVXDO�3HUFHSWLRQ��3KLODGHOSKLD��$PHULFDQ�3KLORVRSKLFDO�6R-
FLHW\��������H�.HQ·LFKL�7DNDKDVKL��The Medieval Latin Traditions 
of Euclid’s Catoptrica��.\XVKX�8QLYHUVLW\�3UHVV���������*pPLQR�
PHUHFHX�DWHQomR�UHFHQWHPHQWH��WHQGR�VLGR�WUDGX]LGR�SDUD�LQ-
JOrV��(YDQV��-DPHV��%HUJJUHQ��-��/HQQDUW��Geminos’s Introduction 
WR� WKH�3KHQRPHQD��3ULQFHWRQ�8QLYHUVLW\�3UHVV��������H� IUDQFrV�
�$XMDF��*HUPDLQH��*HPLQRV��,QWURGXFWLRQ�DX[�3KpQRPqQHV��3DULV��
/HV�%HOOHV�/HWWUHV��������
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1 Traduzido do original publicado em acesso livre em http://blog.kleinproject.org como uma Klein vignette. Tradução de Teresa Caissotti. 
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1. IMAGENS BINÁRIAS  

EM ESCALAS DE CINZENTO E DE CORES

$V�LPDJHQV�TXH�Yr�QDV�SiJLQDV�GD�,QWHUQHW�RX�DV�IRWRJUDÀDV�
TXH�WLUD�FRP�R�WHOHPyYHO�VmR�H[HPSORV�GH�LPDJHQV�GLJLWDLV��e�
SRVVtYHO� UHSUHVHQWDU�HVWH� WLSR�GH� LPDJHQV�SRU�PDWUL]HV��3RU�
H[HPSOR��D�LPDJHP�GR�*DWR�)pOL[��SRGH�VHU�UHSUHVHQWDGD�SRU�
XPD�PDWUL]���йðй���RQGH�RV�HOHPHQWRV�VmR�RV�Q~PHURV���H����
(VWHV�Q~PHURV�HVSHFLÀFDP�D�FRU�GH�FDGD�St[HO��St[HO�p�R�PH-
QRU�HOHPHQWR�JUiÀFR�GH�XPD�LPDJHP�PDWULFLDO��R�TXDO�SRGH�
WRPDU�DSHQDV�XPD�FRU�GH� FDGD�YH]���R�Q~PHUR��� LQGLFD� FRU�
SUHWD�H�R�Q~PHUR����FRU�EUDQFD��$V�LPDJHQV�GLJLWDLV�TXH�XVDP�
DSHQDV�GXDV�FRUHV�VmR�FKDPDGDV�imagens binárias ou imagens 
booleanas�

$V�LPDJHQV�HP�HVFDODV�GH�FLQ]HQWR�WDPEpP�SRGHP�VHU�UH-
SUHVHQWDGDV�SRU�PDWUL]HV��&DGD�HOHPHQWR�GD�PDWUL]�GHWHUPL-
QD�D�LQWHQVLGDGH�GR�St[HO�FRUUHVSRQGHQWH��3RU�FRQYHQLrQFLD��
D�PDLRULD�GRV�ÀFKHLURV�GLJLWDLV�XVD�Q~PHURV�LQWHLURV�HQWUH���
�TXH�LQGLFD�D�FRU�FRP�PHQRU�LQWHQVLGDGH��R�SUHWR��H������TXH�
LQGLFD�D�FRU�FRP�PDLRU�LQWHQVLGDGH��R�EUDQFR���R�TXH�Gi�XP�
WRWDO�GH����� ����HVFDODV�GLIHUHQWHV�GH�FLQ]HQWR2�

,PDJHQV�FRORULGDV��SRGHP�VHU�UHSUHVHQWDGDV�SRU�WUrV�PD-
WUL]HV�� &DGD� PDWUL]� HVSHFLÀFD� D� TXDQWLGDGH� GH� YHUPHOKR��
YHUGH� H� D]XO� TXH� FRPS}H� D� LPDJHP��(VWH� VLVWHPD�GH� FRU� p�
FRQKHFLGR� FRPR�R(ed) G(reen) B(lue)3�� 2V� HOHPHQWRV� GHVWDV�
PDWUL]HV�VmR�Q~PHURV� LQWHLURV�HQWUH���H������H�GHWHUPLQDP�
D�LQWHQVLGDGH�GR�St[HO�FRP�UHVSHLWR�j�FRU�GD�PDWUL]��$VVLP��
QR�VLVWHPD�5*%�p�SRVVtYHO�UHSUHVHQWDU����й�� ��й��� ����������
FRUHV�GLIHUHQWHV�

ASUHQGD�QHVWD�Klein vignette  
R�TXH�WrP�FRPXP��DOpP�GR�QRPH��

D�HVWUHOD�GH�FLQHPD�GH�DQLPDomR�
GRV�DQRV����*DWR�)pOL[�H�R�FpOHEUH�
PDWHPiWLFR�GR�VpFXOR�;;�)HOL[�
.OHLQ��)LTXH�WDPEpP�D�VDEHU�FRPR�
WUDQVIRUPDU�R�UHWUDWR�GD�0RQD�/LVD� 
QD�VXD�YHUVmR�HP�/HJR�

2 Este número de escalas de cinzento é su!ciente para trabalhar, por 
exemplo, com imagens nas páginas da WEB. No entanto, existem certas 
aplicações especí!cas que necessitam de um maior número de escalas de 
cinzento de modo a poderem reproduzir imagens com maior detalhe e 
evitar erros de arredondamento em cálculos numéricos, como por exem-
plo é o caso de imagens médicas.
3 Existem muitos outros sistemas de cor que são usados conforme a apli-
cação: CMYK (para imprimir), Y’IQ (para as transmissões de TV analógica 
em NTSC, etc.) 
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G B
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Figura 1

Figura 2

Figura 3

2. PROCESSAMENTO DIGITAL DA IMAGEM  

E OPERAÇÕES COM MATRIZES

8PD� YH]� TXH� XPD� LPDJHP� GLJLWDO� SRGH� VHU� UHSUHVHQWDGD�
SRU�PDWUL]HV�� SRGHPRV� SHUJXQWDU� GH� TXH�PDQHLUD� DV� RSH-
UDo}HV� UHDOL]DGDV� QDV� PDWUL]HV� SRGHUmR� DIHWDU� D� LPDJHP�� 
3RU�H[HPSOR��QD�ÀJXUD����VH�FRQVLGHUDUPRV�D�LPDJHP�ELQiULD�A 
UHSUHVHQWDGD�SHOD�PDWUL]� ��HQWmR�D�LPDJHP�%�FRUUHV-
SRQGHQWH�j�PDWUL]�WUDQVSRVWD�GH�A�p� �� 
$�LPDJHP�H��SRU�VXD�YH]��FRUUHVSRQGH�j�PDWUL]� �� 
7HQWH�GHVFREULU�D�UHODomR�PDWULFLDO�HQWUH�D�LPDJHP�A e as ou-
WUDV�LPDJHQV�

2XWUR�H[HPSOR��ÀJXUD�����VH�GHWHUPLQDUPRV�D�PpGLD�DULW-
PpWLFD�GDV�PDWUL]HV�FRPSRQHQWHV�5��* e %�GH�XPD�LPDJHP�
D�FRUHV�GH�A��REWHUHPRV�XPD�YHUVmR�GD�LPDJHP�HP�HVFDODV�
GH�FLQ]HQWR��RV�YDORUHV�QmR�LQWHLURV�VmR�DUUHGRQGDGRV�SDUD�R�
LQWHLUR�PDLV�SUy[LPR��
0DLV�XP�H[HPSOR��XVDQGR�D�PXOWLSOLFDomR�SRU�XP�HVFDODU�

H�D�VRPD�GH�PDWUL]HV��p�SRVVtYHO�FULDU�XPD�LPDJHP�FRP�HIHL-
WRV�GH�WUDQVLomR��(VWH�WLSR�GH�LPDJHQV�p�JHUDOPHQWH�XVDGR�QDV�
DSUHVHQWDo}HV�HP�3RZHU3RLQW��0DLV�SUHFLVDPHQWH��FRQVLGHUDQ-
GR�GXDV�LPDJHQV�HP�HVFDODV�GH�FLQ]HQWR�FRP�R�PHVPR�WDPD-
QKR��UHSUHVHQWDGDV�SRU�GXDV�PDWUL]HV�A e Z��3DUD�FDGD�HVFDODU�
�Q~PHUR�UHDO��t�QR�LQWHUYDOR�>����@�GHÀQLPRV�D�VHJXLQWH�PDWUL]

����������������������������
5HSDUH�VH�TXH�M���� �A e M���� �Z�H��SDUD�FDGD�t�HQWUH���H�

���RV�HOHPHQWRV�GD�PDWUL]�M(t)�HVWmR�HQWUH�RV�HOHPHQWRV�GDV�
PDWUL]HV�A e Z��3RUWDQWR��TXDQGR�t�YDULD�GH���D����D�PDWUL]�M(t) 
YDULD�GH�A a Z��1R�FDVR�GH�LPDJHQV�FRORULGDV��D�WUDQVIRUPD-
omR�DSUHVHQWDGD�HP�����GHYH�VHU�DSOLFDGD�jV�PDWUL]HV�5��*��%�
TXH�FRPS}HP�FDGD�LPDJHP��YHU�ÀJXUD����

$� PXOWLSOLFDomR� GH� PDWUL]HV� WHP� WDPEpP� DSOLFDomR� QR�
SURFHVVDPHQWR� GH� LPDJHQV� GLJLWDLV�� $SHVDU� GH� R� SUy[LPR�
H[HPSOR�VHU�PDLV�HODERUDGR��XWLOL]D�FRQKHFLPHQWRV�GH�ÉOJH-
EUD�/LQHDU�HVWXGDGRV�QR�HQVLQR�VXSHULRU���DFUHGLWDPRV��TXH�
PHVPR�DVVLP�VHUi�GR�LQWHUHVVH�GR�OHLWRU��Mi�TXH�HVWD�DSOLFDomR�
GHULYD�GD�KDELOLGDGH�GH�GHFRPSRU� D�PDWUL]� FRPR�XP�SUR-
GXWR�GH�PDWUL]HV� FRP�XPD� HVWUXWXUD� HVSHFLDO��2V�GHWDOKHV�
RPLWLGRV�SRGHUmR�VHU�HQFRQWUDGRV�QDV�UHIHUrQFLDV�>/D\������@�
H� >3RROH�� ����@��&RQVLGHUHPRV�XPD�GHFRPSRVLomR� HP�YDOR-
UHV�VLQJXODUHV��'96���TXH�FRQVLVWH�HP�HVFUHYHU�D�PDWUL]�  
FRPR�SURGXWR�GH�WUrV�PDWUL]HV

onde U e V�VmR�ortogonais��LVWR�p��  e �VmR�DV�PDWUL]HV�
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 �������Q~PHURV�TXH�WrP�GH�VHU�HQYLDGRV���'HSRLV�GH�UHFH-
EHU�HVWHV�GDGRV�QR�ODERUDWyULR�GD�7HUUD��p�FDOFXODGD�D�PDWUL]�

�� R� TXH� QRV� Gi� DSUR[L-
PDGDPHQWH�D�LPDJHP�RULJLQDO�

9HMDPRV�XP�H[HPSOR��D� IRWRJUDÀD��QD�ÀJXUD��$�HP�EDL-
[R�� GR� PDWHPiWLFR� &KULVWLDQ� )HOL[� .OHLQ� ������������ WHP� 
����ð����� ��������St[HOV�

3DUD�D�GHFRPSRVLomR�'96�GD�FRUUHVSRQGHQWH�PDWUL]�GHVWD�
LPDJHP��SRGHPRV�FDOFXODU�DV�PDWUL]HV�

 
para r� ���������������(VWDV�PDWUL]HV�JHUDP�DSUR[LPDGDPHQWH�D�
LPDJHP�RULJLQDO��LOXVWUDGD�QD�ÀJXUD��%�HP�EDL[R�

$�LPDJHP�RULJLQDO�FRUUHVSRQGH�DR�FDVR�r� ������,PSUHV-
VLRQDQWH�

3. OUTRAS APLICAÇÕES

2�SURFHVVDPHQWR�GLJLWDO�GH�LPDJHQV�WHP�YDULDGtVVLPDV�DSOL-
FDo}HV�� FRPR��SRU�H[HPSOR��QD�GHWHomR�UHPRWD�GH� LPDJHQV��
QD�WUDQVPLVVmR�GH�GDGRV��HP�PHGLFLQD��HP�UREyWLFD��QD�YL-
VmR� FRPSXWDFLRQDO�� QD� LQG~VWULD� FLQHPDWRJUiÀFD�� HWF�� (P�
SDUWLFXODU�QD�GHWHomR� UHPRWD�� DV� LPDJHQV�DGTXLULGDV�SHORV�
VDWpOLWHV� VmR�~WHLV�SDUD�PRQLWRUL]DU� UHFXUVRV�QDWXUDLV��SDUD�
ÀQV�FDUWRJUiÀFRV�H�GH�DQiOLVH�GR�FUHVFLPHQWR�XUEDQR��H�HP�
PXLWDV�RXWUDV�DSOLFDo}HV�DPELHQWDLV��1D�WUDQVPLVVmR�GH�LPD-
JHQV��WHPRV�FRPXQLFDo}HV�SRU�YLD�ID[��UHGHV��,QWHUQHW�H�FLU-
FXLWR�IHFKDGR�GH�79�SDUD�VHJXUDQoD��(P�DSOLFDo}HV�PpGLFDV��
WHPRV�SURFHVVDPHQWR�GH�LPDJHP�GH�UDLRV�;��DV�LPDJHQV�GH�
SURMHomR�GD�WRPRJUDÀD�D[LDO��UDGLRORJLD��UHVVRQkQFLD�PDJQp-
WLFD�QXFOHDU��501��H�XOWUDVVRP�GH�GLJLWDOL]DomR�

&HUWRV�PpWRGRV�GH�DTXLVLomR�H�WUDQVPLVVmR�SRGHP�JHUDU�
DOJXP�́ UXtGRµ�QD�LPDJHP��2�ÀOWUR�GH�PHGLDQD�p�XPD�WpFQLFD�
GH�SURFHVVDPHQWR�GD� LPDJHP�XVDGR�SDUD�UHPRYHU�RX�SDUD�

LGHQWLGDGH�GH�GLPHQVmR�PйðйP e QйðйQ�� UHVSHWLYDPHQWH��H�S p�
XPD�PDWUL]�FXMRV�HOHPHQWRV� �VmR� LJXDLV�D�]HUR�SDUD�  
e  �� FRP� k = min ̂P��Q �̀� 6HJXH�VH� XP�
H[HPSOR�GH�XPD�GHFRPSRVLomR�'96

0RVWUD�VH� TXH� TXDOTXHU�PDWUL]� DGPLWH� XPD� FRPSRVLomR�
'96�>/D\������@�H� >3RROH������@��$OpP�GLVVR��H[LVWHP�DOJRULW-
PRV� TXH� QRV� SHUPLWHP� FDOFXODU� HVVD� GHFRPSRVLomR� XWLOL-
]DQGR�PHLRV� FRPSXWDFLRQDLV��$� FKDYH�GR�QRVVR� H[HPSOR� p�
REVHUYDU� TXH� VH� � VmR� DV� FROXQDV� GD�PDWUL]�U e 

�DV�FROXQDV�GD�PDWUL]�V���HQWmR

4XDO�D�XWLOLGDGH�GHVWD�IyUPXOD�QR�SURFHVVDPHQWR�GLJLWDO�
GH�LPDJHQV"�6XSRQKDPRV�TXH�A�p�XPD�LPDJHP�HP�HVFDODV�
GH�FLQ]HQWR�GH�WDPDQKR������ð������WUDQVPLWLGD�D�SDUWLU�GH�
XP�VDWpOLWH�SDUD�XP�ODERUDWyULR�QD�7HUUD��(P�SULQFtSLR�R�VD-
WpOLWH�WHUi�GH�HQYLDU���PLOKmR�GH�Q~PHURV��XP�SRU�FDGD�St[HO���
$SHQDV� RV�SULPHLURV� HOHPHQWRV� �� GD�PDWUL]�S� GD�GHFRP-
SRVLomR�'96�GH�A� VmR�VLJQLÀFDWLYRV� �RV�RXWURV�VmR�´GHVSUH-
]iYHLVµ���p�HQWmR�VXÀFLHQWH�TXH�R�VDWpOLWH�HQYLH��SRU�H[HPSOR��
DSHQDV�DV����SULPHLUDV�FROXQDV�GH�U e V���H�RV����SULPHLURV�
Q~PHURV� ��QXP�WRWDO�GH�DSHQDV���� Ã����������� Ã�����������

Figura 4A B
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SOBRE OS AUTORES

4. COMENTÁRIO FINAL

2�REMHWLYR�GHVWH�WH[WR�p�R�GH�DSUHVHQWDU�XPD�DSOLFDomR�SRXFR�
FRQKHFLGD�GH�PDWUL]HV�SDUD�SURIHVVRUHV�H�DOXQRV�GR�HQVLQR�VH-
FXQGiULR��R�SURFHVVDPHQWR�GH�LPDJHQV�GLJLWDLV��e�LPSRUWDQWH�
QRWDU�TXH�DV�IHUUDPHQWDV�PDWHPiWLFDV�UHODFLRQDGDV�FRP�HVWH�
WHPD�YmR�PXLWR�SDUD�DOpP�GDV�PDWUL]HV��2�DVVXQWR�p�YDVWR��
ULFR�H�PRGHUQR��,QIHOL]PHQWH��R�OLPLWH�GH�SRXFDV�SiJLQDV�UHFR-
PHQGDGDV�SDUD�HVWH�DUWLJR�QmR�QRV�SHUPLWH�GDU�PDLV�GHWDOKHV��
&RPR�SRQWR�GH�SDUWLGD�SDUD�R�OHLWRU�PRWLYDGR�VDEHU�PDLV��UH-
FRPHQGDPRV�RV�OLYURV�>*RQ]DOH]�H�:RRGV������@�H�>*RPHV�H�
9HOKR������@�

5. REFERÊNCIAS

1R�VLWH�KWWS���ZZZ�XͿ�EU�FGPH�PDWUL[�PDWUL[�KWPO�PDWUL[�HQKWPO��
H[LVWH�XPD� VpULH�GH� DSOLFDo}HV� LQWHUDWLYDV�TXH�SHUPLWHP�H[-
SORUDU�DV�UHODo}HV�HQWUH�PDWUL]HV�H�LPDJHQV�GLJLWDLV�DSUHVHQ-
WDGDV�QHVWH�WH[WR��(QFRQWUD�VH�WDPEpP�XP�DUTXLYR�'2&�FRP�
VXJHVW}HV�GH�H[HUFtFLRV�D�VHUHP�WUDEDOKDGRV�HP�VDOD�GH�DXOD�

(VWDV�VmR�DV�UHIHUrQFLDV�FLWDGDV�QR�WH[WR��
*RPHV��-���9HOKR��/��,PDJH�3URFHVVLQJ�IRU�&RPSXWHU�*UDSKLFV�DQG�
Vision��6SULQJHU�9HUODJ�������

*RQ]DOH]��5��&���:RRGV��5��(��'LJLWDO� ,PDJH�3URFHVVLQJ��7KLUG�
(GLWLRQ��3UHQWLFH�+DOO�������

/D\��'��Linear Algebra and Its Applications��)RUWK�(GLWLRQ��$GGL-
VRQ�:HV��OH\�������

3RROH��'��Linear Algebra: A Modern Introduction��6HFRQG�(GLWLRQ��
%URRNV�&ROH�������

$�IRWRJUDÀD�GD�0RQD�/L]D�HP�/(*2�p�SURSULHGDGH�GH�0DUFR�3HFH�
8GURQRWWR��TXH�JHQWLOPHQWH�FRQFHGHX�D�SHUPLVVmR�SDUD�VHU�XVDGD�
QHVWH�WUDEDOKR�
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Figura 5

Imagem com ruído

Imagem com !ltro de mediana

Figura 6

Original Ajuste de contraste

Deteção da borda Limiar

UHGX]LU�RV�VHXV�HIHLWRV��SDUD�FDGD�HOHPHQWR�GD�PDWUL]�TXH�UH-
SUHVHQWD�D�LPDJHP��REVHUYDPRV�RV�VHXV�HOHPHQWRV�YL]LQKRV�
H��HP�VHJXLGD��FRORFDPR�ORV�QXPD�OLVWD�RUGHQDGD��2�ÀOWUR�GH�
PHGLDQD� �ÀJXUD���� FRQVLVWH�HP�HVFROKHU�R�HOHPHQWR�FHQWUDO�
GHVWD�OLVWD�H�VXEVWLWXLU�R�HOHPHQWR�HP�FDXVD�SRU�HVWH��

([LVWHP�PXLWDV�RXWUDV�WpFQLFDV�GH�SURFHVVDPHQWR�GH�LPD-
JHP�FRP�REMHWLYRV�GLIHUHQWHV��$�ÀJXUD���LOXVWUD�H[HPSORV�GH�
DMXVWH�GH�FRQWUDVWH��GHWHomR�GD�ERUGD�H�OLPLDU��
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GRACIANO %HP�� D� LGHLD� p� QmR� VHU� GHPDVLDGR�PRQyWRQR�
IDODQGR�HVWULWDPHQWH�Vy�GH�PDWHPiWLFD��4XH�DFKD"

ISABEL $FKR�yWLPR��DÀQDO�RV�PDWHPiWLFRV�VmR�SHVVRDV��ID-
]HP�RXWUDV�FRLVDV�WDPEpP��)LTXHL�FXULRVD�

MOTE

(X�TXHULD�FRQYHUVDU�VREUH�DV�PXGDQoDV�TXH�DFRQWHFHUDP�
HQWUH� RV� PDWHPiWLFRV� HP� 3RUWXJDO�� (X� HVWRX� DTXL� GHVGH�
�����H�QRWR�XPD�HQRUPH�GLIHUHQoD��$OJXPDV�FRLVDV�HVWmR�
PHOKRUHV��RXWUDV�SLRUHV�H�RXWUDV�VLPSOHVPHQWH�GLIHUHQWHV��
7HQKR�D�PLQKD�OLVWD��PDV�TXHULD�YHU�D�VXD�DQWHV��$OpP�GR�
PDLV��HX�Vy�WHQKR�LQIRUPDomR�LQGLUHWD�VREUH�FRPR�HUD�DQ-
WHV�GLVVR�

(P�3RUWXJDO�Ki�XP�JUXSR�HQRUPH�TXH�ID]�LQYHVWLJDomR�
HP�ÉOJHEUD�/LQHDU��YRFr�p�XP�GHOHV��JRVWDULD�GH�FRPHQWDU"

(P�RXWURV�SDtVHV��RV�PDWHPiWLFRV�YmR�jV� UHXQL}HV�GDV�
VRFLHGDGHV�GH�PDWHPiWLFD�GHOHV��(VWRX�SHQVDQGR�QDV�UHX-
QL}HV�GD�$06��QR�%ULWLVK�0DWKHPDWLFDO�&ROORTXLXP�RX�QR�
&ROyTXLR�%UDVLOHLUR�GH�0DWHPiWLFD��$TXL�YmR�PXLWR�SRXFR��
TXDVH�Vy�TXDQGR�VmR�FRQIHUHQFLVWDV�FRQYLGDGRV��,VWR�TXHU�
GL]HU� TXH� DTXL� QmR�Ki�XP� OXJDU� RQGH� RV�PDWHPiWLFRV� VH�
HQFRQWUHP��$OJXPD�LGHLD�GH�SRUTXH�p�DVVLP�H�GH�FRPR�LVWR�
SRGHULD�PXGDU"

6REUH�R�HQVLQR�GH�PDWHPiWLFD�QDV�HVFRODV��RV�SURJUDPDV�
VmR�PXLWR�PHQRUHV�GR�TXH�HUDP�DQWHV��RX�VmR�GLIHUHQWHV"

&RPR�p�D�YLGD�GH�XP�PDWHPiWLFR�GHSRLV�GH�DSRVHQWDGR"�
6DEiWLFD�SHUPDQHQWH"�

&RPR�IRUDP�DV�VXDV�WHPSRUDGDV�QR�%UDVLO�H�HP�0DFDX"
$FKR�TXH�LVVR�Mi�Gi�XP�ERP�FRPHoR�GH�FRQYHUVD��PDV�VH�

WLYHU�WHPDV�H�SURYRFDo}HV�QR�VHQWLGR�LQYHUVR��PDQGH�

GLOSA

APOSENTAÇÃO 1XQFD�DPELFLRQHL�DSRVHQWDU�PH��0DQWH-
QKR�PH�DWLYR��HPERUD�QmR�WHQKD�D�FDSDFLGDGH�GH�RXWURUD��
2V�LQGtFLRV�GH�VHQLOLGDGH�DYDQoDP�FRP�UDSLGH]��0DV�DLQGD�
GRX�DXODV��FRLVD�GH�TXH�JRVWR��H�OHLR��'HSRLV�GH�DSRVHQWDGR�
DLQGD�IXL��SRU�H[HPSOR��GLUHWRU�GD�Gazeta de Matemática por 
XQV�DQRV��$JRUD�HVWXGR�PDWHPiWLFD�GHVSUHRFXSDGDPHQWH�
H� PRWLYDGR� HVVHQFLDOPHQWH� SHOR� JRVWR�� $JRUD� UHVLGR� HP�
/LVERD�H�TXHUR�FRQWLQXDU�D�GDU�DXODV�

O QUE LÊ? 7HQKR� OLGR�� OLGR� QmR� p� R� WHUPR�� WHQKR� GH� GL-
]HU�HVWXGDGR��FRLVDV�LQWHUHVVDQWHV�QR�kPELWR�GH�7HRULD�GRV�
$QpLV��&RUSR�GRV�S�iGLFRV��/yJLFD��HWF��)RUD�GD�PDWHPiWL-
FD��DV�PLQKDV�OHLWXUDV�UHFHQWHV�IRUDP�OLYURV�GH�3KLOLS�5RWK��
3DXO� $XVWHU�� 1DJXLE� 0DKIRX]�� &HViULR� 9HUGH�� 0i[LPR�
*RUNL�H�R�TXH�PH�DSHWHFH��6y�SRU�JRVWR��QmR�WHQKR�HP�YLVWD�
DSOLFDo}HV��6H�HVWLYHVVH�QR�DWLYR�QmR�SRGHULD�ID]HU�LVWR��VX-
SRQKR��7HULD�GH�SURGX]LU�QmR�VHL�TXDQWRV�DUWLJRV�SRU�DQR��
LQGHSHQGHQWHPHQWH�GD�TXDOLGDGH���PHGLGD�TXH�RV�DQRV�
SDVVDP�OHLR�PHQRV�PDWHPiWLFD�H�PXLWR�PDLV�OLWHUDWXUD��)UH-
TXHQWR�RV�EORJXHV��VREUHWXGR�RV�GH�FDUiFWHU�SROtWLFR�

Graciano de Oliveira aos 40 anos
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Z

, GRACIANO

Rede de colaboradores de Graciano de Oliveira - coautores de seus artigos e coautores de seus coautores, segundo o Mathematical Reviews em Outubro de 2012.

PLANOS PARA O FUTURO�3DUD�R�IXWXUR"�7DOYH]�XOWUDSDVVDU�
�HP�LGDGH��D�SURIHVVRUD�3LODU�5LEHLUR�RX�DWp�SDVVDU�D�SHUQD�D�
0DQRHO�GH�2OLYHLUD��'HSRLV�VH�YHUi����7DOYH]�FRQFRUUD�D�XPD�
EROVD��VH�DLQGD�KRXYHU��SDUD�LU�QmR�VHL�SDUD�RQGH��VH�FDOKDU�
ID]HU�WLMROR�RX�TXDOTXHU�FRLVD�LJXDOPHQWH�GLYHUWLGD�

ÁLGEBRA LINEAR� 7HP�VH� SXEOLFDGR�PXLWD� FRLVD�� 5HÀUR�PH�
DR� JUXSR� SRUWXJXrV�� (QWUH� R� TXH� VH� SXEOLFRX� HQFRQWUDP�VH�
UHVXOWDGRV� QRWDELOtVVLPRV�� (PSUHJR� R� VXSHUODWLYR� SURSRVL-
WDGDPHQWH��SRUTXH�VmR�DFLPD�GD�PpGLD��0DV�QmR�TXHUR�FLWDU�
QHQKXP�DTXL�SRUTXH��SDUD�IDODU�YHUGDGH��QmR�FRQKHoR�WXGR��
$FRPSDQKHL�DWp�FHUWR�SRQWR��GHSRLV�Mi�QmR�FRQVHJXL��(VWRX�D�

UHIHULU�PH�D�WUDEDOKRV�GH�PHXV�H[�RULHQWDQGRV�H�GH�RULHQWDQ-
GRV�GH�RULHQWDQGRV��QmR�VHL�DWp�TXH�JHUDomR��1mR�VHL�TXDQWRV�
GHVFHQGHQWHV�PDWHPiWLFRV�WHQKR��HPERUD�VDLED�TXH� Mi� WHQKR�
ELVQHWRV�FUHVFLGRV��*UDQGH�SDUWH�GHOHV�XOWUDSDVVRX�PH�ODUJD-
PHQWH��QmR�Vy�HP�TXDQWLGDGH��TXH�p�R�TXH�KRMH�HP�GLD�FRQWD��
FRPR�HP�TXDOLGDGH��TXH�p�DR�TXH�HX�GRX�LPSRUWkQFLD���6H�FD-
OKDU��H[DJHUR��SRGH�SHQVDU�VH�TXH�DR�HORJLDU�RV�IHLWRV�GRV�PDLV�
QRYRV�HVWRX�D�HORJLDU�PH�D�PLP�SUySULR��6H�FDOKDU��p�YHUGDGH��
&RQIHVVR�TXH�QmR�PH�VLQWR�HP�ERD�SRVLomR�SDUD�DYDOLDU��RXWURV�
TXH�R�IDoDP�FRP�PDLV�GLVWDQFLDPHQWR�

2�JUXSR�GH�ÉOJHEUD�/LQHDU�FUHVFHX�HQRUPHPHQWH��p�FHUWR��
8PD� UD]mR�GH�SHVR� HUD� VHU�SRVVtYHO� HQFRQWUDU� Fi�RULHQWDGRU�
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SDUD�HIHLWRV�GH�GRXWRUDPHQWR��+DYLD�TXHP�WLYHVVH�GLÀFXOGDGH�
HP�VH�GHVORFDU�SDUD�IRUD�GR�SDtV�H��QRXWURV�UDPRV��HUD�GLItFLO�RX�
LPSRVVtYHO�HQFRQWUDU�RULHQWDGRU�

$�FHUWD�DOWXUD��HX�SUySULR�SXV� WUDY}HV�DR�FUHVFLPHQWR�GD�
ÉOJHEUD�/LQHDU�HP�3RUWXJDO�

INCURSÃO PELA POLÍTICA�6LP�� LQWHUHVVR�PH�EDVWDQWH�SHOD�
SROtWLFD�DSHVDU�GH�QmR�WHU�DSHWrQFLD�SRU�FDUJRV�SROtWLFRV��QHP�
VHTXHU�GHQWUR�GD�XQLYHUVLGDGH��3DUD�LVVR�p�SUHFLVR�KDELOLGDGH��
&RPR�PH�LQWHUHVVD�R�QRVVR�GHVWLQR��LQWHUHVVR�PH�SHOD�SROtWLFD�
Mi�GHVGH�DQWHV�GR����GH�$EULO��(X�DFKDYD�D�GLWDGXUD�LQVXSRU-
WiYHO�H�R�DWUDVR�GH�3RUWXJDO� LQWROHUiYHO��'HWHVWDYD�R�SDtV�GR�
UHVSHLWLQKR�H�GR� V́DEH�FRP�TXHP�HVWi�D� IDODU"µ��(P�FULDQoD�
QmR�YLYL�QXP�DPELHQWH�TXH�PH�GHVSHUWDVVH�SDUD� D�SROtWLFD��
4XDQGR�DFDEHL�D�HVFROD�SULPiULD��HVWDYD�FRQYHQFLGR�GR�TXH�
PH�WLQKDP�PHWLGR�QD�FDEHoD�VREUH�R�LPSpULR�FRORQLDO�SRUWX-
JXrV��TXH�HUD�D�WHUFHLUD�SRWrQFLD�FRORQLDO��HWF���HWF��0DV�DRV����
DQRV�RV�PHXV�SDLV�HPLJUDUDP�SDUD�$QJROD�H�HX�IXL�FRP�HOHV��
2�TXH�YL�GHVWUXLX�GH�LPHGLDWR�DV�LGHLDV�GD�HVFROD�SULPiULD�H��
VHP�TXH�QLQJXpP�PH�H[SOLFDVVH��DFKHL�TXH�DTXLOR�QmR�SRGLD�
VHU��)LFRX�SDUD�VHPSUH�QD�PLQKD�UHWLQD�R�TXH�YL�QR�GLD�HP�TXH�
R�EDUFR�RQGH�YLDMDYD�DWUDFRX�HP�/XDQGD��)RL�PXLWR�FHGR��DR�
DPDQKHFHU����6XEL�DR�FRQYpV�H�ROKHL�SDUD�R�FDLV��$�IRWRJUDÀD�
ÀFRX�PH�QD�UHWLQD��QmR�WLQKD�PiTXLQD�IRWRJUiÀFD��DWp�KRMH��9L�
XPD�PROH�LPHQVD�GH�SUHWRV��QXQFD�WLQKD�YLVWR�WDQWRV�MXQWRV��
GHVFDOoRV�H�HVIDUUDSDGRV��(UDP�RV�HVWLYDGRUHV�j�HVSHUD�GH�FR-
PHoDUHP�D�GHVFDUUHJDU�R�EDUFR��)LTXHL�HVWDUUHFLGR�FRP�D�PLVp-
ULD�TXH�DSDUHQWDYDP�DSHVDU�GH��QHVVH�WHPSR��QDV�DOGHLDV�SRU-
WXJXHVDV�WDPEpP�KDYHU�PXLWD��$FKHL�HVTXLVLWR�H�EDLODUDP�PH�
�H�ÀFDUDP�GHÀQLWLYDPHQWH�DEDODGRV��QD�FDEHoD�RV�FRQFHLWRV�GD�
HVFROD��LPSpULR��PLVVmR�FLYLOL]DGRUD��HWF��6y�WLQKD����DQRV�PDV�
SHQVHL�TXH�QmR�SRGLD�VHU�H�R�TXH�SUHVHQFLHL�PDLV�WDUGH��HP�WUrV�
DQRV�GH�$QJROD��FRQÀUPRX�D�SULPHLUD�LPSUHVVmR�

3RXFR�DQWHV�GR����GH�DEULO�WRPHL�FRQWDFWR�FRP�R�PDU[LVPR-
�OHQLQLVPR�� TXH�PH� VHGX]LX� H� HQFDQWRX�� 3DVVHL� XQV� WUrV� RX�
TXDWUR�DQRV� HP�TXH�SUDWLFDPHQWH� Vy� OLD� VREUH�PDU[LVPR��2�
PDWHULDOLVPR�KLVWyULFR�IDVFLQRX�PH�H�DWp�PH�SDUHFLD�TXH��SDUD�
XP�PDWHPiWLFR��HUD�XPD�GRXWULQD�LUUHVLVWtYHO�

4XDQWR�j�PDWHPiWLFD��D�SDL[mR�QDVFHX�HP�FULDQoD��1R�OLFHX�
Mi�VHQWLD�XPD�JUDQGH�DWUDomR�PDV�QmR�VHL�SRUTXr�

DEMISSÃO (P�PDUoR�GH�������GRXWRUHL�PH�HP�&RLPEUD�H�WRU-
QHL�PH�����DVVLVWHQWH��KRMH�GL]�VH�SURIHVVRU�DX[LOLDU���)RL�R�DQR�

GD�FULVH�DFDGpPLFD��7RUQHL�PH�personna non grata�H�R�&RQVHOKR�
GD�)DFXOGDGH�GHFLGLX��SRU�XQDQLPLGDGH��GHPLWLU�PH��DSHVDU�
GD�H[WUHPD�IDOWD�GH�GRXWRUDGRV�QD�pSRFD��)LTXHL�VHP�HPSUH-
JR��+RXYH�XPD�WHQWDWLYD�GR�SURIHVVRU�6HEDVWLmR�H�6LOYD�SDUD�
PH�ID]HU�FRQWUDWDU�SHOD�8QLYHUVLGDGH�GH�/LVERD��PDV�IDOKRX��
0DLV�WDUGH��UHSHWLU�VH�LD�XPD�FHQD�VHPHOKDQWH�FRP�D�8QLYHU-
VLGDGH�GR�3RUWR�FRP�LQWHUYHQomR�GR�SURIHVVRU�$UDOD�&KDYHV�H�
GR�SURIHVVRU�&RLPEUD��6HQWL�TXH�D�PLQKD�FDUUHLUD�DFDGpPLFD�
HVWDYD�WHUPLQDGD�HP�3RUWXJDO��QHQKXPD�XQLYHUVLGDGH�SRUWX-
JXHVD�PH�TXHULD�SRUTXH�DFKDYDP�TXH�LVVR�VHULD�XPD�GHVIHLWD�
SDUD�TXHP�PH�GHPLWLUD�SRU�UD]}HV�QmR�DFDGpPLFDV��)LTXHL�GH-
VHPSUHJDGR�H�HVWLYH�FRP�XPD�EROVD�QR�&HQWUR�GH�&iOFXOR�GD�
)XQGDomR�*XOEHQNLDQ��$t�FRQJHPLQHL�D�YHUVmR�ÀQDO�GR�PHX�
PDLV� LPSRUWDQWH� DUWLJR� �RX� paper� VH� SUHIHULU��� $FDEHL� QXPD�
XQLYHUVLGDGH�EUDVLOHLUD�QR�5HFLIH��3HUQDPEXFR��JUDoDV�j�LQWHU-
YHQomR�GR�SURIHVVRU�5X\�/XtV�*RPHV�TXH�WDPEpP�Oi�HVWDYD��
0DLV�WDUGH�UHJUHVVHL�H�HQWUHL�QD�8QLYHUVLGDGH�GH�/LVERD��)RL�R�
SURIHVVRU�$OPHLGD�&RVWD�TXHP�GLQDPL]RX�HVVD�HQWUDGD�

MINISTRO DA EDUCAÇÃO E CIÊNCIA 1mR�PH�LGHQWLÀFR�FRP�
RV�YDORUHV�GD�GLUHLWD��1HP�FRP�DV�LGHLDV�QHROLEHUDLV��SULYDWL-
]Do}HV��HWF��1HP�FRP�D�VREUHYDORUL]DomR�GD�FRPSHWLWLYLGDGH�
HP�UHODomR�j�VROLGDULHGDGH��$�VXEPLVVmR�GD�SROtWLFD�DR�PHUFD-
GR�H�j�ÀQDQoD�QmR�PH�DJUDGD��$�GHVYDORUL]DomR�GD�LGHRORJLD�
KRUURUL]D�PH��'HWHVWR�R�*RYHUQR�TXH�HOHJHPRV��HX�QmR�FRQWUL-
EXt���,VVR�QmR�VLJQLÀFD�TXH�GR�DWXDO�PLQLVWUR��TXH�FRQKHoR�Ki�
DOJXQV�DQRV��QmR�SRVVDP�VDLU�FRLVDV�SRVLWLYDV��3RU�H[HPSOR��QD�
TXHVWmR�GR�HGXTXrV��&RQKHFHP�VH�DV�RSLQL}HV�GH�1XQR�&UDWR��
1mR�VHL�VH�WHUi�SRGHU�SDUD�OHYDU�SRU�GLDQWH�DV�WUDQVIRUPDo}HV�
TXH�SUHFRQL]D��7DOYH]�FRQVLJD��H�LVVR�SRGH�VHU�PXLWR�SRVLWLYR�
H�GDU�OKH�OXJDU�QD�KLVWyULD�FRPR�R�PLQLVWUR�TXH�DFDERX�FRP�
HVWD�EULQFDGHLUD��3RU�RXWUR� ODGR�� HVSHUR�TXH�QmR�SUHMXGLTXH�
JUDYHPHQWH�D�HVFROD�S~EOLFD�QHP�DMXGH�D�DXPHQWDU�R�GHVHP-
SUHJR� GRV� SURIHVVRUHV�� 1mR� DSURYR� D� GLFRWRPLD� SUHPDWXUD�
HQWUH�FDUUHLUD�DFDGpPLFD�H�SURÀVVLRQDOL]DQWH��(VSHUR�TXH�QmR�
GHVWUXD�D�LQYHVWLJDomR��TXH�FKHJRX�D�XP�QtYHO�PXLWR�GLItFLO�GH�
FRQTXLVWDU��SRU�FDXVD�GH�XP�RUoDPHQWR�TXH�FDXVD�FDODIULRV��
+i�GHPDVLDGRV�FLHQWLVWDV�D�DEDQGRQDUHP�R�3DtV�

AVALIAÇÃO 1XQFD�VLPSDWL]HL�FRP�R�SURFHVVR�GH�DYDOLDomR��
3DUHFHX�PH� VHPSUH� XP� SURFHVVR� GHPDVLDGR� EXURFUiWLFR� H�
HX�QXQFD�JRVWHL�GH�UHODWyULRV�QHP�GH�SUHHQFKHU�LPSUHVVRV�H�
TXHVWLRQiULRV�TXH�VH�GHVWLQDP�PDLV�D�HQIHLWDU�HVWDQWHV�GR�TXH�
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D�VHUHP�OLGRV��IHOL]PHQWH���5HFRUGR�PH�VHPSUH�GH�LQFLGHQWHV�
GD�PLQKD�LQIkQFLD��TXH�PH�WUDXPDWL]DUDP�SDUD�WRGD�D�YLGD��
FRPR�KRMH� VH�GL]�� HP�TXH� WLQKD�GH�SUHHQFKHU� LPSUHVVRV� H��
QR�ÀP��KDYLD�VHPSUH�DOJR�TXH�QmR�HVWDYD�EHP�� IDOWDYD�XP�
FDULPER�RX�VHOR�EUDQFR�H�XPD�DVVLQDWXUD�WLQKD�GH�VHU�UHFR-
QKHFLGD�� (X� WHQKR� D�PDQLD� GR� HVWXGR� H� GLVSRQLELOL]DU�PH�
SDUD�VHU�DYDOLDGR�SDUHFLD�PH�XPD�HQRUPH�SHUGD�GH�WHPSR��
6y�REULJDGR��-i�ID]HU�WUDEDOKR�GH�referee ou de reviewer para 

a Mathematical Reviews ou Zentralblatt�DJUDGDYD�PH��3UHIHULD�
DWp�SDUWLFLSDU�HP�M~ULV�GH�GRXWRUDPHQWR�RX�GH�FRQFXUVRV��7L-
QKD�GH�HVWXGDU�H�HUD�R�TXH�HX�Mi�ID]LD�SRU�GHYHU�GD�SURÀVVmR�
TXH�HVFROKL��$�DYDOLDomR�LPSOLFD�XPD�JUDQGH�SHUGD�GH�WHP-
SR��LQFOXVLYDPHQWH�SDUD�RV�DYDOLDGRUHV��4XDQGR�FRPHoDUDP�
D�DYDOLDU�SHOR�Q~PHUR�GH�DUWLJRV� �TXH�SDVVDUDP�D�VHU�FKD-
mados papers��GHVDQLPHL�GHÀQLWLYDPHQWH�H�QXQFD�PDLV�SXGH�
RXYLU�IDODU�GH�WDO�FRLVD��ÀTXHL�FRP�XP�WUDXPDWLVPR�YLWDOtFLR��

Genealogia matemática de Graciano de Oliveira: orientandos a laranja, e descendentes, incluindo uma trineta. Começamos com dados do Mathematics  
Genealogy Project e fomos completando a informação. Com certeza faltam muitos netos e bisnetos. A primeira bisneta, Susana Furtado, doutorou-se em 2000.  
A primeira trineta, Liliana Manuela Costa, que também é neta, doutorou-se em 2012. Quem tiver mais informação pode enviá-la para completarmos o quadro, 
ou, melhor ainda, pode incluí-la no Mathematics Genealogy Project.
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&XVWD�PH�D�FUHU�TXH�SHVVRDV�LQWHOLJHQWHV�DFUHGLWHP�QRV�tQGL-
FHV�TXH�SRU�Dt�DEXQGDP��$OJXQV�VmR�XPD�EULQFDGHLUD�

FUNÇÕES  1XQFD�VHQWL�PXLWD� LQFOLQDomR�SDUD�R�GHVHPSH-
QKR�GH�IXQo}HV�SROtWLFDV�RX�DGPLQLVWUDWLYDV�QD�XQLYHUVLGD-
GH��$Wp� WLQKD�XPD�FHUWD�DYHUVmR��KRMH�DFKR�TXH�H[DJHUDGD��
SRU�FHUWRV�FDUJRV�TXH�PH�SDUHFLDP�QHFHVVLWDU�GD�OHLWXUD�GH�
GRVVLHUV�VHP�JUDoD��1HP�WHULD�KDELOLGDGH�SDUD�GHVHPSHQKDU�
FDUJRV�SROtWLFRV��SHQVR��6y�VHQWL�YRQWDGH�GH�VHU�3UHVLGHQWH�
GD�6RFLHGDGH�3RUWXJXHVD�GH�0DWHPiWLFD��R�TXH�FRQVHJXL�SRU�
WUrV�YH]HV�� HP���������GHSRLV� HP���������� H�ÀQDOPHQWH�GH�
�����DR�DQR�������$QR�0XQGLDO�GD�0DWHPiWLFD��2�ELpQLR�GH�
��������IRL�SUHFHGLGR�GH�XPDV�HOHLo}HV�DQLPDGtVVLPDV�H�GLV-
SXWDGtVVLPDV��&KHJRX�D�KDYHU�XPD�$VVHPEOHLD�*HUDO��QRU-
PDOPHQWH�RV�SDUWLFLSDQWHV�QmR�FKHJDYDP�j�G~]LD��HP�TXH�
R�VDOmR�HUD�SHTXHQR�SDUD�FRQWHU�WRGRV��&RQIHVVR�TXH�QXQFD�
HQWHQGL�R�IHQyPHQR�PDV�DOLPHQWRX�R�PHX�HJR��)RUD�HVVDV��DV�
HOHLo}HV�FRVWXPDP�VHU�XPD�VHQVDERULD��

DO QUE GOSTEI MAIS 3URYDYHOPHQWH��GH�WHU�VLGR�SUHVLGHQ-
WH� GD� 6RFLHGDGH� 3RUWXJXHVD� GH�0DWHPiWLFD�� (� GH� WHU� VLGR�
dean GD�)DFXOW\�RI�6FLHQFH�DQG�7HFKQRORJ\�GD�8QLYHUVLGDGH�
GH�0DFDX�H�GH�Dt�WHU�FRQWULEXtGR�SDUD�R�LQtFLR�GD�SDUWLFLSD-
omR�GH�0DFDX�QDV�2OLPStDGDV�,QWHUQDFLRQDLV�GH�0DWHPiWLFD��
$LQGD�KRMH�WRUoR�SHOD�HTXLSD�GH�0DFDX��3DUD�SUHVLGHQWH�GD�
6RFLHGDGH�3RUWXJXHVD�GH�0DWHPiWLFD�VHQWL�DSHWrQFLD��SDUD�
dean�HP�0DFDX�QmR��'HVHPSHQKHL�R�FDUJR�SRU�PHUR�DFDVR��
0DV�JRVWHL�LPHQVR�

2XWUDV�FRLVDV�GH�TXH�JRVWHL���L��GR����GH�DEULO�H�GR�SHUtRGR�
TXH�VH�OKH�VHJXLX���LL��QR�kPELWR�SURÀVVLRQDO��GHL[H�PH�SHQ-
VDU��)LTXHL�IHOL]�TXDQGR�FRQVHJXL�D�SULPHLUD�DFHLWDomR�GH�XP�
DUWLJR�� TXDQGR�SHOD�SULPHLUD�YH]� IXL� FRQYLGDGR�SDUD�main 
speaker QXPD� FRQIHUrQFLD� LQWHUQDFLRQDO�� TXDQGR� IXL� FRQYL-
dado para o editorial board�GD�/LQHDU�$OJHEUD�DQG�LWV�$SSOLFD-
WLRQV��7DPEpP�DFKHL�JUDoD�TXDQGR�IXL�HOHLWR��QmR�HVSHUDYD�
JDQKDU��YLFH�SUHVLGHQWH�GD�,QWHUQDWLRQDO�/LQHDU�$OJHEUD�6R-
FLHW\��3RU�DFDVR��HX�DQGR�TXDVH�VHPSUH�IHOL]�PHVPR�TXDQGR�
DV�FRLVDV�FRUUHP�PDO��FRPR��SRU�H[HPSOR��TXDQGR�HP������
IXL� GHVSHGLGR�SHOD�8QLYHUVLGDGH�GH�&RLPEUD��$t� VHQWL�PH�
XP�KHUyL�

(�Mi�DJRUD��GR�TXH�QmR�JRVWHL"�1mR�PH�OHPEUR�EHP��6HQWL�
XPD�HVSpFLH�GH�GHVIDOHFLPHQWR�TXDQGR�IXL�SURYLGR�GHÀQLWL-
YDPHQWH�H�TXDQGR�UHTXHUL�D�DSRVHQWDomR�

MELHORES E PIORES  1R�QRVVR�SDtV��DV�FRLVDV�HVWmR�PHOKR-
UHV�HP�PXLWRV�DVSHWRV��4XDQGR�HX�HUD�MRYHP��PXLWDV�FULDQ-
oDV�QmR�LDP�j�HVFROD�RX�LDP�Vy�SRU�WUrV�RX�TXDWUR�DQRV��0XL-
WDV� DQGDYDP� GHVFDOoDV�� VXMDV� H� HVIRPHDGDV��0XLWDV� FDVDV��
VREUHWXGR�QDV�DOGHLDV��QmR�WLQKDP�iJXD�QHP�HOHWULFLGDGH�H�
FKXYHLUR��FRP�RX�VHP�iJXD�TXHQWH��QmR�VH�VDELD�R�TXH�HUD��
0XLWR�SRXFRV��SRXTXtVVLPRV��HQWUDYDP�QD�XQLYHUVLGDGH�

1D�HVFROD�H�QD�XQLYHUVLGDGH�PXLWR�PXGRX��4XDQGR�HX�IXL�
DOXQR�GD�XQLYHUVLGDGH�H�DVVLVWHQWH��QmR�VH�VDELD�SUDWLFDPHQ-
WH�R�TXH�HUD�LVVR�GH�LQYHVWLJDomR��$�8QLYHUVLGDGH�GH�&RLPEUD�
WLQKD�H�WHP�XPD�yWLPD�ELEOLRWHFD��PDV�DV�UHYLVWDV�SHUPDQH-
FLDP� VHUHQDV� H� LQWRFiYHLV� QDV� HVWDQWHV��'RXWRUDPHQWRV� Vy��
RX�TXDVH�Vy��QR�HVWUDQJHLUR�FRP�XPD�EROVD��$�PDLRU�SDUWH�
GRV�SURIHVVRUHV�FRQIHVVDYD�VH�LQFDSD]�GH�RULHQWDU�SDUD�XP�
GRXWRUDPHQWR��H�FRP�UD]mR��$V�OLFHQFLDWXUDV�WLQKDP�HVWUX-
WXUD�LGrQWLFD�HP�WRGDV�DV�XQLYHUVLGDGHV��(�XQLYHUVLGDGHV��Vy�
HP�/LVERD��3RUWR�H�&RLPEUD��6DOYR�UDUDV�H[FHo}HV�RV�SURJUD-
PDV�HUDP�DQWLTXDGtVVLPRV��3RGLD�FKHJDU�VH�DR�ÀP�GD�OLFHQ-
FLDWXUD� VHP�QXQFD� WHU� RXYLGR�SDODYUDV� FRPR� LVRPRUÀVPR��
ELMHomR�� WRSRORJLD�� HVSDoR� YHWRULDO�� JUXSR�� DQHO�� UHODomR� GH�
HTXLYDOrQFLD��HWF��(X�GL]LD�TXH�D� OLFHQFLDWXUD�HUD�j�EDVH�GH�
FDOFXODU�GHULYDGDV�H�SULPLWLYDV�H�R�IDPRVR�LQWHJUDO�GR�RVVR�

5HFHQWHPHQWH� DOJXPDV� FRLVDV� SLRUDUDP�� RX� PHOKRU�� HX�
QmR�JRVWR�GHODV��$V�DWLYLGDGHV�GH�SyV�JUDGXDomR�EXURFUDWL-
]DUDP�VH��RV�SURIHVVRUHV�WHQGHP�D�SHUGHU�DXWRQRPLD��(X�À]�
FRLVDV�TXH�KRMH�Vy�VmR�SRVVtYHLV�FRP�PRQWHV�GH�LPSUHVVRV��
SDJDPHQWR�GH�SURSLQDV�H�UHODWyULRV��$�PDQLD�GD�SHGDJRJLD�
LUULWD�PH�� V� YH]HV�� FHUWRV� SURIHVVRUHV� SDUHFHP�PH�PDVR-
TXLVWDV�FRP�R�TXH�GHIHQGHP�H�DSRLDP�

%HP��JOREDOPHQWH��QR�TXH�UHVSHLWD�DR�HQVLQR�VXSHULRU�H�
LQYHVWLJDomR��R�SURJUHVVR�IRL��DSHVDU�GH�WXGR��GH�WDO�RUGHP�
TXH� QHP�YDOH� D� SHQD� FRPSDUDU� FRP�RV� DVSHWRV� QHJDWLYRV��
+RMH�R�TXH�VH�HQVLQD�QD�OLFHQFLDWXUD�p�LGrQWLFR�DR�TXH�VH�HQ-
VLQD�HP�TXDOTXHU�RXWUR�SDtV��(�D�SyV�JUDGXDomR��D� LQYHVWL-
JDomR�� HWF��� QmR�QRV� HQYHUJRQKD�� VXSRQKR� HX�� DWUDLQGR� DWp�
HVWXGDQWHV�HVWUDQJHLURV��R�TXH�GDQWHV�HUD�LQLPDJLQiYHO�

ENSINO DA MATEMÁTICA NO SECUNDÁRIO 1mR�PH�FRQVL-
GHUR�PXLWR�EHP�SUHSDUDGR�SDUD�UHVSRQGHU����QmR�WHQKR�H[SH-
ULrQFLD�GH�HQVLQR�GH�DGROHVFHQWHV��0DV�WHQKR�D�LGHLD�GH�TXH�
D�H[LJrQFLD�GHFUHVFHX�FRQVLGHUDYHOPHQWH��1mR�WHQKR�D�PH-
QRU�VLPSDWLD�SRU�DTXLOR�TXH�0DUoDO�*ULOR�FKDPRX�HGXTXrV��
3DUHFH�PH�TXH�QmR�VH�LQFXWH�QRV�MRYHQV�D�LGHLD�GH�TXH�Vy�FRP�
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WUDEDOKR�iUGXR�VH�DSUHQGH��(�TXH�D�PHPyULD�p�LPSRUWDQWtVVL-
PD��(�TXH�HP�PDWHPiWLFD�p�LPSRVVtYHO�SURJUHGLU�VHP�GRPL-
QDU�EHP�R�TXH�HVWi�SDUD�WUiV��*HQHUDOL]RX�VH�D�LGHLD�GH�TXH�
DV� FULDQoDV� H�RV� DGROHVFHQWHV� VmR�XPD�HVSpFLH�GH�GHXVHV� D�
TXHP�WRGRV�GHYHPRV�UHVSHLWR��(�TXH�HOHV�SRXFR�UHVSHLWR�GH-
YHP�DRV�SURIHVVRUHV��6H�VH�FRQWUDULDP���WUDXPDWL]DP�VH�SDUD�
WRGD�D�YLGD��'i�YRQWDGH�GH�ULU��(�SDUHFH�TXH�VH�SUHVVXS}H�TXH�
QmR�WrP�PDWXULGDGH�SDUD�WHUHP�QRomR�GH�pWLFD�RX�GH�GHYHU��
'HYHUHV��Vy�RV�SURIHVVRUHV�WrP��D�FRPHoDU�SHOR�GH�PRWLYDU�RV�
DOXQRV�H�R�GH�SUHVWDU�FRQWDV�DRV�SDL]LQKRV��$SHVDU�GH�WXGR�H�
FRPSDUDQGR�FRP�R�PHX�WHPSR��DFKR�TXH�VH�GHX�XP�JUDQGH�
VDOWR�HP�IUHQWH��1RV�~OWLPRV����DQRV�3RUWXJDO�IH]�R�TXH�RX-
WURV�À]HUDP�HP����

ESTADA EM MACAU  $GRUHL��3RU�YiULDV�UD]}HV��LQFOXLQGR�D�
JDVWURQyPLFD��3HOR� FRQWDFWR�SUy[LPR� FRP�JHQWHV�GDV�PDLV�
YDULDGDV�RULJHQV��7DPEpP�YLDMHL�PXLWR�SHOR�([WUHPR�2ULHQ-
WH�H�SDVVHL�D�WHU�XPD�YLVmR�GR�PXQGR�PXLWR�PHQRV�HXURFrQ-
WULFD���&KLQD�IXL�WDQWDV�YH]HV�TXH�SHUGL�D�FRQWD��$�SULPHLUD�
YH]�IXL�D�Sp��&KHJXHL�jV�3RUWDV�GR�&HUFR�H��]iV��DWUDYHVVHL�D�
IURQWHLUD�H�YL�PH�HP�*RQJEHL��QD�PtWLFD�5HS~EOLFD�3RSXODU�
GD�&KLQD��9LVLWHL�&DQWmR��3HTXLP��;LDQ��;DQJDL��.XQPLQJ��
+DQJ]KRX��HWF��$�PDLRU�SDUWH�GDV�YH]HV�IXL�FRPR�PDWHPi-
WLFR�ID]HU�VHPLQiULRV�HP�XQLYHUVLGDGHV��(�YLVLWHL�PXLWRV�RX-
WURV�SDtVHV��GR�9LHWQDPH�DR�1HSDO��GD� ÌQGLD� j�0DOiVLD��QD�
TXDOLGDGH�GH�WXULVWD�

CHINA�)L]�PXLWRV�HVIRUoRV�H�SURFHGL�D�LQ~PHUDV�GLOLJrQFLDV�
SDUD�IRPHQWDU�DV�UHODo}HV�FLHQWtÀFDV�HQWUH�3RUWXJDO�H�D�&KLQD��
2V�FKLQHVHV�PRVWUDUDP�VH�PXLWR�UHFHWLYRV��6HPSUH�TXH�YLVL-
WDYD�XPD�XQLYHUVLGDGH��URGHDYDP�PH�PXLWRV�HVWXGDQWHV�SyV-
�JUDGXDGRV��0RVWUDYDP�JUDQGH�DQVHLR�SRU�YLUHP�ID]HU�XPD�
SyV�JUDGXDomR�IRUD�GD�&KLQD��1mR�UHVXOWRX�DSHVDU�GLVVR��0DV�
UHJLVWR�FRPR�UHVXOWDGR�SRVLWLYR�D�YLQGD�SDUD�3RUWXJDO�GH�XPD�
PLQKD�RULHQWDQGD�FKLQHVD��SURIHVVRUD�=KDQJ�<XOLQ��KRMH�SUR-
IHVVRUD�DX[LOLDU�GD�8QLYHUVLGDGH�GR�0LQKR�

ESPÍRITO ASSOCIATIVO�(QWUH�QyV�R�HVStULWR�DVVRFLDWLYR�QmR�
PH�SDUHFH�PXLWR�IRUWH��3RUWXJDO�WHP�HQIHUPDGR�GH�XP�UD]R-
iYHO�DWUDVR�FLHQWtÀFR��SRU�LVVR�PXLWD�JHQWH�DFKDYD�TXH�FRLVDV�
GH�QtYHO�HOHYDGR��Vy�QR�HVWUDQJHLUR��3RUWDQWR��QmR�YDOHULD�D�
SHQD�SHUGHU� WHPSR�HP�DWLYLGDGHV�SRUWXJXHVDV�RX�PHVPR�
GH�FRODERUDomR�FRP�HVSDQKyLV��$OpP�GLVVR��QR�WHPSR�GD�GL-
WDGXUD�WRGD�D�DVVRFLDomR�HUD�PDO�YLVWD��PHOKRU��SHUVHJXLGD�� 
$� 6RFLHGDGH� 3RUWXJXHVD� GH� 0DWHPiWLFD� IRL� IXQGDGD� HP�
������PDV�Vy�FRQVHJXLX�OHJDOL]DU�VH�HP�������(�DFKR�TXH�HQ-
WUH�QyV�Ki�D� LGHLD�GH�TXH�R�TXH�Gi�SUHVWtJLR�VmR�RV�FDUJRV�
TXH�HPDQDP�GR�(VWDGR��$�6RFLHGDGH�3RUWXJXHVD�GH�0DWH-
PiWLFD�QmR� HPDQD�GR�(VWDGR���� VHU� UHLWRU� RX� VLPSOHVPHQWH�
SUHVLGHQWH�GH�XP�GHSDUWDPHQWR�SDUHFH�VHU�PDLV�DSHWHFtYHO��
VXSRQKR�HX�

(X�VHPSUH�SHQVHL�TXH�DOpP�GDV�UHODo}HV�FRP�RXWURV�SDt-
VHV��D�DWLYLGDGH�LQWHUQD�GHYHULD�VHU�SURPRYLGD��3RU�LVVR�IXL�
3UHVLGHQWH�GD�6RFLHGDGH�3RUWXJXHVD�GH�0DWHPiWLFD�SRU�WUrV�
YH]HV��QR�SULPHLUR�PDQGDWR��RV�HVWDWXWRV�FKDPDYDP�PH�VH-
FUHWiULR�JHUDO���)RL�GRV�FDUJRV�TXH�PDLV�JRVWHL�GH�GHVHPSH-
QKDU��$�FRPHoDU�SHOD�PLQKD�HOHLomR�HP�������TXH�IRL�DJLWD-
GtVVLPD�H�PH�GHX�PXLWR�JRVWR��2�FDVR�WHUPLQRX�HP�WULEXQDO�
H�DWp�KRMH�QmR�SHUFHEL�D� UD]mR�GD�DJLWDomR��R�TXH�Vy�SURYD�
D�PLQKD�IDOWD�GH�LQWHOLJrQFLD�SDUD�HVWDV�FRLVDV��7DQWR�PDLV�
TXH�TXHP�VH�PH�RSXQKD�HUDP�SHVVRDV�GH�HOHYDGtVVLPD�FUD-
YHLUD�LQWHOHFWXDO��FRP�XPD�~QLFD�H[FHomR���&HGR�UHFRQKHFL�D�
PLQKD�IDOWD�GH�LQWHOLJrQFLD�SROtWLFD�H�SRU�LVVR�QmR�PH�FDQGL-
GDWHL�D�RXWURV�FDUJRV��'HX�OXWD�H��QD�DOWXUD��HX�HUD�VXÀFLHQWH-
PHQWH�MRYHP�SDUD�JRVWDU���GLVWkQFLD��DFKR�TXH�IRL�SRVLWLYR��
3RU�XP�ODGR��FKDPRX�D�DWHQomR�SDUD�D�H[LVWrQFLD�GD�6RFLHGD-
GH�3RUWXJXHVD�GH�0DWHPiWLFD��SRU�RXWUR��DMXGRX�D�LQFXWLU�D�
LGHLD�GH�TXH�D�6RFLHGDGH�3RUWXJXHVD�GH�0DWHPiWLFD�QmR�HUD�
XP�JUXSR�GH�DPLJRV�TXH�ID]LDP�R�TXH�OKHV�DSHWHFLD��HVStUL-
WR�D�TXH�VHPSUH�PH�RSXV��+DYLD�TXH�FXPSULU�D�OHL�
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NOTÍCIAS

LANÇAMENTO OFICIAL DA MPT2013  
2�GLD���GH�PDUoR�ÀFRX�PDUFDGR�SHOR�ODQoDPHQWR�RÀFLDO��D�QtYHO�HXURSHX��GD�
LQLFLDWLYD�0DWHPiWLFD�GR�3ODQHWD�7HUUD�������037�������XP�SURMHWR�j�HVFDOD�
JOREDO�FRP�R�DOWR�SDWURFtQLR�GD�81(6&2��TXH�SUHWHQGH�HQYROYHU�PDWHPiWL-
FRV��LQYHVWLJDGRUHV��SURIHVVRUHV��DOXQRV�H�R�S~EOLFR�HP�JHUDO��(P�3RUWXJDO��D�
FHULPyQLD�RÀFLDO�GHFRUUHX�QD�PHVPD�GDWD�QR�3DYLOKmR�GR�&RQKHFLPHQWR��HP�
/LVERD��'XUDQWH�R�DQR�GH�������FHQWHQDV�GH�LQVWLWXLo}HV�FLHQWtÀFDV�GH�WRGR�R�
PXQGR�UHDOL]DUmR�FRQIHUrQFLDV��workshops�H�RXWUDV�DWLYLGDGHV�QR�kPELWR�GR�
037������HP�TXH�R�IRFR�SULQFLSDO�VHUi�D�LQYHVWLJDomR��3DUDOHODPHQWH��VHUmR�
GLQDPL]DGDV�Do}HV�SDUD�R�S~EOLFR�HP�JHUDO��IRFDGDV�QD�GLYXOJDomR�GR�SDSHO�
GD�PDWHPiWLFD�QR�HVWXGR�GR�QRVVR�SODQHWD��7DPEpP�D�630�VH�HQFRQWUD�DVVR-
FLDGD�D�HVWD�LQLFLDWLYD��QRPHDGDPHQWH�DWUDYpV�GD�SURPRomR�GH�FRQIHUrQFLDV�
HP�SDUFHULD�FRP�R�&HQWUR�,QWHUQDFLRQDO�GH�0DWHPiWLFD��GR�DSRLR�j�HGLomR�GH�
XP�OLYUR�GH�GLYXOJDomR�GHVWH�WHPD�SHOD�,67�3UHVV��H�GD�UHDOL]DomR�GD�VXD�(V-
FROD�GH�9HUmR�GH�0DWHPiWLFD�VRE�D�SHUVSHWLYD�GR�037������$OpP�GD�630��HP�
3RUWXJDO�� VmR�SDUFHLURV� LQWHUQDFLRQDLV�GR�037�����DV� VHJXLQWHV� HQWLGDGHV��
$VVRFLDomR�GH�3URIHVVRUHV�GH�0DWHPiWLFD��$VVRFLDomR�/XGXV��&HQWUR�,QWHU-
QDFLRQDO�GH�0DWHPiWLFD��0XVHX�GD�&LrQFLD�GD�8QLYHUVLGDGH�GH�&RLPEUD�H�
0XVHX�1DFLRQDO�GH�+LVWyULD�1DWXUDO�H�GD�&LrQFLD�

E S P E C I A L

LIVRO IST PRESS 
EXPLORA TEMAS 
DA MPT
8P�OLYUR�GH�GLYXOJDomR�VREUH�
D�0DWHPiWLFD�GR�3ODQHWD�7HUUD�
VHUi�SXEOLFDGR�QR�GHFRUUHU�GR�
YHUmR� FRP� R� DSRLR� GH� GLYHU-
VDV�HQWLGDGHV��QRPHDGDPHQWH�
GD�630��2V���� FDStWXORV�TXH�
R� FRPS}HP� IRUDP� HVSHFLÀ-
FDPHQWH� UHGLJLGRV� SDUD� HVWD�
REUD�SRU�PDWHPiWLFRV� H� FLHQ-
WLVWDV�SRUWXJXHVHV��RX�TXH�WUD-
EDOKDP� HP� 3RUWXJDO�� H� UHÁH-
WHP�DV�YiULDV�IDFHWDV�GD�0DWH-
PiWLFD�GD�7HUUD��FRPR�SODQHWD�
ItVLFR��YLYR�H�KXPDQR�
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CONFERÊNCIAS DO CENTRO 
INTERNACIONAL DE 
MATEMÁTICA
'XDV�FRQIHUrQFLDV�LQWHUQDFLRQDLV�H�GXDV�HVFRODV�DYDQ-
oDGDV� GHGLFDGDV� j� 037����� VHUmR� RUJDQL]DGDV� SHOR�
&HQWUR�,QWHUQDFLRQDO�GH�0DWHPiWLFD��&,0��H�DSRLDGRV�
SHOD�630��SHOD�6RFLHGDGH�3RUWXJXHVD�GH�(VWDWtVWLFD� H�
SHOD� $VVRFLDomR� 3RUWXJXHVD� GH� ,QYHVWLJDomR� 2SHUD-
FLRQDO��(QWUH����H����GH�PDUoR�UHDOL]D�VH�D�FRQIHUrQFLD�
´(QHUJ\�DQG�&OLPDWH�&KDQJHµ��QD�)XQGDomR�&DORXVWH�
*XOEHQNLDQ��)&*���1RV�GLDV����D����GH�PDUoR�H����D����
GH�PDUoR�GHFRUUHUi��QD�)DFXOGDGH�GH�&LrQFLD�GD�8QL-
YHUVLGDGH�GH�/LVERD��D�HVFROD�DYDQoDGD�´0DWKHPDWLFV�
RI�(QHUJ\�DQG�&OLPDWH�&KDQJHµ��(P�VHWHPEUR��HQWUH�RV�
GLDV���H����D�)&*�DSUHVHQWD�D�FRQIHUrQFLD�´'\QDPLFV��
*DPHV�DQG�6FLHQFHµ�H�QRV�GLDV����D����GH�DJRVWR�H��D���
GH�VHWHPEUR�GHFRUUHUi�QR�,QVWLWXWR�6XSHULRU�GH�(FRQR-
PLD�H�*HVWmR��GD�8QLYHUVLGDGH�7pFQLFD�GH�/LVERD��XPD�
HVFROD�DYDQoDGD�VXERUGLQDGD�DR�PHVPR�WHPD��

ESCOLA DE VERÃO DA SPM 
REALIZA-SE EM SETEMBRO
$�(VFROD�GH�9HUmR�GD�6RFLHGDGH�3RUWXJXHVD�GH�0DWH-
PiWLFD������ �(9630��UHDOL]DU�VH�i�HQWUH�RV�GLDV���H���
GH�VHWHPEUR��QR�0XVHX�1DFLRQDO�GH�+LVWyULD�1DWXUDO�
H�GD�&LrQFLD��HP�/LVERD��H�WHUi�FRPR�WHPD�D�037������
'XUDQWH� WUrV� GLDV�� D� FRPXQLGDGH� FLHQWtÀFD� H� HVFRODU�
WHUi�D�RSRUWXQLGDGH�GH�H[SORUDU�H�GLVFXWLU�LPSRUWDQWHV�
DVSHWRV�GD�PDWHPiWLFD��VRE�D�SHUVSHWLYD�GD�0DWHPiWL-
FD�GR�3ODQHWD�7HUUD��HP�GLYHUVDV�DWLYLGDGHV��WDLV�FRPR�
VHVV}HV�SOHQiULDV�H�WHPiWLFDV��PLQL�FXUVRV�H�H[SRVLo}HV��
$�(9630�GHVWLQD�VH� HVVHQFLDOPHQWH� D�SURIHVVRUHV�GH�
0DWHPiWLFD� GRV� HQVLQRV� EiVLFR� H� VHFXQGiULR�� LQYHVWL-
JDGRUHV��HVWXGDQWHV��EHP�FRPR�D�WRGRV�DTXHOHV�TXH�VH�
LQWHUHVVDP� SHOD� PDWHPiWLFD� H� SHODV� VXDV� DSOLFDo}HV�� 
$V�LQVFULo}HV�SDUD�D�(9630�VHUmR�DEHUWDV�HP�EUHYH�
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CAMPEONATO NACIONAL DE JOGOS 
MATEMÁTICOS ANIMOU ÉVORA NO 
DIA 1 DE MARÇO 
&HUFD�GH������DOXQRV�GH�PDLV�GH�����HVFRODV�GH�WRGR�R�3DtV�HQFKHUDP��QR�
GLD���GH�PDUoR��D�$UHQD�G·eYRUD�SDUD�SDUWLFLSDUHP�HP�PDLV�XPD�ÀQDO�
GR�&DPSHRQDWR�1DFLRQDO� GH� -RJRV�0DWHPiWLFRV� �&1-0���&HQWHQDV� GH�
DOXQRV�GRV� WUrV� FLFORV�GRV�HQVLQRV�EiVLFR�H� VHFXQGiULR�GLVSXWDUDP��HP�
���WRUQHLRV�VLPXOWkQHRV��RV�MRJRV�´6HPiIRURµ��´&mHV�H�*DWRVµ��´5DVWURVµ��
´+H[µ��´$YDQoRµ�H�´3URGXWRµ��MRJRV�GH�WDEXOHLUR�SDUD�GRLV�MRJDGRUHV��2V�
SDUWLFLSDQWHV�DSXUDGRV�SDUD�D�ÀQDO�GR�&1-0��DJRUD�QD�VXD�QRQD�HGLomR��
IRUDP�VHOHFLRQDGRV�HP�WRUQHLRV�ORFDLV��UHDOL]DGRV�QDV�HVFRODV��TXH�HQYRO-
YHUDP�GH]HQDV�GH�PLOKDUHV�GH�DOXQRV�D�QtYHO�QDFLRQDO��(QWUH�RV�SDUWLFL-
SDQWHV�HQFRQWUDYDP�VH�DOXQRV�FRP�EDL[D�YLVmR�H�FHJXHLUD��TXH�WLYHUDP�
DFHVVR�D�PDWHULDO�O~GLFR�DGDSWDGR�jV�VXDV�QHFHVVLGDGHV�H�D�DFRPSDQKD-
PHQWR�SHUVRQDOL]DGR��2�&1-0�p�XPD� LQLFLDWLYD�GD�$VVRFLDomR�/XGXV��
GD�$VVRFLDomR�GH�3URIHVVRUHV�GH�0DWHPiWLFD��GD�630�H�GD�&LrQFLD�9LYD��
eYRUD�UHFHEHX��SHOD�VHJXQGD�YH]��D�ÀQDO�GHVWH�FDPSHRQDWR��RUJDQL]DGD�
ORFDOPHQWH�SHOD�8QLYHUVLGDGH�GH�eYRUD��SHOD�&kPDUD�0XQLFLSDO�GH�eYR-
UD�H�SHOD�'HOHJDomR�5HJLRQDO�GR�6XO�H�,OKDV�GD�630��FRP�R�DSRLR�GD�(V-
FROD�3URÀVVLRQDO�GD�5HJLmR�$OHQWHMR�²�(35$/��)XQGDomR�/XtV�GH�0ROLQD��
%(6��/XGXVFLHQFH��7DQWUL[�3RUWXJDO�

PUBLICADO  
MAIS UM TÍTULO  
DE FELIX KLEIN 
-i�IRL�HGLWDGR�PDLV�XP�YROXPH�
GD�FROHomR�/HLWXUDV�HP�0DWH-
PiWLFD���Matemática Elementar 
GH� XP� 3RQWR� GH� 9LVWD� 6XSHULRU 
�� *HRPHWULD�� GH� )HOL[� .OHLQ��
XP� GRV� PDLV� QRWiYHLV� PDWH-
PiWLFRV� DOHPmHV� GH� ÀQV� GR�
VpF��;,;��1HVWH�YROXPH��.OHLQ�
DSUHVHQWD�XPD�YLVmR�JHUDO�GD�
JHRPHWULD�� SURSRUFLRQDQGR�
DRV�OHLWRUHV�D�RUJDQL]DomR�GRV�
FRQKHFLPHQWRV� DGTXLULGRV� DR�
ORQJR� GRV� VHXV� HVWXGRV�� (VWH�
WtWXOR� HQFRQWUD�VH� GLVSRQtYHO�
QD� /RMD� 630�� TXH� ODQoRX� UH-
FHQWHPHQWH� XPD� FDPSDQKD�
SURPRFLRQDO�� D� DTXLVLomR� GD�
FROHomR� FRPSOHWD�GH�Matemá-
WLFD� (OHPHQWDU� GH� XP� 3RQWR� GH�
Vista Superior� EHQHÀFLDUi� GH�
XP�GHVFRQWR�GH�����
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ALBUFEIRA RECEBEU FINAL 
NACIONAL DAS OLIMPÍADAS 
PORTUGUESAS DE 
MATEMÁTICA

'H����D����GH�PDUoR�����DOXQRV��HQWUH�RV����H�RV����
DQRV��SDUWLFLSDUDP�QD�ÀQDO�QDFLRQDO�GDV�2OLPStD-
GDV�3RUWXJXHVDV�GH�0DWHPiWLFD��$�(VFROD�%iVLFD�H�
6HFXQGiULD��GH�$OEXIHLUD�IRL�D�HVFROD�DQÀWULm�GHVWD�
IDVH�GD�FRPSHWLomR��HP�TXH�RV�ÀQDOLVWDV�UHDOL]DUDP�
DV� SURYDV� TXH�GLWDUDP�RV� YHQFHGRUHV�GDV�PHGD-
OKDV�GH�RXUR��SUDWD�H�EURQ]H��2V�QRPHV�GRV�DOXQRV�
PHGDOKDGRV�SRGHP�VHU�FRQVXOWDGRV�QR�site�RÀFLDO�
GDV� 230�� HP� http://www.spm.pt/olimpiadas/. Para 
HQFHUUDU�D�����HGLomR�GDV�230��UHDOL]DP�VH�DLQGD�
QR�PrV�GH�PDLR�DV�0LQL�2OLPStDGDV��GLULJLGDV�DRV�
DOXQRV�GRV����H����DQRV��$V�LQFULo}HV�WHUPLQDP�QR�
GLD����GH�DEULO��$V�230�VmR�RUJDQL]DGDV�SHOD�630�
HP� SDUFHULD� FRP� R� 'HSDUWDPHQWR� GH� 0DWHPi-
WLFD�GD�8QLYHUVLGDGH�GH�&RLPEUD�� H� FRQWDP�FRP�
R�DSRLR�GR�0LQLVWpULR�GD�(GXFDomR�H�&LrQFLD��GR�
&LrQFLD�9LYD��GD�)XQGDomR�&DORXVWH�*XOEHQNLDQ��
GR� %DQFR� (VStULWR� 6DQWR�� GD� 3DWKHQD� H� GR� MRUQDO�
3~EOLFR�

LIVROS SPM  
DISPONÍVEIS NA FNAC
$� FROHomR� /HLWXUDV� HP�0DWHPiWLFD�� HGLWDGD� SHOD�
630��HVWi�QRYDPHQWH�GLVSRQtYHO�QDV�OLYUDULDV�)QDF��
0DWHPiWLFD�(OHPHQWDU�GH�XP�3RQWR�GH�9LVWD�6XSHULRU� 
GH� )HOL[�.OHLQ�� �����$QRV� GH�*HRPHWULD�� GH� 5RELQ�
:LOVRQ��Matemática & Comboios�� GH�+pOGHU� 3LQWR�� 
$�0DJLD�GDV�6XFHVV}HV��GH�-RDTXLP�(XULFR�1RJXHLUD��
ou /RJDULWPRV��GH�(ORQ�/DJHV�/LPD��VmR�DOJXQV�GRV�
WtWXORV�TXH�SRGHP�VHU�DJRUD�HQFRQWUDGRV�QD�)QDF�
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“ISTO É 
MATEMÁTICA” 
NOMEADO PARA PRÉMIO 
DA SOCIEDADE 
PORTUGUESA DE 
AUTORES 
2�´,VWR� p�0DWHPiWLFDµ� IRL� QRPHDGR�
SHOD� 6RFLHGDGH� 3RUWXJXHVD� GH� $X-
WRUHV��63$��SDUD�RV�3UpPLRV�$XWRUHV�
������QD�FDWHJRULD�GH�0HOKRU�3URJUD-
PD�GH�(QWUHWHQLPHQWR��2�SURJUDPD��
SURPRYLGR� SHOD� 630� H� FRQGX]LGR�
SRU� 5RJpULR� 0DUWLQV�� FRPHoRX� SRU�
VHU�WUDQVPLWLGR�QD�6,&�1RWtFLDV��PDV�
R�LQWHUHVVH�TXH�VXVFLWRX�IH]�FRP�TXH�
D� VXD� GLIXVmR� WLYHVVH� VLGR� DODUJDGD�
DRV� FDQDLV� 6,&� .LGV� H� 6,&� ,QWHUQD-
FLRQDO��3URGX]LGR�SHOD�6LJPD����FRP�
R�DSRLR�GR�&LrQFLD�9LYD�H�GR�&20-
3(7(��R�´,VWR�p�0DWHPiWLFDµ�FRQWD�Mi�
FRP�GXDV�WHPSRUDGDV�H�PLOKDUHV�GH�
VHJXLGRUHV�QR�)DFHERRN��1D�JDOD�GH�
HQWUHJD�GH�SUpPLRV�GD�63$�573��UH-
DOL]DGD�QR�SDVVDGR�GLD����GH�IHYHUHL-
UR��R�SUpPLR�GH�0HOKRU�3URJUDPD�GH� 
(QWUHWHQLPHQWR� DFDERX� SRU� VHU� DWUL-
EXtGR� DR� SURJUDPD� ´6XSHU� 'LYD� ��
ÐSHUD�SDUD�7RGRVµ��GD�573��

)DOHFHX�QR�SDVVDGR�GLD���GH�MDQHLUR�0LJXHO�5DPRV��
SURIHVVRU� FDWHGUiWLFR� QR� 'HSDUWDPHQWR� GH� 0DWH-
PiWLFD� GD� )DFXOGDGH� GH�&LrQFLDV� GD�8QLYHUVLGDGH�
GH� /LVERD� �'0)&8/��� 0LJXHO� 5DPRV� GHVHQYRO-
YLD� D� VXD� DWLYLGDGH� GH� LQYHVWLJDomR� QDV� iUHDV� GH�
(TXDo}HV� 'LIHUHQFLDLV� 3DUFLDLV�� $QiOLVH� )XQFLRQDO�
H� &iOFXOR� GH� 9DULDo}HV�� )RL� DXWRU� GH� GRLV� OLYURV�� 

7HRUHPDV�GH�(QODFH�QD�7HRULD�GH�3RQWRV�&UtWLFRV�H�&XU-
VR� (OHPHQWDU� GH� (TXDo}HV� 'LIHUHQFLDLV� 2UGLQiULDV�
�'0)&8/���H�DLQGD�HGLWRU�GD�3RUWXJDOLDH�0DWKHPD-
tica��0LJXHO�5DPRV�p�FRQVLGHUDGR�SHOD�FRPXQLGDGH�
PDWHPiWLFD� SRUWXJXHVD� XP� PDWHPiWLFR� QRWiYHO� 
H�XP�SURIHVVRU�H[WUDRUGLQiULR��GRWDGR�GH�HQRUPHV�
JHQHURVLGDGH�H�GLVSRQLELOLGDGH�

MIGUEL DE PAULA NOGUEIRA RAMOS (1963-2013)
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HENRIQUE LEITÃO 
DISTINGUIDO PELA ACADEMIA 
INTERNACIONAL DE 
HISTÓRIA DAS CIÊNCIAS
0HPEUR� FRUUHVSRQGHQWH� GD� $FDGHPLD� ,QWHU-
QDFLRQDO� GH�+LVWyULD� GDV� &LrQFLDV� GHVGH� ������
+HQULTXH� /HLWmR� IRL�� QR� ÀQDO� GR� DQR� SDVVDGR��
HOHLWR�PHPEUR�HIHWLYR�GHVWD�SUHVWLJLDGD�DVVRFLD-
omR�GH�KLVWRULDGRUHV�GH� FLrQFLDV�� FRP�VHGH� HP�
3DULV��$XWRU�GH�YiULRV� OLYURV��+HQULTXH�/HLWmR��
GD� )DFXOGDGH�GH�&LrQFLDV�GD�8QLYHUVLGDGH�GH�
/LVERD� �)&8/���GHGLFRX�VH�QRV�~OWLPRV�DQRV� j�
FRRUGHQDomR�FLHQWtÀFD�GD�SXEOLFDomR�GDV�2EUDV�
GH�3HGUR�1XQHV�� FRP�D�FKDQFHOD�GD�)XQGDomR�
&DORXVWH�*XOEHQNLDQ�H�GD�$FDGHPLD�GDV�&LrQ-
FLDV� GH� /LVERD�� +HQULTXH� /HLWmR� GRXWRURX�VH�
HP�)tVLFD�� HP� ������ QD� )&8/��PDV� R� LQWHUHVVH�
FUHVFHQWH�SHOD�KLVWyULD�GDV�FLrQFLDV�DFDERX�SRU�

EXPOSIÇÃO 360º CIÊNCIA 
DESCOBERTA NA FUNDAÇÃO 
CALOUSTE GULBENKIAN

$Wp�DR�GLD���GH�MXQKR�D�)XQGDomR�&DORXVWH�*XOEHQNLDQ�
DFROKHUi� D� H[SRVLomR� ����� �� &LrQFLD� 'HVFREHUWD��
,QDXJXUDGD�QR�LQtFLR�GR�PrV�GH�PDUoR��HVWD�H[SRVLomR�
DSUHVHQWD� RV� GHVHQYROYLPHQWRV� FLHQWtÀFRV� H� WpFQLFRV�
TXH�UHVXOWDUDP�GDV�YLDJHQV�GH�SRUWXJXHVHV�H�HVSDQKyLV�
QD� pSRFD� GRV� GHVFREULPHQWRV�� UHYHODQGR� R� LPSDFWR�
TXH� HVWHV� WLYHUDP� QR� VXUJLPHQWR� GD� FLrQFLD� HXURSHLD�
PRGHUQD��

R�WRUQDU�QXP�´KLVWRULDGRU�GH�FLrQFLD�D�WHPSR�LQWHLURµ��(QWUH�RV�VHXV�SULQFLSDLV�LQWHUHVVHV�HVWi�D�KLVWyULD�GDV�FL-
rQFLDV�H[DWDV�QRV�VpFXORV�;9�D�;9,,��0HPEUR�GH�YiULDV�VRFLHGDGHV�FLHQWtÀFDV��QDFLRQDLV�H�HVWUDQJHLUDV��+HQULTXH�
/HLWmR�WHP�FRODERUDGR�SRQWXDOPHQWH�FRP�D�630�HP�DOJXPDV�GDV�VXDV�DWLYLGDGHV��'HVHQYROYH�LQYHVWLJDomR�QR�
&HQWUR�,QWHUXQLYHUVLWiULR�GH�+LVWyULD�GDV�&LrQFLDV�H�GD�7HFQRORJLD�H�OHFLRQD�QD�6HFomR�$XWyQRPD�GH�+LVWyULD�H�
)LORVRÀD�GDV�&LrQFLDV��QD�8QLYHUVLGDGH�GH�/LVERD��e�DLQGD�FRPLVViULR�GD�H[SRVLomR��������&LrQFLD�'HVFREHUWD��
VREUH�D�FLrQFLD�LEpULFD�QD�pSRFD�GRV�GHVFREULPHQWRV��SDWHQWH�QD�)XQGDomR�&DORXVWH�*XOEHQNLDQ��YHU�FDL[D��
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ÉVORA RECEBE LOGIC 
COLLOQUIUM 
EM JULHO
2�/RJLF�&ROORTXLXP� ����� �$6/�(XURSHDQ�
6XPPHU�0HHWLQJ��WHUi�OXJDU��SHOD�SULPHLUD�
YH]��HP�3RUWXJDO��H�eYRUD�VHUi�D�FLGDGH�DQ-
ÀWULm�GR�HYHQWR��HQWUH����H����GH�MXOKR��(VWH�
HQFRQWUR�� TXH� GHFRUUHUi� QD� 8QLYHUVLGDGH�
GH�eYRUD��SURPRYHUi�D�GLVFXVVmR�GRV�PDLV�
UHFHQWHV�GHVHQYROYLPHQWRV�QD�iUHD�FLHQWtÀ-
FD�GD�/yJLFD��LQFOXLQGR�D�/yJLFD�0DWHPiWL-
FD��DV�&LrQFLDV�GD�&RPSXWDomR�H�D�/yJLFD�
)LORVyÀFD��$V�LQVFULo}HV�SDUD�R�/RJLF�&ROOR-
TXLXP� ����� HVWmR� DEHUWDV� DWp� ��� GH�PDLR��
em�KWWS���SWPDW�IF�XO�SW�/&������

EMS ACEITA 
PROPOSTAS 
PARA ATIVIDADES 
EM 2014
$� (XURSHDQ� 0DWKHPDWL-
FDO�6RFLHW\�DFHLWD�SURSRV-
WDV� SDUD� DV� VXDV� DWLYLGD-
GHV�H�GLVWLQo}HV�HP�������
$V� SURSRVWDV� SRGHP� VHU�
apresentadas para as se-
JXLQWHV� FDWHJRULDV�� (06�
/HFWXUHU�� (06� 'LVWLQJXL-
VKHG� 6SHDNHU�� (06� -RLQW�
0DWKHPDWLFDO� :HHNHQG��
6SHFLDO� $FWLYLWLHV� H� $FWL-
YLWLHV� VSRQVRUHG� E\� WKH�
(06�� 0DLV� LQIRUPDo}HV�
VREUH� D� VXEPLVVmR� GH�
propostas podem ser en-
FRQWUDGDV� QR� VLWH� RÀFLDO�
GD� (06�� http://www.euro-
-math-soc.eu/.

1.º EUROPEAN-NORDIC CONGRESS OF 
MATHEMATICIANS ENTRE 10 E 13 DE JUNHO
2UJDQL]DGR�SHOD�SULPHLUD�YH]�SHOD�(XURSHDQ�0DWKHPDWLFDO�6RFLHW\��R�1RUGLF�
&RQJUHVV�RI�0DWKHPDWLFLDQV��DJRUD�QD�VXD�����HGLomR��GHFRUUHUi�HQWUH����H����
GH�MXQKR��QD�/XQG�8QLYHUVLW\��HP�/XQG��QD�6XpFLD��1HVWH�����(XURSHDQ�1RU-
GLF�&RQJUHVV�RI�0DWKHPDWLFLDQV��7DPDU�=LHJOHU��/HFWXUHU�(06�������DSUHVHQ-
WDUi� WUrV�FRQIHUrQFLDV�VREUH�'LQkPLFD�H�7HRULD�GRV�1~PHURV��$V� LQVFULo}HV�
SRGHP�VHU�HIHWXDGDV�QD�SiJLQD�RÀFLDO�GR�FRQJUHVVR��HP http://www.maths.lth.
VH�QRUGLF����
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CARTAS DA DIREÇÃO

$�OLVWD�GH�PDWHPiWLFRV� LOXVWUHV�TXH�SXEOLFDUDP�QD�3RU-tugaliæ Mathematica� VRIUH� XPD� SDXVD� HP�PHDGRV� GD�
GpFDGD�GH����GR�VpFXOR�SDVVDGR��FRP�R�GHVDSDUHFLPHQWR�GH�
0DQXHO�=DOXDU�1XQHV��XP�GRV�IXQGDGRUHV�GD�UHYLVWD��TXH�
DVVHJXURX�D�GLUHomR�GD�UHYLVWD�GXUDQWH�R�VHX�SHUtRGR�iXUHR�

5HFRUGHPRV�TXH�D�3RUWXJDOL �0DWKHPDWLFD�WLQKD�VLGR�IXQ-
GDGD�HP������SRU�$QWyQLR�$QLFHWR�0RQWHLUR���TXH�IXQGRX�
LJXDOPHQWH��GRLV�DQRV�PDLV�WDUGH��HVWD�Gazeta de Matemáti-
ca���$� VXD�SULPHLUD� FRPLVVmR� HGLWRULDO� FRQWDYD� DLQGD� FRP�
XP�JUXSR�GH�MRYHQV�PDWHPiWLFRV�SRUWXJXHVHV��-RVp�GD�6LO-
YD�3DXOR��+XJR�5LEHLUR�H�0DQXHO�=DOXDU�1XQHV��(P�������
$QLFHWR�0RQWHLUR�SDUWLX�SDUD�R�%UDVLO��SRU�UD]}HV�SROtWLFDV�
H�HFRQyPLFDV��GHL[DQGR�D�GLUHomR�GD�UHYLVWD�D�=DOXDU�1X-
QHV��$�SDUWLU�GHVVH�DQR��D� UHYLVWD�GHL[D� WDPEpP�GH�FRQWDU�
FRP�TXDOTXHU�DSRLR�ÀQDQFHLUR�GR�(VWDGR�SRUWXJXrV� �XPD�
VLWXDomR�TXH��FXULRVDPHQWH��YROWD�DJRUD�D�UHJLVWDU�VH���&RP�
D�PRUWH�GH�=DOXDU�1XQHV��D�UHYLVWD�HQWURX�QXP�SHUtRGR�REV-
FXUR�GD� VXD�KLVWyULD�� HP�TXH� VmR� DFHLWHV�� VHP�DUELWUDJHP��
DUWLJRV��SVHXGR��FLHQWtÀFRV��SHUtRGR�HVWH�TXH�Vy�WHUPLQD�HP�
ÀQDLV�GD�GpFDGD�GH�����FRP�R�ÀP�GR�(VWDGR�1RYR�H�R�UH-
JUHVVR��EUHYH��SRLV�YLULD�D�IDOHFHU�SRXFR�WHPSR�GHSRLV��GH�
$QLFHWR�0RQWHLUR�D�3RUWXJDO1 ��DOWXUD�HP�TXH�D�UHYLVWD�SDVVD�
D�VHU�SURSULHGDGH�GD�630�

&RPHFHPRV�SRU�XPD�SHUJXQWD�GH�WULYLDO��2�TXH�p�TXH�WrP�HP�FRPXP�PDWHPiWL-
FRV�FRPR�0��)UpFKHW��-��YRQ�1HXPDQQ��5��&DFFLRSSROL��*��$VFROL��+��+|SI��:��6LHU-
SLQVN\��/��1DFKELQ��/��GH�%URJOLH��3��(UG|V��,��.DSODQVN\��0��3HL[RWR��-��'LHXGRQQp��
*��.|WKH��&��)RLDV�H�-��/��/LRQV"�$�UHVSRVWD�p�TXH�WRGRV�HOHV�SXEOLFDUDP�DUWLJRV�
na 3RUWXJDOL �0DWKHPDWLFD��

A PORTUGALIÆ MATHEMATICA E A  
PARTIDA PREMATURA DE MIGUEL RAMOS

RUI LOJA FERNANDES

University of Illinois
ruiloja@illinois.edu

2�UHVWDEHOHFLPHQWR�GD�3RUWXJDOL �0DWKHPDWLFD�FRPR�XPD�
UHYLVWD� FLHQWtÀFD�GH� TXDOLGDGH� p� XPD� WDUHID� D� TXH� VH� WrP�
GHGLFDGR� GHVGH� HQWmR� DV� VXFHVVLYDV� FRPLVV}HV� HGLWRULDLV��
SULPHLUR�VRE�D�GLUHomR�GH�$OIUHGR�3HUHLUD�*RPHV�H�GHSRLV�
VRE�D�GLUHomR�GH�-RmR�3DXOR�GH�&DUYDOKR�'LDV��)RL�GHOH�TXH�
UHFHEHPRV�XPD�UHYLVWD�Mi�HP�SOHQD�UHFXSHUDomR�GD�VXD�UH-
SXWDomR��'H�IDFWR��HP�������TXDQGR�SDVVDPRV�D�WRPDU�FRQ-
WD�GD�UHYLVWD��HVWD�WHP�Mi�XP�FRUSR�GH�HGLWRUHV�DVVRFLDGRV�
GH�JUDQGH�SUHVWtJLR�H�SXEOLFD�UHJXODUPHQWH�DUWLJRV�GH�PD-
WHPiWLFRV�GH�UHQRPH��$OpP�GLVVR��D�UHYLVWD�HVWDYD�SUHVWHV�D�
LQLFLDU�XPD�QRYD�HWDSD�GH�YLGD�FRP�R�LQtFLR�GD�VXD�SXEOLFD-
omR�SHOD�(XURSHDQ�0DWKHPDWLFDO�6RFLHW\�3XEOLVKLQJ�+RX-
VH��$�DGHVmR�GD�UHYLVWD�j�(06�3+�GHX�VH�JUDoDV�DRV�HVIRU-
oRV�FRQMXQWRV�GD�FRPLVVmR�HGLWRULDO�GD�UHYLVWD�GD�DOWXUD�H�
GD�GLUHomR�GD�630��HQWmR�SUHVLGLGD�SRU�1XQR�&UDWR��H�FRQ-
WRX�DLQGD�FRP�D�DMXGD�GH�RXWURV�PDWHPiWLFRV�SRUWXJXHVHV��
HQWUH�RV�TXDLV�GHYHPRV�GHVWDFDU�-RVp�)UDQFLVFR�5RGULJXHV�

(P�������HQWURX�HP�IXQo}HV�XPD�QRYD�FRPLVVmR�HGLWRULDO�
GLULJLGD�SRU�PLP��TXH�LQWHJUDYD�DLQGD�/XtV�1XQHV�9LFHQWH��

1 Para uma breve história dos primeiros anos da Portugaliæ Mathematica,  

e o contexto em que surgiu, ver o artigo de J. F. Rodrigues, “Revistas de 

Matemática Portuguesas”, Boletim da SPM 50 (2004), 19-36.
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-RVp�)HUUHLUD�$OYHV�H�0LJXHO�5DPRV��2�0LJXHO�5DPRV�H�HX�
WUDQVLWiPRV� GD� FRPLVVmR� HGLWRULDO� DQWHULRU� H� DVVHJXUiPRV�
D�QHFHVViULD�FRQWLQXLGDGH��(PERUD�HX�WHQKD�DVVXPLGR�IRU-
PDOPHQWH�D�GLUHomR�GD�UHYLVWD��D�YHUGDGH�p�TXH�R�HPSHQKR�
GR�0LJXHO� IRL�GH� WDO� RUGHP�TXH� VH� WUDWRX�GH�XPD�GLUHomR�
TXDVH�ELFpIDOD��6HPSUH�HVWHYH�QRV�QRVVRV�SODQRV�TXH�R�0L-
JXHO�5DPRV�DVVXPLULD�D�GLUHomR�GD�UHYLVWD�TXDWUR�DQRV�PDLV�
WDUGH��H�TXH�HX�GHL[DULD�D�FRPLVVmR�HGLWRULDO��SRVVLELOLWDQGR�
D� HQWUDGD�GH�QRYR�V�� HOHPHQWR�V��� GH� IRUPD� D� DVVHJXUDU� R�
GHVHMiYHO�FRQWtQXR�UHMXYHQHVFLPHQWR�GD�FRPLVVmR�HGLWRULDO��
$�GRHQoD�JUDYH�GR�0LJXHO�DWUDVRX�HVWH�SODQR�PDV��DSHVDU�
GLVVR��HOH�DVVHJXURX�FRUDMRVDPHQWH�D�GLUHomR�GD�UHYLVWD�QR�
LQtFLR�GH�MDQHLUR�GH�������$�VXD�SDUWLGD�SUHPDWXUD�QR�GLD���
GH�MDQHLUR�GH������UHSUHVHQWD�XPD�SHUGD�VLJQLÀFDWLYD�SDUD�
D�PDWHPiWLFD�SRUWXJXHVD�H�SDUD�D�3RUWXJDOL �0DWKHPDWLFD��
(VWH�QmR�p�R�ORFDO�DGHTXDGR�SDUD�XP�RELWXiULR2 ��PDV�TXH-
UHPRV�GHVWDFDU� DTXL� R� WUDEDOKR�QRWiYHO�GR�0LJXHO�5DPRV�
QHVWH�SHUtRGR�TXH�DJRUD�WHUPLQD�

1HVWH�PRPHQWR� GH� WUDQVLomR�� HP� MHLWR� GH� SUHVWDomR� GH�
FRQWDV��JRVWDUtDPRV�GH�HQXPHUDU�RV�SULQFLSDLV�REMHWLYRV�DO-
FDQoDGRV�SHOD�3RUWXJDOL �0DWKHPDWLFD� QR� SHUtRGR� ���������
H�SDUD�RV�TXDLV�D�DomR�GR�0LJXHO�5DPRV�IRL�GHWHUPLQDQWH�
` $� SXEOLFDomR� GD� UHYLVWD� SHOD� (06�3+�� TXH� SHUPLWLX�

XP�JUDQGH�VDOWR�GH�TXDOLGDGH��TXHU�QD�VXD�HGLomR�HP�SD-
SHO��TXHU�QD�VXD�HGLomR�HOHWUyQLFD��TXHU�QD�VXD�SiJLQD�ZHE��
DVVHJXUDQGR� XPD�PDLRU� YLVLELOLGDGH� GD� UHYLVWD� SHUDQWH� D�
FRPXQLGDGH�PDWHPiWLFD�PXQGLDO�
`�$� GLVSRQLELOL]DomR� GH� DFHVVR� HOHWUyQLFR� OLYUH� D� WRGRV�

RV�Q~PHURV�GD�UHYLVWD��GHVGH�R�Q~PHUR����FRP�XPD�moving 
wall�GH�TXDWUR�DQRV�
` $�FULDomR�GH�XP�VLVWHPD�GH�VXEPLVVmR�HOHWUyQLFD�H�GH�

JHVWmR� GRV� DUWLJRV� VXEPHWLGRV�� SHUPLWLQGR� XPD� PHOKRU�
JHVWmR�H�XP�PHOKRU�DUTXLYDPHQWR�GD� LQIRUPDomR� UHODWLYD�
jV�VXEPLVV}HV�H�j�VXD�DYDOLDomR�FLHQWtÀFD�
` $�SDVVDJHP�GH�XP�VLVWHPD�GH�DUELWUDJHP�GH��SHOR�PH-

QRV�� XP� referee�� SDUD�� SHOR�PHQRV�� GRLV� referees�� R� TXH� DX-
PHQWRX�D�WD[D�GH�UHMHLomR�GH�DUWLJRV��PDV�PHOKRURX�D�TXDOL-
GDGH�GRV�DUWLJRV�DFHLWHV�
` $�HQWUDGD�GD�UHYLVWD�SDUD�D�EDVH�GH�GDGRV�,6,�:HE�RI�

.QRZOHGJH��GD�7KRPVRQ�5HXWHUV�
(P�UHODomR�DRV�GRLV�~OWLPRV�SRQWRV��YDOH�D�SHQD�UHIHULU�

TXH� HP� ����� IRUDP� VXEPHWLGRV� j� 3RUWXJDOL � 0DWKHPDWLFD�

FHUFD�GH����DUWLJRV�H� IRUDP�SXEOLFDGRV�����HP������ IRUDP�
VXEPHWLGRV�FHUFD�GH�����DUWLJRV�H�IRUDP�SXEOLFDGRV����

$�SDUWLU�GH���GH� MDQHLUR�GH�������D�3ortugaliæ Mathema-
tica� FRQWD�FRP�XP�QRYR�HGLWRU�FKHIH��/XtV�1XQHV�9LFHQWH��
H� XPD� FRPLVVmR� HGLWRULDO� FRP�XP� HOHPHQWR� DGLFLRQDO�� GH�
IRUPD�D�JHULU�R�PDLRU�Q~PHUR�GH�VXEPLVV}HV�� -RVp�)HUUHL-
UD�$OYHV��)HUQDQGR�)HUUHLUD��3HGUR�)UHLWDV�H�'LRJR�*RPHV��
&RP�HOHV�D�UHYLVWD�WHP�FRQGLo}HV�SDUD�DWLQJLU�SDWDPDUHV�GH�
TXDOLGDGH� DLQGD�PDLV� HOHYDGRV�� 3DUD� TXH� LVVR� DFRQWHoD�� p�
QHFHVViULR�TXH�D�FRPXQLGDGH�PDWHPiWLFD�SRUWXJXHVD�WDP-
EpP�FRODERUH�DWUDYpV�GD�VXEPLVVmR�GH�DUWLJRV�GH�TXDOLGDGH�

PORTUGALIÆ MATHEMATICA: 

UM AGRADECIMENTO, UM TRIBUTO

&RPR�GHVFUHYH�5XL�/RMD�)HUQDQGHV�QR�DUWLJR�DQWHULRU��D�3RU-
tugaliae Mathematica� p� WmR� LPSRUWDQWH� SDUD� D� FRPXQLGDGH�
PDWHPiWLFD�SRUWXJXHVD�TXH�D�VXD�IXQGDomR�p�DQWHULRU�j�GD�
630��H�D�VXD�SXEOLFDomR�WHYH�GXUDQWH�PXLWR�WHPSR�GH�VHU�
LQGHSHQGHQWH�GHVWD��&RP�R�QRUPDOL]DU�GD�VLWXDomR�SROtWLFD�
H� FLHQWtÀFD�� IRL� FRP�QDWXUDOLGDGH�TXH� D�3RUWXJDOLDH�0DWKH-
matica�SDVVRX�D� VHU�XPD�SXEOLFDomR�GD�630��GD�TXDO� HVWD�
PXLWR� MXVWDPHQWH�VH�RUJXOKD��p�XPD�GDV�PDLV�LPSRUWDQWHV�
SUHVHQoDV�GH�3RUWXJDO�QR�PDSD�GD�PDWHPiWLFD�PXQGLDO�

1HVWD�KRUD�GH�GHVSHGLGD�GR�DQWLJR�FRUSR�HGLWRULDO�H�GH�
HQWUDGD�HP�IXQo}HV�GR�QRYR�FRUSR�HGLWRULDO��QmR�TXHU�GHL-
[DU� D� 630�GH� DJUDGHFHU� D� H[WUDRUGLQiULD� FRODERUDomR�GRV�
HGLWRUHV� FHVVDQWHV�� TXH� FRQVHJXLUDP� DV� UHDOL]Do}HV� DFLPD�
GHVFULWDV��H�GH�HQGHUHoDU�RV�PDLRUHV�YRWRV�GH�VXFHVVR�SDUD�
RV�HGLWRUHV�TXH�DJRUD�LQLFLDP�R�VHX�WUDEDOKR�

(VWH� DJUDGHFLPHQWR� DR�SDVVDGR� H� HVWHV� YRWRV�GH� VXFHV-
VR�SDUD�R�IXWXUR�VmR�WDPEpP�XP�WULEXWR�DR�0LJXHO�5DPRV��
3RXFDV�VHPDQDV�DQWHV�GH�QRV�GHL[DU��DLQGD�HOH�SHGLD��´FRP�
XUJrQFLDµ��R�refereeing�GH�DUWLJRV�SDUD�D�30��e�WDPEpP�HP�
VXD�PHPyULD�TXH�GHYHPRV�GDU��FRPR�HOH�VHPSUH�GHX��R�QRV-
VR�PHOKRU�

$�'LUHomR�GD�630

2 Para uma breve nota biográ!ca de Miguel Ramos, da autoria de Luís San-

chez, ver: http://fc.ul.pt/pt/noticia/04-01-2013/miguel-ramos-1963-2013 



A Gazeta de Matemática continua a ser, tal como 
acontece desde a sua fundação em 1939, o prin-

cipal elo de ligação da Sociedade Portuguesa de Ma-
temática com a comunidade matemática portuguesa.

A Gazeta de Matemática é uma publicação essen-
cialmente de divulgação da cultura matemática. Pre-
tende estimular o gosto pelo estudo da matemática 
assim como a troca de ideias entre quem estuda, en-
sina, investiga, usa ou simplesmente se interessa pela 
matemática.

A Gazeta de Matemática publica artigos submeti-
dos espontaneamente, artigos convidados e secções 
permanentes.

Incentivamos os nossos leitores a enviarem textos 
para publicação na Gazeta de Matemática. Damos 
preferência a artigos curtos (4 a 6 páginas) sobre temas 
que tenham interesse para o nosso público: algo rela-

cionado com um tema de investigação que possa ser 
explicado à comunidade matemática em geral, algum 
aspecto curioso de matemática menos conhecido, uma 
nova perspectiva sobre um tema do interesse do leitor 
ou simplesmente algo que tenha uma ligação com o 
mundo matemático. 

Os artigos poderão ser submetidos à apreciação de 
um ou mais especialistas com o objectivo de obter um 
parecer sobre a sua adequação para publicação na Ga-
zeta de Matemática.

Os textos podem ser submetidos em  
LaTeX ou em Word (com uma versão em PDF). No 
caso de o documento conter muitas fórmulas acon-
selhamos o primeiro formato. Deve submeter o tex-
to, junto com as imagens, para o seguinte endereço:  
gazeta@spm.pt.

A SPM disponibiliza na página http://www.spm.pt/carreira/carreira.phtml informação sobre emprego e carreira 
para matemáticos. As pessoas interessadas em incluir anúncios neste site devem enviar um email com os dados para  
imprensa@spm.pt
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