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O n symmetrica/ Fourier kernel l(') 
by R. U. Vorma 

(Department of Mmlhennuic«. UuWorgjty or Caps Coatt — Qhaue) 

ABSTHACT. A generalised symmetrical 

FOURIER kernel has been introduced. I t has 

been tried to give a more general form of 

reciprocal transform with tbis FOURIER kernel . 

F ina l ly a formula for self-reciprocal functions 

associated wi th the //-function is being esta-

bl ished. 

1. I N T R O D U C T I O N . T h e f u n c t i o n s £ (a? ) 

and h (a?) are said to form a pair of FOURIER 

kernels if the fo l lowing pair of reciprocal 

equations : 

(1.1) k{xy)f(y)dy, 

J 0 

( 1 . 1 ) ' / C a r ) - rh(xy)g{y)dy> 

J a 

are simultaneously satisfied. As usual the 

kernels wil l be symmetrical if i: {#) = A (a:) 

and i f k (a:) h (a;) the kernels wil l be 

uosym metrical. The functions studied by 

JKESARWANI (1959), F ox (19t)l) and others 

as symmetrica] FOUKIER kernels are the 

fir-functions. 

I shall try to introduce a generalised 

symmetr ica l FOURIER kernel by taking the 

more general form of the / / function studied 

by F o x ( I 9 t i l ) . W i t h this kernel , a new 

reciprocal transform has been defined. Then 

a formula for self-reciprocal functions asso-

ciated with the //-function is given. 

(') Presented at the 8th Biennia l Conference, 

Ghana Science Association at University Of Science 

And Technology, KuMiSi (1973). 

2. Emp loy ing the definition of the //-fun-

ction, we consider the function : 

(2.1) 2pt 2v,2y + 2n i®) 

- ( 2 «0-1 f n r ( < * + 1 / 2 ) ) , 
Jt , 

. n r ( 0 > - * , ( , _ i / 2 ) ) . 

1 

i 

n r ( C j - y , ( s ~ i / 2 ) ) . 

r f r c « , - + « , ( « - 1 / 2 » 

-I 

•x~'d b, 

where the fol lowing simplifying assumptions 

are m a d s : 

(*) 7j > 0 J = I , • • • , *n ; 

«J >0,j = 1 , ,/>; 

ft >OJ = l 
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D 0 . 

( 2 .2 ) J / , (*) = (2jt()t1 J,V1(s)x-'d a . 

I t can be easily shown that (s) is the 

MELLIN transform of IIX (:R) and it satisfies 

the necessary and sufficient condition [9] that 

E\ (a;) may be a symmetrical PoL'RLER kernel 

is that 

( 2 . 3 ) Mx («) M\ (1 — «} - X i 

A number of FOURIER kernels follow as 

particular cases by specializing the parameters 

in (2. 1). 

W i t h the above FOURIER kernel, the new 

reciprocal transform may be introduced as : 

( 2 . 4 ) g(x)= f Hx{xy)f{y)dy. 

A systematic study of the above reciprocal 

transform can be made as in the case of 

HAHKEL transforms. 

The I I a nk .EL transform introduced by 

VEUMA [7] I 

( 2 . 5 ) * ( * ) _ 

xy 

(iii) A l l tbe poles of tiie integrand of 

(2. 1) are simple, 

(iv) The contour T is a straight line 

paral lel to the imaginary axis in the s plane 

and the poles of T(cj + (s — 1 /2)) and 

r ( d j + djfy— 1/2)) and lie to the left of T 

while those of F (6,•- ft(a - 1 / 2)) and 

T(a j — «,<8 - 1 / 2 ) ) lie on the right of T. 

For the sake of brevity, I shall write (2 .1 ) 

in the form 

k - m — 1 / 2 

— fc-fam + 1/2 -f- v/2 

v/2 

v/2 — X — 7n, v /2—? . f m , 

— v/2 4- I + m, 
— v / 2 -f- X — 

•f{y) dy i 

fs a special case of (2 .4 ) for n — 0 , u = 0 , 

m = 2 , p = l , Xj — 1 , j = I , - • • ,p\ -/j — 1, 

j = 1 , . . . ( m J TT? m — 1/2 — v/2 , — 

= — k + m + 1 + v/2 , c, = v/2 — I — m , 

ca = - H »1 , C 3 = — v/2 + 'X + m , 

ci — ~ w/2 + 1 — m in (2 .1) . 

The integral transform (2 .5 ) reduces to a 

g e n e r a l i s e d H A N K E L t r a n s f o r m d u e t o B I I I S E 

[21 for 1 = - »1, which itself reduces to 

I I A N K E L t r a n s f o r m 

( 2 .6 ) g (x) = f (a-y)m J„{xy) f (y)dy. 

J o 

3. Now we estimate the asymptotic be-

haviour of J / ] ( s ) , s = a + i t , and t real, 

when j i ( is large. For large s the asymp-

totic expansion of the GAMMA function is [8];s 

(3. 1) l ogT(a -f a) = (s -f a— 1/2) log i — 

— s + 1 / 2 log (2 « ) + 0 (s-t), 

where | arga | •< -it. To find the behaviour 

of jl/j (a) for large j i | , we replace GAMMA 

functions involving — t into those containing 

a with tbe help of the relation 

(3. 2) T (2) F (1 - z) = it cosec ttz , 

Then using (3 .3) and the simplifying as-

sumptions made in (2 .1) , ( i ) . . . ( iV ) , we get 

(3 .3 ) J / , (* )»-• = 

] t |D(«-wa) exp \ it(D l o g j i j — log a - 5 ) j X 

x\Q+0(\t\'l)\f 
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for large |i|, where B is a constant and 

Q is also a constant but Q may have one 

value for largo positive t and another value 

for large negative f . 

From (3. 3) it follows that if ff < 1/2 , the 

integral (2 .2) is uniformly convergent with 

respect to x . W e may, therefore integrate 

through the integral sign of (2.2) . 

Let us take 

(3 .4) f I/l(x)dx> 

Jo 

then 

(3.5) 

r ^ ^ c t - « r 1 xx~md, 
JT 

This has been proved to be valid only 

when 3 < 1/2, but for a = 1/2 , the proof 

can be extended. On the line a = 1 / 2 , 

JHJ'(«)*-• is bounded from (3.3) and there-

fore jW, (»)/(! - «) g L2 (1/2 - i « , 1 / 3+ i » ) . 

4. I f / ( * ) = I k{xy)f(y)dy, t h e n / ( x ) 
•/o 

is said to be a self-reciprocal function for 

kernel k (x ) . Al l the symmetrical FQUKIER 

kernels can be associated with self-reciprocal 

functions and conversely. 

Now we shall establish a formula for the 

self-reciprocal functions of // t (x) . The fol-

lowing results will be required in theorem 

relating self-reciprocal functions. We shall 

write: 

(4.1) 

where 

J / , (•) - M / P , ( . ) , 

(4 .2) AT, (S) X I + 7 / ( ^ - 1 / 2 ) ) -
i 

X IT rC^ + - 1/2)) -
i 

- n n i f - f r C ' - 1 / 2 » . 
i 

Here (a) is the coefficient of x " in the 

integral (2 .1) and so 

( 4 . 3 ) P , ( » ) - A ] ( L - S ) . 

THEOREM, if 

(t) y j > 0 , j = l , • • •, m ; « j > 0 , j = l 

i j > 0 , j = 1 , , n ; = 1 , . . . , V ) 

("J D = + 

i i / 

( " 0 R ( f j ) > 0 , j = l , . . . , p ; 

R C b J ) > 0 , j = l , . . . , v ; B ( c j ) > 0 , j - l , . . . , m ; 

l i ( d j ) > 0 , j = l , . . . , n ; 

(iv) E , ( l / 2 —s ) is art even function of s , 

(v) N j ( » ) E , ( a ) e L a ( 1 / 2 ^ I o o » 1 / 2 + 1 » ) , 

(vi) 
, /.i/a-n» 

f (x) = (27ri)-' / N 1 ( s ) E 1 ( s ) x - ' d s , 
J iia-i™ 

then 

J rx .i™ 

f f ( x ) d x = / f f t j H V ' C s t j r ' d t . 
0 J 0 

I t includes the Theorem 4 and Theorem 6 

of F ox [3] as corollaries. 

PROOF. Th is theorem is proved by per-

forming two applications of PARSEVAL theo-

rem, Theorem 72 [0, p. 05], 

From (3. 5), it follows that •» , («) / (1 — ^ e 

eZ . a ( l / 2 — 100,1/2 + t « ) and that Il\x\x)jx 
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is its MELLIN transform. Thus, using t as the 

M E L L I N transform variable, it follows that 

Hi
l
u(x)/ti abd are M E L L I S 

transform of each other. Then, on using (v) 

and Theorem 72 [G] one can apply the PAK-

3EVAL theorem and obtain 

( 4 . 5 ) r f { t ) H l n ( x i ) t - i d t * = 
Jo 

• 1 (2 + iao 
(2 TT t)"1 I iV,(s)xi-'(l - s)-*x 

J l / S - £ ® 

(4 .6) 

JM/2 + i i 

1/2 - i 

using (4. 1), (4. 3) and condition (ir), 

Again using Theorem 72 [6] and defining 

the function F(t)> we have 

(4.7) f*f(t)dt= r/(t)F(t)dt 
Jo Jo 

(4. 8) 

(2 tc i)"1 f ™ A', (*) ( i ) » i - ( l - da. 
J\!2— i» 

By comparing (4,5) and (4-8), we get the 

required result. 

The generalised //-function kernel can be 

utilised in the study of dual integral equa-

tions. Employing the technique [4J introduced 

by Fox, we can solve dual integral equations 

with tbe following //-function kernels: 

f J o 

(O < # < ! ) , 

r Jo 

where 9 ( a ) and i|i(«r) are given and / ( x ) is 

the unknown function to be found. By using 

fractional integration these equations can be 

roduced to two others with common kernel 

which is the symmetrical 

FOUKIEK k e r n e l (2 . 1). 

Then /(a?) can be found by the known 

FOUR IER i n v e r s i o n f o r m u l a . 
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