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O n Proc/ucfs of Generalized Hypergeomefric FuncHons(') 
by S. D. Bejpgi 

I K-.r;::Ir' yf Matiiein "tics 
Khri 0. 8. Ttchnuloglcnl Ifulliute, Imlor» (Indfn) 

1. Introduction. In this paper we have established a formula for product of MEIJER'S 
(7-functions. From this formula we have deduced formulae for product of M A C R O B E K T ' « 
^-functions and generalized hypergeometrie functions. In section 3, we have obtained some 
hvpergeometric transformations and formulae on the sum of t i j ( l ) . The results established 
are of general character and a number of known results follow as their particular cases. 

2. Product of G-functions. (') 

If t ^ u , v ^ w , | A * j < l , l f i y j < l , then 

I 
/ I \ / 1 \ f t « H (1+P& — etj)n 

(2.1) tf/Am ^ J O ^ ^ j r - 2 2 
\ hP*/ \ W i ' - I — 0 n ' f i + p i - p . - j j « ! 

X I. + v F«-M—i 

(2 .2) 

(*) Por ra/.ões d« natureza técnica derivadas das expressões ut i l i iadas oestes dois artigos, resolveu a 
HedacçSo modificar a disposição gráfica dos meamos. 

(1) For the sake of brevity the symbol j a , is used to denote a j 1 + — i f , is used to 
• x -

denote 1 -f-li — f i , *• • , 1 + — f , and ifi, -1— — nt is used to denote Éh — f}„ — m , -•• •><-... f — fs, — m . 

kx 
•X* 1+<V ™ já», jíüí— (3* — mi 

/ i \ / I \ / 1 ® n ( 1 + á j t ' — y<)» 

\ IP- / \ ||0-/ » - I . M » - • i ^ B l 
i— i 

l + P*- 1 *ti iiv^-iv - n, — n,— + 
H i 

- X -

I 
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Where 

f 9 B. 
i r r ( & - f r ) u r ( i + p » — * / ) 

A (A) = i = L ± = ! _ , 
n r ( i + - 8 j ) n r 

n ' r ( i i — r ( i + 3A .— 

IV •> 
II r ( i + 3 v — a,) n r ( 7 j _ 

i = ) l + t i— l + l 

PROOF. T O prove this, substituting in the left hand side from [4, p. 2 0 8 , ( 5 ) J ( A ) , 
and expressing the hypergeometric functions as a product of two series, we get 

, J, n ( 1 + f r — « , ) . 
( 2 . 3 ) 2 2 ^ ( W * ) 2 — ^ 

» - * » ' - i - - » ri' CI + P * — 
i 

n (1 + 3». — 
x 2 -*=1 j f x y ^ l ) - » - ' ! - . 

- - » IF (1 + 3* — 
j - i 

Now with the help of [8, p, 56, (1)] and (8, p. 32, (8)], the expression (2. 3) becomes 

t 
f k n ( i+ (3 j ,—x j ) m 

2 2 < * 0 W ) 2 2 - 4 ^ — — | x « ( - i y - / - » t 
* - » - - 0 » - o n ' ( t + p* — 

J - 1 

n (1 + 3*. — y j u n' — f t — » » ) . ( — J » ) , 
X . JiiJi. ( iy> + a + - r - J " 

u « J 
D' (1 + 3a< — ifo n («, — — m)B n ! 

1 

which yields the result (2. 1). 

Similarly the result (2, 2) can be obtained from (2. 3), by first summing over m and 
then over » , with the help of [8, p. 56, (1)]. 

C) Replac ing the G-funct ions , with the help of [4, p. 208, (6)], we obtain tha same results (2. 1) and 
(2. 2 ) by virtue of [4, p. 209, (9)], when the parameters are adjusted suitably. 
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3. Special Cases. 

(i) Product of E-function». 

Ia (2. 1) and (2. 2), putting f = k - 1 , t g = p, v = l = r, u=--q+1, w—t+l, 
using [4, p. 209, (9)] and [5, p. 439, (5)], and setting 1 + Pi — i*p = i < » 1 + Pi — afr+i 

= 1 — —-i7r= i c , , 1 - H , — 25 i+1 = xd., replacing ~ by lar and — by py, fty 
we have 

(3. 1) 
D % ) f n r ( a j + m ) ( - . X v ) 

\A ) ) ' II r(dj) n r(ft/+m)m! 

JP i V r » » — l x ( n p - i - i . 
L,d, } 1 — xap — m , p y J 

(3. 2} 
n r (aj) „ n r ( * + » ) ( — 

£ Adp; i E / i C , ; n y I 
J \A ) ) * u T{b,) —® n r ^ . - f « ) « ! 

j=\ 

• p+i+i 
— — » J ® J 

where 

(ii) Product of generalized hypergeometric functions. 

Ia ( 2 , 1 ) aad ( 2 . 2 ) , oa taking / = k—-l , t=^g = p, » = i = r , w = 3 - f 1 , 
10 — s + 1 , usiag [5, p. 439, (3)], and setting 1 + (3j — = , 1 + Pi — SPA+I => A , 
l ' + i i — 1 + 3 , — A + i " * = — ^ t » = — B, we get 

( 3 . 3 ) 1 = 2 - -
\ A / Li<*. ..J , 

p 
n (aj)m (A xjr 

m " ° n (h)» m ! 
1 

' J-+4+1 
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0 . 4 ) M r ^ v - i r * * ) - i * , c * ( * * 

V A 7 Vl 1 ' n ( d ^ n ! 
i - i 

Li»S)L — i<y—n By J 

where 

P ^ q + 1, r ^ s + 1, | ^ 4 » | < 1 , J J J y 1 . 

With y — x ( 3 . 3 ) is a known result [ 6 , p. 3 9 5 , ( 3 . 5 ) } obtained by FIELDS AND W I M P , 
using tbe techniques of Laplace transform. 

4. Some hypergeometric transformations and formulae on rhe sum of well-
-poised end nearly-poised « / ^ ( l ) . 

(i) In (3. 3) and (3, 4), putting y = x and comparing the coefficients of x", we 
obtain the interesting transformation 

n (a,)- A- [> r , 1 — ,6, - » , - * ; 4 (— l)*-*"1"! 

h {b})a Li*., l - , « , - « 

n (CJ)kb- ^ A 

j-1 

n 
j-1 

» + ! ' » + r j S I 
iCr — « J 

Patting A = — Z , H = 1 , « = r = 0 in ( 4 . 1 ) , it reduces to a known result 
(6, p. 395, (3. 8)]. 

(»0 In (4. 1), putting A*= B , a x = y —« — (3, C i = . 2 a , ca = 2|3, d1 = 2 y , 
and using (1, 10. 1, (1)] for the left side hypergeometric function, we get 

(4.2) ^ n - r ^ T - ^ r ' ^ i 
— 2 « — m , 1 — 2 p — n J 

—ft, 1 — 2 y — w , — w;1 (2 -/)„ (y — g)„ (y - -p). 
( 2 « ) , ( 2 3 ) , ( 7 ) n 

•»Pf -J - — / — — 

+ 1 / 2 , 1 + 7 — w , 1 + p — y — w j 
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With y = a + 6 , it reduces to a known result obtained by CHAETKDY [3, (10)]. 

1 
( in) In (4. 1), on taking A = B = 1 , a, — 3 + y , cl — 2 x , c2 = 2 p , 

rfj = 2y, and using [1, 10. 1, (2)], we have 

[« , p , — 7—n, — n; 

7 f l / 2 + « - y _ » , 1 

•1/3 - a - p + 7 ,1 - 2 y - » , - « _ ( 2 y ) . ( y - « + 1 / 2 ) . ( y - P +1/2)» 
( 2 « ) n ( 2 p ) B ( y + 1 / 2 ) , 

— », -r- + P — 7 ~ m 

Substituting y «= a + p — — in (4. 3), we obtain 

( 4 . 4 ) 
^ Y - « - ? - M , - n ; I (2«).(2P)n(a + P). 

oc + 3 - 1 / 2 , 1 — a - n , l - P - n J 
( 2 a + 2 P — 1 ) „ (=t)„(P)„ 

In (4. 1), putting A = B = 1 , a, = a p a2 = p , = * + p — 1 /2 , c, = a , c , = p , 

rfi = a -}- p — , and using (4. 4), we get a known result [2, p. 187, (3. 3)]. 

((e) In (4. 1), putting B = 1 , a, = 1/2 — « — P + y , = 2 a — 1 , e2 = 2 p , 
rfj = 2 y — 1, and using [1, 10. 1, (3)], we obtain 

F r i / 2 - « - p + 7 , 2 - 2 y - M, _ n ; " [ _ (2 y - 1), (y - l / 3 ) „ ( y - p - 1 / 2 ) . 
S|.2 — 2« —n,l—2p —M J (2«-l}„(2p)„(y-1/2). 

r a ^ , l - 7 - n , ~ n - , "I 

Ly, 1/2 + * — y — n, 3/2 - f p - y — nj 
• 4 1 

On taking y = a. - f p — in (4. 5), we get 
2 

(4. 6) tFs 

. Z 
— * — P — » , - m; 

|_a + P — 1 / 2 , 1 — p — n , 2 — a — 

= i 2 « - ! ) » (2 P). ( * + £ - ! ) . 
(2 a + 2 P — 2)„ (P)n ( « - 1 ) . 
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In (4. 1), subst i tut ing ax = a., a2 ™ p , 6i = « + p — — , c, = a, c2 = (5 — 1 , 

rfj = a 4* P — —-j and using (4. 6), we obtain a known result [2, p. 187, (3. 4)]. 
2 

(v) In (4. 1), on taking a, — - L — « — p — y t C l - 2 « , c2 = 2 p , e5 = y, dx = 2 ? , 
•J 

els = a + p + —•, and using [1, 10. 2, (1)], we have 

( 4 . 7 ) 
« , P , — + a + p — 2 y — « , — n ; 

« n 

1/2 + a - y - n , 1/2 + p - y - n , a + p + ~ 

(2«)n(2P)w(y)B(y + l /2)n 
(2 y)n ( « + P + l/2)rt + y - ^ + 

•4^8 J -
_1 — 2 « — n , 1 — 2 p — « , 1 — y — n 

Putting y = a + , 3 ~ — in (4. 7), we get [2, p. 187, (3 .3) ] . 

5. Particular Coses. 

Here we have obtained from (3. 3) and (3. 4) many known results, by summing the 
series with the help of (4. 4), (4. 6) and G A U S S ' S theorem, etc. 

(a) Consider (3. 3) with A = B = 1 and y — x, then with 

(t) a ] = c — a — b, C] = a , ca = b, ef, = c , and S A A L - S C H U T Z ' S theorem [8, p. 87, 
( 2 9 ) ] , we get a result obtained by E U L E R [8, p. 6 0 , ( 5 ) ] . 

(it) al = cl=a, a2 = cE = p , 6, = dx = - i - + a. 4- p , and [3, (10)], it yields an 

identity due to C L A U S E N [4, p. 185, (1)]. 

(in) bx = P , D , = A, and G A U S S ' S theorem, we get [4, p. 185, (2)]. 
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(6) Consider (3. 4) with A = B = 1 , y = x , then with 

(i) « j =• c, = a., >= «2—P > = a + P ^ j = a â + , and (4. 4), we have 

an identity due to O r r [4, p. 186, (8)]. 

(if) al = a , c, = a — 1 , a2 = c2 = p , i j = = a + — - i - , and (4. 6), it yields 

[4, p. 186, (9)]. 

Jiit) a , « « , = + p + « , = ^ — (Í! — 

and [3, (11)], we get [ I , p. 100]. 

(c) Consider (3. 3) with A = — B = 1 and y ~> x, then with 

(t) C[ = o , rf] « & , and GAUSS 'S theorem, we get KUMMER'S first formula 
[8, p. 125, (2)]. 

(it) bx ~ dx = p, and [4, p. 104. (47)], it reduces to [4, p. 186, (3)]. 

(m) «J = c( = a , úf2 --= c2 = J3 and DIXON'S theorem [8, p. 105, (3)], we have 
[4, p. 186, (4)]. 

(Í») a l = c1 = K, fij = rfj = p, and [8, p. 106, (4)], we get [4, p. 186, (5)]. 

(w) <*! = «,- bx = 2 at, C| = ( 3 , T F , = 2 ( 3 , and W H I P P L E ' S theorem [7, p. 363, (8)], 
we obtain [4, p. 186, (6)]. 

(vi) 6i=d1 = p1 b2 = d2 = p2 and [8, p. 106, (6)], we get [4, p. 186, (7)]. 

(d) Results [4, p. 187, (12) to (15)] obtained by CIIAUNDY can similarly be obtained 
by choosing the parameters in (3. 3) suitably. 

1 wish to express my sincere thanks to Dr. V . M. BHISE for is kind help and 
guidance in the preparation of this paper. My thanks are also due to Principal Dr, S. M. 
DASGCPTA for the facilities he gave to me. 
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