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Geodesic curvature of a curve of a vector field 
by R. N. Keul 

1. I n t r o d u c t i o n . 

L e t V be a vector field in a surface in a 

Euc l idean space of three dimensions. FAN 

[3] has studied the normal curvature of the 

vector field V with generalization obtained 

by the author [2], 

The object of the present note is to define 

the geodesic curvature of the curve of the 

vector field and ubtain some properties. As 

a special case when the curves of the vector 

field V form an orthogonal net of co ordinate 

curves, these geodesic curvatures have the 

known form. 

2 . Consider upon a surface S 

a curve C defined by 
wa = «,«{») ( « = 1 , 2 ) . 

Wi th each point of the surface we associate 

an arbitrary but fixed vector field V. The 

components and p a of the vector field 

V in the x's and u'» are connected by 

the relation 

u' = pa
 , 

A curve on the surface S a long which the 

vectors of the vector field V are tangent is 

cal led the curve of the vector field. I t is 

defined by [3] 

p3- d ub = 0 . 

The geodesic curvature of the curve Cv of 

the vector field V shall, therefore, be defi-

ned by [1] 

( 2 . 1 ) v ' f f — - L d — ( ^ ff*? Px \ 

• P V í f f ^ r S ^ P W Vg \(gn^enp
a 

Use of formulae 

(2.2) 

( 2 . 3 ) == g l x 

in (2 . 1 ) yields the relation 

1 d / ejy-fíPx 

'aí 

\ 
Vy du 

I n particular when p a r e the components 

of a unit vector, we have 

( 2 . 4 ) — - »
 PPf, I 

where semi-colon (;) fol lowed by an index 

denotes covariant differentiation with respect 

to u wi th that index. Since the r ight hand 

expression of ( 2 . 4 ) is a scalar called tlie 

curl of the vector pa [3], we have 
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" T h e geodesic curvature of the curve Cy 

of a unit vector field V is a scalar which 

numerical ly equals the curl of the covariant 

components of the vector field V". 

Evident ly this curl vanishes if jt>a are the 

components of the gradient of a scalar 0. 

Therefore 

" T h e necessary and sufficient condition 

for the vanishing of the geodesic curvature 

of a curve of a vector field is that the vector 

be a grad ient " . 

Suppose now that the vectors of the unit 

vector field V form an orthogonal net of 

co-ordinate curves, then from ( 2 . 4 ) we 

obtain for the geodesic curvatures r * ^ ] , and 

vk g2 of these curves the fol lowing relations 

( 2 . 5 ) ^ - - - L - i - ^ p l ) 
Vg d ua 

(2.6) i 
vg d w1 

w 

I t is wel l to recall that 

jo1 = 
d s 

« = 1 , 2 

and 

d vi _ 1 du? 

d s VJi I ' d s ^922 

to verify that (2 . 5 ) and (2 . G) are the known 

results for the geodesic curvature of these 

curves. 

Next we consider the orthogonal trajectory 

Cw of the curve CV of the vector field V. 

These are defined by 

which by virtue of (2 . 2) reduces to 

= 0 . ' 

I f vP g denotes the geodesic curvature of 

the curve Cw, we have 

. 1 d / P* \ 
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which yields on simplif ication 

( 2 . 7 ) _ 1 + 

Assuming p a to be a unit vector, we 

obtain from ( 2 . 7 ) 

— w" g = div 

Thus 

" T h e geodesic curvature of the orthogonal 

trajectory of the curve CV of a unit vector 

field V numerical ly equals the divergence 

of the vector field". 

W e can arrive at the above result also by 

considering a unit vector field w! (= x\qa) 

orthogonal to the unit vector field v' (=af|L jt>*). 

F rom ( 2 . 1 ) , the geodesic curvature of a 

curve Cw of the vector field W is given by 

w"g = - —JL—(eWg q\) 

vg d up 1 

which on using the relations 

yields 

iß e s = Qu. 

* 9 =* — d i v ^ ß , 

Therefore 

" T h e geodesic curvature of a curve of a 

unit vector field orthogonal to another unit 

vector field equals numerical ly the divergence 

of the la t ter" . 
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