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os valores
556 55
0)=  — 1) = . N —
r5(0) 216 ,25(1) 516 »5(2)
53

' 53
=-—,ps(3)=2—, com X, p5 (v)=1.

216 16

Como tinhamos afirmado de inicio, os valores
de p.(v) tendem alternadamente para o li-
mite 1/4, independente de v. Isso é agora
evidente a partir de (10), pois que por
(—V2/6)* -0, ao passarmos ao limite, a
segunda parcela do lado direito de (10) tende
para o vector zero. Iiste resultado 6, alias,
susceptivel de uma justificagio heuristica,
pois, sendo o dado ideal (como consideramos
na formulag¢édo do problema), no limite para
um ntmero infinito de lancamentos obtém-se
uma simetria para as 4 diferentes con-
gruéncias possiveis, pelo que se devera ter
pn(¥) - 1/4, para qualquer v (este racio-
cinio 6, porém, falso no caso de o dado ser
viciado, e.g. se s6 forem positivas as proba-
bilidades de obtencio de faces com um ni-
mero par de pontos). Teriamos chegado ainda
ao mesmo resultado, observando que a matriz
A define uma aplicagio de contracgio no

sub-espaco do vulgar espaco métrico eucli-
deano a 4 dimensdes formado pelos possiveis
vectores p, (de coordenadas 0 Zp,(v) L1,
com Xp,(v)==1). Felo teorema de BaNacH
relativo aos pontos fixos, devera haver um e
um s6 ponto fixo, que logo se vé ser o vector
cujas 4 coordenadas sio todas iguais a 1/4.

Nora. A sucessio |p,;2=—0,1,2,...}
dos vectores p, constitui um dos exemplos
mais simples de uma sucessio de distribuicdes
de prebabilidade em que cada uma delas de-
pende apenas da precedente p,_;, tal como
nom processo iterativo simples |p.;n =
=0,1,...} é portanto um exemplo, extre-
mamente simples, de uma cadeia de MArRKOV.
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Pari-mutuel betting

by John J. Wiorkowski
Chicago

Pari-mutuel betting is a form of betting on
horses in which those who bet on the win-
ning horse share the total amount bet on all
horses less a small per cent which is paid
to the management. Considering that statis-
ticians and mathematicians have always been
particularly interested in gambling systems,
it is surprising that pari-mutuel betting has

received such sparse attention. This lack of
attention is perhaps attributable to the inhe-
rent difficulty of determining the actual pro-
bability that a horse will win a race, since
this probability depends on the other horses
in the race, the conditions of the track, and
a plethora of other factors. To circumvent
this difficulty, let us suppose that the better
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has a scheme for assigning probabilities of
winning to the various horses. Actually, this
is not an unreasonable assumption. The va-
rious race tracks publish what is called the
«Morning Line», which lists the track han-
dieapper’s estimates of the odds on all horses.
Thus, if the track percentage, r, is ignored,
the usnal odds-probability relationship holds:

1
orp=———

Ddds =P 2
P Odds + 1

Other natural choices of probability distri-
bution might be based on the proportion of
the total pool bet on each horse, or schemes
weighting the «picks» of various handicappers.

Suppose we have a race of n horses. Let
h; designate the event that the ith horse wins
the race, and let P = (p;,---,pa) denote a
probability distribution over the events
By,-+e by where p; X0 for i=1,..-,n
and D)pi=1. Let us assume that the better

is the last person to bet and can bet an
amount «. (We will later assume that «=1.)
Further, let us designate by 4; the total
amount already bet on the event %;, and let

A= D A;. Finally, let r designate the

i=1
proportion of the total amount bet kept by
the track. Let us first treat the problem
classically and see why this approach is not
fruitful. (I will follow the analysis made by
BoreL [1].) Suppose the better has placed an
amount « on the event A;. Assuming that
r=0, we see that if %; occurs he receives

a ), 4;/(A; + «), and if k; does not occur
i
he loses . His expected gain is then

a D) 4;
_.,(a):L

e e )
TTiTAY 1 —p)a

This function vanishes at « =0 (i. e., no
bet, no gain) and also at «y=(p; 4— 4))/
/(1 — p:), and is positive on (0,x;) as long
as ;>0 (which is equivalent to p; 4—A4,>0,
or A;/pi< ). To maximize (), set
dele) o 0 and obtain
da

1
(Ai + )= 4i(1 4 o/ 4))2 .

1
If ay/A; is small, then (1 +%/A'.)"§%

“=1+4ay/2 4; so that a==gy/2= Aped =ty 5
2(1—p)

Thus, if we can determine a probability
distribution P on %;,---,k,, and know
Ay,++-,.4, we know how much to bet. The
condition that there exist an %; such that
A;/pi < A always holds unless A;p; = 4;p;
for all ¢,;7, since, if not, then A;/p;:> A
for all ¢. Suppose that strict inequality held
for one of the A;’s, then

N4> D pA=A and then 4> 4,

im1 i=1

which is a contradiction. The entire dis-
cussion so far hinges on the choice of the
subjective probability distribution P, and
therein lies the weakness of the analysis.
Actually, this subjectivity is the motivating
factor for betting, since each better can
choose his own P and under it bet so as to
have a positive expectation. But this sub-
jectivity raises a serious difficulty. Each
better can view himself as the last better and
bet according to his £ and his assessment
of what the final 4;’s will be. But his bet
affects the A;’s, thus we must answer the
question of whether there exist final A;’s
and individual bets which are compatible
with both the various betters’ strategies and
the pari-mutuel system.

This question is discussed in a paper by
EpmuNp ErseNBerG and Davip Gare [2].
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Suppose we have m individual betters G,
Ggy...,Gm, and n events Ry,..., k.
Let P = «subjective probability» matrix
whose ¢, jth element is p;;, the subjective
probability that better G: assigns to the
event %;. Suppose that G; has a fixed
budget B;, and assume that he bets &;; on
h; aecording to the following strategy: He
will bet his B; according to some partition
(bi15bigs ... ,bin) on those events #%; whose
Pi; /7 is maximizd, where =;=— 4;/4 in
our old notation (i. e., he bets on those
horses where his opinion diverges most dras-
tically from the consensus).

Choose a unit of money so that Z Bi=1.
i=1
Further assume each column of P contains
at least one positive element (otherwise no
one would bet on the horse corresponding
to the column of zeros).
The pari-mutuel system requires that:

(a) Z b;; = B;,
i=1

() X bij==; (since D, Bi=1),
) i

(c) if g, = max Pis]Ts s and b.‘j>01
.

then p;=p;;/w;, where s=1,..-,n;

(¢) simply states that each gambler is betting
on those horses for which his expectation is
a maximum. (This is easily seen since the
return — neglecting track percentage — is
1 — T

, for each unit bet; so that z;(1) =

B
=2 pi; (/5= 1) bij = pi; bijimi— 2 pijbi -
5 i i

Thus, for example, expectation is positive if
@G; bets on those horses where p;;/=w; > 1,
or just on the horse with the maximum ratio.)
Any set of =;’s and b;;’s satisfying (a),
(b), and (c) are called equilibrium probabi-

lities and bets. Before stating the basic
theorem, let us define a function ¢ with mn
arguments &;; as:

,Emﬂ)= z Bi In(E p'ji'j)

i==] Je=1

EIGTPRE

where £;;2 0 for all ¢,5 and ), E; = 1.
i=1

Note that ¢ is continuous on its domain

of definition and the domain is compact. Thus

there exists a max value of ¢ at some point,

say (E—n O ,fm).

THEOREM. A set of equilibrium probabi-
lities =; and bets b;; are given by

mazr -—a_i = Tj = Mmaxr —:B—i—p“_ b]j ‘=‘Ei,| T -
i 9k j : Pis Ei s
Proor. These must satisfy (a), (b) and (¢).

(b) X bij=7=; X &;=m; by the res-
i=1 i1
triction on the domain of definition.
Before we prove (a) and (c), note that if

15>0, then my= aﬁ— since if this were
ij

not the case, then there exists a % such that

SPGB L

: 0 Baj 0 &ij

by a small decrease J in £;; and a J in-

P

. We can now perturb ¢

crease in %;,, to obtain a greater value. But
since we are already at a maximum, we have
arrived at a contradiction.

Accordingly, we now know that b&;;=
Bipi;
{iTi = 6ijsv — + » which implies that
" M Jz Pis E p

3bi;= B -t = B;, verifying (a).
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Finally, to show (c), note that since none

of the columns of the matrix P are identi-
cally zero, each =; is greater than zero. Thus

anc Eu

P/ £ for all 7, with equality
at =y (from the definition of =, in the
Theorem). Since b;; >0 just when £;; >0,

B.-p.-,‘

then = = ———2— and thus p; = maxp;,/

/=™ = pij/=;, 80 (c) is satisfied. Q. E. D.

Accordingly, we have shown that there
exist final track probabilities (the =;’s) and
individual bets (the b;,’s) compatible with
both the pari-mutuel system and individuoal
betting strategies.

Let us now attempt to rid ourselves com-
pletely of the problem of estimating P by
viewing the pari-mutuel system as a two-
person game (the better vs. nature) and
attempt to find a minimax solution. Suppose
we denote by s(ay, ..., «,) the betting
strategy which bets the amount «; on the
event %; where «; > 0 and Za; =1 (in
terms of some unit). If %; occurs, then the
pay off to the better is:

-, ( (1—n) (A+1)—(A;+a,)) sy i

Ait-a JEl
FE 11— ((A4+1) 4
A;: + a;

(Note that we are now designating a win
by the better as negative quantity.)

Suppose that the probability of A; is p:.
Then the expected loss for strategy s rela-
tive to P is

s A—r) A+
L(P,a)-ZP,(l— e )

i=]
Lo i A; p; ]

=1—(1—=")(A+1)[1 o At

Thus we can minimize L (P,s) by minimi-

zing Z 2

subject to the conditions
I + o

iem ]

that Dy, = 1, and o, X 0 for all ¢. Choose

a p such that pp > 0; then

oL(P,s)
da; i

3t 0‘ ( Aip: Appp
Ai + o AP'*‘I‘"Z“J)
: ( 2 %)

Aipi  _ dupp
(Ait+a)?  (Aptem?
¢ where p; > 0, which gives

for those

yielding

s VA pi (A + ap) g

VA pu

Noting that

5 VAP(de o) _

11— oy, = 7 z A!' ]
e VAupu i
we have au = VAupu (1 + 4o) where
NVA; p:
i
poRy. P
?; i‘»ﬂ
Thus by substitution,
A n
- ‘IA: pl{lﬁ't_Ao) "‘"‘Ai and
Zt/:"lipi
LLPL8) =

[ (ZVﬁ)Q]
=1—(1—=7)(4+1) 1-—41_'_‘40 .

Now suppose that the p;’s are propor-
tional to the track returns A;, ..., 4,, say
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pi=A;fA. Then Ay=A,0;= A;/A and

L(P,s)=1—(1—r)(4+1—42/4)=
=l—(1—1)=r.

. This is obviously Bavyes against P =
= (4,/4,45/A,-.., A,/ A) and since it has
constant risk, it is a minimax solution, Thus
betting according to this strategy, the better
cannot lose more than 100 r per cent of his
unit bet, no matter what the real probability
distribution is on % ,---,h,. This system
is easy to use in any real gambling situation
since one does not have to bother estimating
P, baut like all minimax strategies it is quite
pessimistic. Thus, if the better could actually
estimate P with some sucess, it would be to
his advantage to go through the more com-
plicated mathematics of the general solution.

Before leaving this discussion, let us note
that if «; is small w. r. t. 4; (as it would
probably be), then

L(P,s)=1—(1—r(4+1) i‘,%

| i

which is maximized by taking p;/A; largest
and setting «;= 1. This is equivalent to
choosing A;/p; smallest, which is in effect
what BoreL’s method told us to do.

Another approach to the pari-mutuel
betting problem has been given by R. Cray
SerowL in 1950. It is a relatively crude
method, but the approach is quite different
from either one that we have considered so
far.

SrrOWL leaves aside the question of how
one should bet, and considers only the
question «When?» He assumes  that the
better has a system which works with pro-
bability p (p being unknown). If he assumes
that the payoff is (R-—1) if he wins on a
unit bet (here (R — 1) corresponds to the
(1—r)(4+1)

o RETE

odds; or 1 — in our old

notation), his expectation is a(p)=
=(R—1)p—(1—p). Now if we plot this
as a fanetion of p, we get a straight line
which intersects the p-axis at the point p,.

/ 5

—z /‘ P

Now p, is a function of B, and this is the
cornerstone of his paper. Given R, deter-
mine py=1/R. If p > p,, bet; otherwise
do not. The better, however, must determine
what p is and the rest of the paper is de-
voted to a decision-theoretic derivation of
the natural estimate (number of previous
wins) /(number of races bet). He ends his
discussion with the first real experiment
published in the field. He uses two systems ;
the first being bet the favorite, the second
being bet the favorite if p > py, where p is
the proportion of wins in the previous =
races if he had bet the favorite. The re-
sults are:

Sistem I Sistem 11
Races Bet 5 23
Races Won 20 4
Total Bet $150.00 $46.00
Total Won $128.50 $50.60
Profit $-21.50 8 4.60

Interpretation of the results are left to the
reader.

The most recent article on the subject is
by RicHArD N. Roserr. It was published
in 1965 in, of all places, The Journal of
Political Economy. The motivation behind
his research is the query as to whether gam-
blers are rational. He formulates a rationa-
lity hypothesis as follows.
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If a gambler must choose between two
single return bets in which he risks losing
one unit, he will: (a) if the probabilities of
winning are equal, choose that bet with the
greatest return; (b) if the returns are equal,
choose that with the greatest probability;
(c) always choose an event which in both
return and probability of occurrence are
greater than in the other.

Three systems of betting are discussed in
the paper; the first is called the Martingale
and works like this: Select n horses each
running in a different race, and suppose
they pay R, ..., B, in returns, and that
there exist some actual probabilities p; , ... P
of their winning (here subscripts denote the
order of the running of the race). Split your
bet into sums of money a;, a3, ..., @, SO

that 2 ;=1 and «; >0, and «(R; —1)—
e

— 2 & =B for i=1,
J=1

system of equations for the «;’s and bet «; on

your choice in the i¢th race, but do this se-

quentially until either all » races have been

bet, or a race is won. If you lose all =

races, you lose one unit with probability

I (@1 — p). If one of the horses wins (with

L | =

probability 1 — JJ (1 —p:)), you win B.
i=1

This method combines low-probability, high

return bets, into one system with high pro-

bability and low return.

A parallel system for a single race can
also be constructed. (SprowL calls it the
combination.) Again, split your bet into
amounts &;, ..., « (note that & is not ne-
cessarily equal to the total number of
borses running in the race), but according
to the system of equations: «;(R; —1)= B

...y %o Solve this

k
i=1..,kand X a;=1. Bet on all &

f=1

horses. If p; is the proability of %, the
k
better wins B with probability Y, p;, andlo-

i=]

k
ses one with probability 1 — 3} p;. This is
i=]
again a high probability, low return bet.
The final system is called the parlay and
consists of choosing n horses in 2 races and
betting 1 unit on the first choice in the first
race. If you win, bet 2; on the choice in the
second race and continue until you lose a
race or win all ». If you win, the return is

I1 B: —1 with probability I1»:, and the
=] fax]

loss is 1 (although muoch greater from a
Regret point of view if one were to win
the first n—1 races) with probability

1— ]I p:- This is a high-retarn low prob-
i=1

ability bet. It must be emphasized, that all

the choices in the above three systems are

made at one time, so in effect they comprise

a single system or a single bet.

Now, assuming that the betters form a
market (this is similar to the perspective of
EiseNsErG and GALE), the rationality hypo-
thesis (which is equivalent to a functional
relationship between R and p which is mo-
notone decreasing in p), and the possibility
of combining bets throngh parlays and
Martingales, place certain constraints on
the fanection relating return to probability of
winning, which are:

Given any probability of winning p* and
the return associated with it R*, then

PLR(p)<£[1—(1—p)]-!
l—A—pyN<£R(@) Ly

where R is the return associated with p at
equilibrium and subject to the rationality
hypothesis, r =InR*/Inp*, and

c=ln(1 —1/R*)/In(1 —p").

if 0<p<p®
if p*<LpLl
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Let us give some indication of how these
limits are derived. Suppose p* Zp £ 1 and
R(p)>p". Choose such a p*, then there
exists a ¢ such that pg = p* with ¢ > p*,
and then log,«p + log,»q=1. Now take
a bet with probability p and another with
probability ¢ and form a parlay. The return
is R(p)£(g) with probability p ¢ = p*, but
since p,q>p*, E(p)R(g) > R"rine.
R¥ng/np® — R* ., Thus we have a bet
(p*,R(pq)) which has for the same prob-
ability, a greater return, Hence, (p*, E*)
would never be chosen, which is a contra-
diction since this is the equilibrium rela-
tionship. Similarly, suppose that & (p)<C

1n (1 = p) TJ-1

<—-Q-=-pfFt=|1-—1/ R!)IW:I .
Form a Martingale from n bets like (p*, R¥)
such that p=1—(1 — p*)*. From the ra-
tionality hypothesis, R(p)—R(1—(1—p*)*).
But the return from the Martingale is
A—-—Q—1/Rp]'=[1—-1—1/R*y}!
In(1—p) =ln(l—p*) by
ln(l—p*) In(1-—p%)
construction. This Martingale has the same
probability of winning as the initial bet, but
the return is greater. Thus aceording to the
rationality hypothesis, the first bet would
never be chosen which is a contradiction.
Similar manipulations will verify the inequa-
lities for 0 Zp < p*.

Now R(p)=p is the only function rela-
ting returns to probability for which it is
true that for every bet on a single horse
any parlay having the same probability
will pay the same return. Similarly R(p)=
=[1— (1 —p)J! is the only function rela-
ting returns to probability, for which it is
true that for every bet on a single horse,
any Martingale having the same probabi-
lity will pay the same return.

Let us verify this assertion. Select bets
with probabilities p;,:.-, p. such that

since ¢ =

63

112 =po, then if the above relation holds,
i=1

the return is R;= (]_:I R (p,-)) = (fI p:_) -
=1 =1
= Hp,) =?)(’) -
=1

Now suppose that we have any other
function R = f(p) which has the properties :

@ f(Hzﬂf) =1L/ (7).
fu==] =1
(b) f is monotone decreasing over (0, 1)
(note: (a) assures us of the proper
parlay relationship, () is necessitated
by the rationality hypothesis), and
(¢) f does not have the form f(p)=p",

choose two values p,, py and find R,=f(p),
Ry =f(pg) so that f(py)=pp f(ps)=p;
where r; > r, (note that ry <r;<0). Thus
for all p in (0,1), pm < pn.

Since (p,, R,) and (pg,R;) both satisfy
(@), so do all points of form (p},R}),
(p™, B™) where n and m are positive inte-
gers. Suppose we found a point (pj:, Rp)
such that p2 > pm for some my, and ng.
Then since pz:>pj+ implies pjem > ppn
and 7y > rg implies pjem > pim then Rp.=
=pyn >ppn = Ry and we would violate
the rationality (and thus the monotonicity)
property. To see that this always occurs
look at the line R=R}+1 (i. e., B, (p}+!));
it intersects the curve Ry — p™ at the point
P> =(R;+I)Hr-=(p-lt+1)r-!rg_ Now (p?+l)r;ffn>p!;

r1/rg
1—rfrg
both r; and ry are negative, so r|/rg<<1).

Thus we have a point (p3, R (p3)) such that
pi >p}, which gives us the violation of the

rationality hypothesis. Thus R(p)=p" is

if and only if = > (remember that






